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46. Some Operations on the Ranked Spaces. I

By Hatsuo OxaANO
(Comm. by K. KuNuUGI, M.J.A., April 12, 1957)

Prof. K. Kunugi introduced the notion of the ranked spaces in
the Note “Sur les espaces complets et réguliérement complets. I17.0
It is the purpose of this Note to study the product spaces of ranked
spaces and the function spaces F'(E, @) which denotes the totality of
functions of a fixed set E into a fixed ranked space G.?

1. In [I] it is required that the system of neighbourhoods satis-
fies F. Hausdorff’s axiom (C).» We shall attempt to exclude this
hypothesis.

Let R be a space whose topology is given by a system of neigh-
bourhoods which satisfies F. Hausdorff’s axiom (A4). Then we can
calculate the depth® of R and introduce the notion of the ranked
spaces according to [I]. We shall conform ourselves, without contrary
indication, to the notions and the terminology of [I]. But it is neces-
sary to modify some notions as follows.

Definition 1. A ranked space is called to be complete® if, for
every fundamental sequence v,(p,), 0=<a=<w, the following condi-
tions (1), (2) are satisfied:

(1) N vu(p) 0.
(2) Q Ho(p)} P 0 if w.<ow,.
Definition 2. A set E is called to be mon-dense™ if, for every

point p of R and every neighbourhood v(p) of p, I{v(p)} EA. A set
F' is called to be of the first category if it is a union of an w,-sequence

of non-dense sets: F = |J F, where every F, is non-dense.
0§0A<wv

Then we can prove Baire’s theorem:

Theorem 1. In the complete ranked spaces any non-empty open
set is mot of the first category.

Proof. For proving the theorem it is sufficient to show that, if

G is a non-empty .open set and FE,, 0<a<w, are non-dense sets,
then G U E,,.
a

Since E, is non-dense, G E,. Therefore there exist a point p,,
a rank v, and v{p,) of rank ¢, such that v,(p,) &G and v,(p,) N E,=0.
Suppose that we have already defined p;, v, and vy(p;) for all 8 such
that 0<B<a where 0 <a<w, and they satisfy the following conditions
(8) and (4):

(3) V(Do) 20D D+ 5 o=y ="+, VDp)E Brp.
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(4) For every even number B, py=0s.1, v3<vp,1 and v(ps) (1 E;=0.
Suppose, first, « is an even and isolated number. Since E, is non-dense,

I{v, (Ps_-1)} EE,. Then, owing to the condition (a),® there exist a
point p,, a rank v, and v,(p,) of rank v, such that v, (D) S Vs 1(Pu-1),
Vo(0s) N E,=0 and «,>v,_,. Suppose, next, « is a limiting number.
Since R is complete and a<w,, (B]I {vi(ps)} 0. On the other hand

a<w(R) implies QI {ve(ps)} =I{Nve(ps)}. So we can choose a point ¢

B —_—

and v(¢) such that v(¢) S vy(ps). Since E, is non-dense, I{v(q)}E E,.
B

Then, by the condition (a), there exist a point p,, a rank v, and
Ua(Pa) Of rank a such that v,(p.) S Nvy(ps), va(Pa) N E.=0 and Ya>>SUP ;.
B

If a is odd number, put p,=p,_; and choose, by (a), a rank v, and
vu(Ps) of rank v, such that y,>v, ; and v,(p,) S vy (Da-y)-

Thus we have a fundamental sequence v,(p,), 0<a<w,, such that
(vaa(:pa)gG and (v.(p.) (U E:)=0. Since R is complete, (a]va(pd) 0.

Therefore G&E |J E,,. q.e.d.

Examples of complete ranked spaces not satisfying Hausdorff’s
axiom (C) will be given in Section 4.

2. On the product spaces. Let I be a non-empty set of indices.
And let R, tel, be the ranked spaces satisfying the following con-
ditions (5) and (6):

(5) The ranks of R, i¢l, are given by the same ordinal number
wv.Q)
(6) Each of R; satisfies the condition (a*):

(a*) For every neighbourhood »(p) of a point p there exists a
such that 0<a<ew, and for all ordinal numbers B, a<@B<w,, there
exists a neighbourhood u(p) of rank @ included in v(p).

The cartesian product of R, t¢l, is denoted by P, R, and =,
denotes the projection of P, ;R into the i-th coordinate space R,

Now we shall give a topology and a rank to P, R, as follows:
The system of neighbourhoods of p=(p,)'® is the totality of
(7) 077 @)
where v(p,) is a neighbourhood of p, and A is a subset of I whose
power is <, Then w(P,;R)>=w,. So we take as B,, 0=a<w,
the totality of (7) where every w(p,) is of rank « in R, Then the
condition (a) is satisfied.

Definition 8. The cartesian product thus ranked is called the
product (ranked) space of R,, i¢I, and denoted simply by P .R..

Theorem 2. The product space of ramked spaces is complete if
and only if each coordinate space is complete.

Proof. Suppose that R, is a complete ranked space for each ¢ of
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I. Let p*=(p}) and v“(p“):i Q w7 {(v(pf)), 0<a<w,, be a fundamental

sequence in P,.;R, Since v»'(p°)22v'(p)22..-, then 4, S 4, =
Hence, for each ¢ of (JA, there exists an ordinal number a(¢) such

that v*(pf), a(f)<a<w,, is a fundamental sequence in R, Since R,

is complete, then Nv*(p)=£0. Therefore 0= N {=7'( N v(p?))}
o i€U4q UD<a<wy,

= 0.( 0 @IS =7 @) =Nv"p") and consequently

T iEUdg a=s<uy

(1) is satisfied in the product space. As to (2) it is sufficient to show

that, if w,<w, I{ (] 77PN} N 7 (I{vXpE)}) because it implies
i€dy i€da

that NI{v*(p)}2 N [=7( N I{~»*®H)]. And it results clearly
o i€ gAa wDH<a<wy,

from the definition. Thus the product space is complete. The proof
of the converse is obvious.

3. On the function spaces

Definition 4. A set G is called a right (left) ranked group if the
following conditions (8), (9) and (10) are satisfied:

(8) G is a group.

(9) G is a ranked space.

(10) B, is the totality of w(e)p'® (pv(e)) where peG and v(e) is a
neighbourhood of the unit element ¢ of G such that v(e)e®,.

Let F(E,G) denote the family of all functions of a fixed set E
into a fixed group G. Then F(E,G) is a group with the natural
group structure: if f, ge F(E, G), (f-g)x)=f(x)-g(x) and (f ')(x)
={f(x)}* for all x of E; the unit element of F(E,G) is the function
f. whose value is constantly the unit element e of G.

Moreover, let G be a right (left) ranked group where the rank
is given by w, and I' be a family of subsets of E satisfying the
condition (11):

(11) I’ contains at least one non-empty set of £ and if A4, 0<<a<
y<w,, belong to I', there exists a member A of I" such that 42 LJA@.

Then we shall construct the rank of F(E, G) as follows. Let W, (/)
where feF(E,G), Ael' and v(e) is a neighbourhood of e, denote the
set of all functions g such that, for every x of A, (g-f ") &)((f*-9)x))
e¢v(e). We shall regard the family of all sets of this form where f
is fixed as the system of neighbourhoods of f. Then w(F(E, }))= w,.
So we take as B,, 0<a<w,, the family of neighbourhoods where w(e)
is of rank a in G. Then the condition (a) is satisfied and F(E, G)
is a right (left) ranked group.

Definition 5. The rank of F(F,G) described above is called the
rank defined by I' and F(F, @) thus ranked is denoted by Fn(E, G).

Theorem 8. If G satisfies the following condition (C,), Fr(E,G)
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18 complete 1f and only +f G s complete.
(Co) If wy(e) and vy(e) are two neighbourhoods of e such that v,(e)e ¥,
vy(e)eB,, v <7, and v ()2 vy(e), then there exists a neighbourhood
u(e) of e and, for every point q of I{vy(e)}, u(e)a(qu(e))e v,(e).

Proof. Suppose that G is complete. Let
(12) W’{Ao,v(,(e)}(fo) =22 VV{Aa,va(@}(fa)Q cony 0=a<o,
be a fundamental sequence of F,(E,G). Since A, S A,&---, then,
for each 2 of (JA., there exists an ordinal number a(x) such that, if

a>=>a(x), xe A, So, for such an z,

(13) /va(x)(e)fa(w)(x) =202 'Uoc(e)fa(x) =2 a(m)—<~a<wu

is a fundamental sequence of G. Since G is complete, there exists
a point contained in N vde)fux), say, p,. Now let f denote the

a(z)=a<l

element of F(E, G) such that f(x)=p, for xe JA, and f(x)=e for
r¢UA. Then fe N Wi vye(fo). Thus (1) is satisfied for (12).

Suppose, moreover, w,<w, for (12). Then we can take p, in
Sﬂ I{v,(e)fx)}. Now we shall show that
<wp

a(z)<o
(14) £ NHWesynyearf @)

For any a, 0<a<w, let © be an arbitrary point contained in A4,
and let 8 be an even ordinal number such that a<B<w, Then
D, € I{vg,1(€) fo.1(®)}, 80 D, f5.1(x) e I{vy,,(e)}. From the definition of
the fundamental sequence, vy (e) 2 vs,,(¢) and the rank of wy(e)< the
rank of w;,,(e). Therefore, from the hypothesis (C,), there exists a
neighbourhood u(e) of e such that, for every x of A,, u(e)p,fo(x)™*
C vg(e),'® that is, u(e)p, cvs(e)fo(x). As a<<B, then wu(e)p, € v.e)fu(x)
and consequently Wiy, wen(f) S Wia, vaen(fo). It implies (14) and so
Fr(E, G) is complete.

To prove the converse of the proposition suppose that F.(E,G)
is complete. Let v,(e)p,, 0<a<w, be a fundamental sequence of G
and A be a non-empty set such that Ae¢/'. And let f, denote the
function such that f,(x)=p for all « of E. Then Wi, , )(fo.) 0=a
<w,, is a fundamental sequence of F.(E,G). Since Fn(E,G) is com-
plete, there exists an element f of F.(E,G) contained in M Wi, ,ucen(fon)-

Then f(A)SNvs(e)p.. If w,>w, we can take f in NI{ Wi ,uen(fon)}-
Then f(A)<= N I{v.(e)p,} and consequently G is complete. q.e.d.
We note that in the proof of Theorem 3 the hypothesis (C,) was

concerned only with (2). Hence we obtain

Theorem 4. If wy=w, Fr(E,G) is complete i.f and only if G is
complete.

4. Examples

Example 1.'* Let R be the set of all pairs p=(x,y) of real
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numbers 2z, ¥ and let [, be a fixed poesitive number. We shall topologize
R as follows: Let n be a non-negative integer and ! be a positive
number such that !>l And let V,, denote the set of all points

p=(x, y) such that 0<<z<l, 0<y<l! and xy<—_1|_1~. The system of
"

neighbourhoods of the origin 0=(0, 0) is the totality of V,, and the
neighbourhoods of another point is given by the translation.

Then we have w(R)=w, and we can put 3B,=the family of all
neighbourhoods V, ,, of all points. R is a complete ranked space not
satisfying Hausdorff’s axiom (C).

Example 2. Let G be the ranked group PU of Example 3 of [II],
E Dbe an arbitrary infinite set and I" be composed by only one element
E. Then, from Theorem 4, F.(E,G) is complete. Hausdorff’s (C) is
satisfied in G but not in Fn(E, G).
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