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107. An Approximation Problem in Quasi-normed Spaces

By Kiyoshi ISEKI
Kobe University
(Comm. by K. KUNUGI, M.J.A., Oct. 12, 1959)

Recently a linear metric space with a quasi-norm was considered
by M. Pavel, S. Rolewicz and Konda. In this Note, we shall consider
an approximation problem [1, p. 79] in quasi-normed spaces.

A quasi-normed space E of order s (0<s<1) is a vector space
over the real numbers on which is defined a non-negative real valued
function ||z|| called the quasi-norm such that

1) ||z||=0 implies =0,

2) llz+yll<llzll+llyll,

8) lal=[2ll|=]],
where s is independent to « of FE.

Let @, 2,,- - -, , be a set of linearly independent elements of E. We
shall consider ¢©(2;, 2z, +, 2,)=||Yy—2, ¥, — 2, Ly— -+ —2, &, ||
For Ay, Az« ) Any My tay* * *, My We have

‘ QD(/?I, 22" ) zn)—go(ﬂlr Hay* * vy ﬂa) |

=H Yy— 2124, —Hy—Emm |
i=1 ?J-:l
S”E(Zrﬂi)xHSZ}
i=1 fo=1
=;‘_1llz—ml“llmli-

This shows that ¢(4;, 45, +,4,) is a continuous function of 2, 23, -+, 4,.
The function

(A,— 1%,

V(A1 Agye v oy Aa) =|| Ay g2+« + - + 2,2, ||
on the unit sphere >12=1 in n-dimensional space takes minimal value
G=]

a, since the unit sphere is compact. The minimal value « is positive,
since %, %5, -+, %, are linearly independent.
Let M be a given positive number, and let

(32)" >Lar+ivin.

then we have

oG 2o+, 1) 2| B2~
== ;:J%ﬂ—nyn

n 8/2
2(21) a—||y||>M.
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Therefore, for every A, 4,,---, 4, such that > 22>+ for some positive

i=1

r, we have ¢(4,, 22, ++, 2,)>>||%||. On the sphere E”]If-grz, the function
7=1

©(Ayy Azy* * *y 4,) takes the minimal value 7. From ¢(0,0,---,0)=|y|l,
we have r<||y||. Hence ¢(4,, 23, -+, 2,) takes the minimal value 2 on
the n-dimensional space, and we have the following approximation
Theorem. The function
97(21, Agpe ey Zn)zll Y—=A%— -+ — 1,2, ”
on a quasi-normed space takes the minimal value for some 2y, Agy+++, Ane
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