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96. Some Characterizations of Fourier Transforms

By Koziro IWASAKI
Musasi Institute of Technology, Tokyo
(Comm. by Z. SUETUNA, M.J.A., Oct. 12, 1959)

In the following we shall show that the Fourier cosine transform

and the Fourier exponential transform are characterized by some of
their properties.

At first we shall prove a number-theoretical lemma. Let
P1<Pe< Pyl
be the all prime numbers and z,(n) a function defined at every natural
number such that p,(n)=p(n), if every prime divisor of n is one of
Diy Doy **y Dy, and p,(n)=0 otherwise.

Lemma. Let f(n) be a function defined at every non-negative

integer and i f(n) absolutely convergent. Let us denote
n=0

F(m)=3} f(mn)

for every matural number m. Then

Fum)=33 () F(mn)
converges to f(m) as y—>oo.
Proof. We have

FAm)=3 Fmm)S u(d)
and
2 /«‘u(d)-_— {1, (n, Py P2 %pv):L
an 0 otherwise,
therefore

f.(m)=>] f(mn),
where n ranges over all positive integers prime to p, p,-:-»,. Then

| f(m)—f.(m)|=30,5p, | f(mn) |
and the right hand side of this inequality tends to 0 as v—>o. Q.E.D.

By D we denote the family of all C*(R)-functions with compact
carrier. For a given continuous function F'(x) we denote

Fo(z)= f TR (et)p(t)dt, oe®.

—o0

Theorem 1. Let an even function C(x) be the second derivative
of a bounded function, and

3} Co(m)=3 ¢(m) (1)
for all ¢e®D. Then
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C(x)=cos 2 nx.
Proof. From the Poisson summation formula and (1) we get

Ho(0)+2 ﬁ Ho(n)=0,
where
H(x)=C(x)—cos 2r .

By the hypotheses of the theorem there is a bounded function G(x)
such that G"(x)=H(x), so

Ho(n)= f " H(nw)p(@) du

- ni " Q) (x)da

2
—o0

_ 1
=0(55)-
Hence f‘,Hgo(n) is absolutely convergent. If ¢(x)eD, then ¢, (x)=¢(x/m)
n=1
€®. Therefore

Hp,(0)+2 35 Hp,(n)=0. (2)
But we have

Ho, (1) = f wH(xt)go(/’%)dt

- f “H(mat)e(t) | m | dt (3)
=|m | Hp(mx).
By (2) and (3)
Hyp(m0)+2 i Hyp(mn)=0.
Applying our lemma we get -
2Hp(1)=lim i 1,(n)-0=0,
which means o

f " H(x)p(x) de=0

for every ¢e9; that is,
H(x)=0. Q.E.D.
Next we want to deal with Fourier exponential transforms:
Theorem 2. Let E(x) be a bounded continuous function of a real
variable and not equal to the comstant 0. If
E(px)(w)=Ep- Ev¥ (1)
for every pair of functions ¢, ¥eD, and

3 Ep(m)=3 ¢(n), (2)
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then
E(x)=é*"" or e,
Proof. From now we denote ¢,(x)=¢(x—h). Because of E(x)==0
there exists a function ¢€®D such that
E¢(1)=0.
Let us denote
_ Eop,(1)
B(h) Fo(D)
For every ¢e¢® we have

Vo= [ Wa—t-+hyp(t) dt

= f “Y(w—t)e(t—h) d

=Vx@,
therefore
Evry, - BEo=E(¥,x0)=E(¥x,)=EV- Ep,

and hence

Ev,(1)=B(h)- E¥(1). (3)
Setting v=¢, into (3) we obtain

Eo,.,(1)=B(h)E¢p,(1)
and it follows from (3) that

B(h+k)Eo(1)=B(h)B(k)E¢(1).

Since Fo(1) =0 we get

B(h+ k)= B(h)B(k);
and we can denote

B(h)=e"

with a complex constant b. (It is impossible that B is 0.) Now we
shall transform the formula (3):

By ()= [ By¥(t—h) dt

= f “E(t+h)yv () de
and -

B E¥(W)= [ e E@¥ () dt

—00

hence
f m(E (t+h)—eE (@) (t) dt=0

for all functions ¥eD. So we get
E(x+h)=E(x)e™"
and
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E(h)=ce", c¢=E(0)=0.
By the boundedness of E(x) b must be a real number. Thus we have

Eo(a)= f " eeep(t) dt:cho(-z—l;—w> ,

where
Fo(x)= f Cereintg(t) dt.
Therefore
S Be(my=c 33 Fo(2n),
N=—00 N=—00 T
which is by the Poisson summation formula equal to
> | 27 (271'
&an =LY 4
¢ 3 |20 (Zn) (4)
But by the hypothesis (2) of the theorem it is also equal to
31 o(m). (5)

If 2z>|b|, we take as ¢ such a function €D that its carrier contains

neither n nor—zg—n with the exception 1 and ¢(1)=0. To such ¢ (4)

is not equal to (5). So it must be

2r<|b]|.
Similarly 2r>=|b|. And finally we get
2r=|b|, c¢=1. Q.E.D.

To any valuation vector ring we can prove a result similar to Theorem
2. (In this case we must consider D°.)
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