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52. 2-Primary Components of the Homotopy Groups of
Some Lie Groups

By Kunio OGUCHI
Department of Mathematics, International Christian University, Tokyo
(Comm. by Z. SUETUNA, M.J.A., June 12, 1962)

This is a preliminary report of results concerning the generators
of 2-primary components of the homotopy groups of SO(n), SU(n)
and Sp(n). The proofs will be given elsewhere.

1. Let R,(n=2) denote the special orthogonal group SO(n),
U,(n=1) the special unitary group SU(n), and Sp,(n=1) the symplectic
group Sp(n).

Let 4™:R,—~R,, +™:U,—-»U,, i"™":Sp,—~Sp,, (n=m)

*:8p,—~»U,,, k*:U,—>R,, (n=1),
be the inclusion maps.

Let us denote the projections and the characteristic classes of
the bundles R,., U,,,;, and Sp,.,, by

p:R, >SS, p:U,,—>8" p":8p,,,—>8*"*,
T.en,1(R,), Tremn(Us,), T, € 74 o(SD0),
respectively.

Let Z, @, and C denote the field of complex numbers, algebras
of quaternions, and of Cayley numbers over the field of real numbers,
respectively.

Then the spheres S% S% S? S¢ and S” are represented as follows:

St={zeZ; 2z=1}, S*={qeQ; qg=1}, S'={ceC;cc=1},
SHq' = k+ x5+ 250+, € S?; 2,=0},
S¢={c=(q, ¢')eS"; 2;=0}, where ¢ =wxk+xej+x, i+ 2.
Define the maps
dt: 8> U, ¢:S'>R, ¢"%:8*>8p, ¢%:8*->U,,
03:S* >R, o:S"™>Rs, p3:S8® -R, o:S"—>B,
as follows:

N (2)()=27, (2,2 €8"), oi=k%0d"1,
d"{a)a)=0qq" (q,d'€S?), o3=l00"; ai=Fk'd";,
o¥(e)(c)=cc (¢,c'e8ST),
oA(a)(d)=0aq'q, (geS? ¢'€S?),
oie)c)=cc’e, (ceST, ¢'€S°®).

We denote e.g. i™" 002 by o7

We denote by ¢ and ¢" the well known isomorphisms:
q: 7,(Spe) > 7u(By), ¢ 7, (U)—>m,(Re), (Mm=2).

Most of generators of the homotopy groups of R,, U, and Sp,,
will be represented in terms of the elements defined above and of
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those of the homotopy groups defined in our former paper [6]. If
a generator can not be represented in this way, we use the notation
reer,(R,) etc. We also denote ™2 by rm.

The first results on homotopy groups of R,, U,, and Sp, were
announced by H. Toda [1]. R. Bott [2] proved the periodicity of
the stable homotopy groups of R,, U, and Sp,, and Toda [3], Kervaire
[4], and Matsunaga [5], calculated some unstable homotopy groups of
U,. Using these results, the exact sequence of the bundles R,,,—S",
U,..—>S** and Sp,.,—S**% and the diagram (1.2) of [6], we can
obtain the following results.

2. In the following sections, we always consider 2-primary com-
ponents of groups. For simplicity, we shall denote e.g. =,(Sp,) to
mean the 2-primary components of z,(Sp,); and use the terms such
as “equal”, “isomorphic”, in the sense of C, [7].

Non-zero generators of z,(Sp,) (m=13) are listed as follows:
(2.1) o"5ery(Sp,) (n21), o"5onem(Sp,) (n21),

o'"yonzon € n(Sp,) (n=1), o' soazeme(Spy),
o’ "3ongov € m(Spy), stem(Sp,) (n=2),
o' songovson € mg(Spy), 1™ Ty emy(Sp,) (=2, 3),
d''3ogy (n=1,2), sy (n=3), enyy(Sp,),
o’ "yongoe, (n=1,2), d""50, (n=1), €x(Sp,),
0""3on300,€my(Sp,) (m=1), o'"joes € myy(SPy),
T ovyo€ m15(SD3),
where the orders of s and si, are both oo,

Then we have the following relations:

(2.2) pY(sH)=12¢, PY(TY)=v:, PY(sH)=bluy,
T!=0"5cay, stov,=4Ty, ¢"30g,="T} o1,
0""3oes=2T7 ouy,.

3. Non-zero generators of r,(U,) (m=18) are listed as follows:
(8.1) dteny(U,) (nz1), o5eny(U,) (n=2),

d'sonsen(Uy), o'iongoneny(Us), upeny(U,) (n=5b)

otoayeny(U,) (n=2,8), o'ton,on,en(Uy),

uren,(U,) (n=4), 0l§°ﬁa°”4°?7€”s(U2)y

ugovsemg(U,), Tieny(Uy), Tionseny(Uy),

ugeny(U,) (n=5), ufy (n=3,4), i'"*l*T} (n=4,5), ex,o(U,),

't eny(Uy), up (n=8,4), i'™%I%s} (n=6), ¢x,,(U,),

0’30508, 0’300, emy(U,), uhery(U,) (n=38,4),

ubhe o (Us), Tiemy(Us), o'3omyod,emy(Uy),

0’3oy (n=2,8), i/"*l*oT oy, enyy(U,), T{omzeny(Us),

UT3€ 71'13(Un) (’I’Lg7),
where the orders of the elements ¢, uz, ul, ud, ud, w3, u%, and u’, are
o0, oo, o, 2,4,4,8, and oo, respectively. I do not know whether they
can be represented in terms of the other known elements.



No. 6] 2-Primary Components of the Homotopy Groups of Some Lie Groups 237

We have the following relations;
(8.2) pi(ud)=2¢;, Pi(ur)=6: pi(uf)=24c,
p;(uio)z’)s"’?s"%, p’*(ui’l):’)a"”s; pfk(ufg):ﬁg',
Di(udy) =4v,, p’*(u'{s) =6z
(8.8) T{=0"%n,, kPoui=T, Ti=0c"%0a, l*osi=2ut,
us=2T{, T/ongon,=ul,+41*TY,
udy =417 o T =4T], o'3oe,=2ud, ut,="T/oy,,
0’300, =2u'Y, uh=2ud, ul=2Ty,
a'togy=20% T} oyy,.
4. Non-zero generators of =,(R,) (m=8) are listed as follows:
(4.1) ofen(R,) (n=2),
or (n=38,4), o} (n=4), eny(R,),
40?”:0778 (n=374)’ Ugoy]:% (%24, 5)7 6774(Rn)’
P?C”?a"’h (n:39 4)7 0397307, (7’L=4, 5)’ 671'5(Rn),
Tseny(R;), proazemy(R,) (n=38,4), sjoazem(R,),
Prongoy, (n=3,4), pf (n=7,8), o5 (n=8), em(R,),
q(s) emi(Ry), q'(ur)em(Ry),
p3onzovovemy(R,) (n=38,4), ason50u,0nemy(R,),
1"%q'(T]) (n=6), pron, (n=T7,8), oFoy, (n=8), eny(R,).
We denote the elements g(s?), ¢'(u3), and ¢'(T7}) by 7%, 7%, and ¢, respec-
tively. Then we have the following relations:
(4.2) pu(oD)=0;, Ds(D)=7s Ds(oD)=1,,
P(r')=12v,, Pu(r?) =157, D«(07)=7s,
p*("?):‘h p*(”'g):%-
4.3) T,=2¢}, T,=0, T,=pi+2¢3, T,=0,
Ty=p?4207, To=ri+aron,
(44) pi=26}, =207, ri=20], E}=20,
7y =07 7r.
Non-zero generators of =,(R,) (9=m=18) are listed as follows:
(4.5) 7rgoys (n=6), pronoms (n=7,8),
otonens (n=8), eny(R,);  Tioemo(Ryp),
i3%0q(TY) (n=25), ooy, (8<n=11), exyo(R,);
kP oudye myo( Rs),
piog; (n=38,4), diog; (n=4,5), rioy, (6=1=10),
i (=), exy(R,); Trenn(Ry),
0507308, 500, (n=374)’ 05°7398,, 0590, (n:4'5)’
r (n=11,12), i2ok2T! (n=12,13), ¢ ms(R,);
kfuiie mio(Re), Troove€ min(Ry),
0301500,, O5o&, (n=38,4), don0d, (n=4,5),
i"°q(T{ ovyy) (BENX8), ayovov;, (8<n<11),
rhems (n=11,12), "okt T op, (n=12,18), emy(R,);
osogsemiy(Ry),  Tiaemiy(Ryy),
where the orders of 7], and i are o and 2, respectively.
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We denote ¢(T4') by r%. Then we have the following relations:

(4.6)
4.7
(4.8)

(4.9)

Pi(ri)=veovs, D) =2[tq, 661, Ds(T1) =101
T\, =o03'ov;.

rong=p'on0n, 17kt ul=4r%, rly=207°u,,
kBolto Ty =gfoy,, ofoc,=2rfovs, a300,=2k%oul,
05085 =2r3%0vy.

Let J denote the Whitehead J-homomorphism [67], then we have:

J(o) =1, J()=as J(@s)=v,, J(r7)=§7,
Jr) =8, J(o)=pr, J(o)=ps, J(r3)=wvs,
J(ri)=vsopts, J(rh)=0, J(k*ousd)=4[cs, ¢s]otu,
Jr) =2y, JEZoT=r1,.
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