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1. Introduction. In quantum field theory, the multiplication of
distributions such as §-9, pfer-'-6, ¢ -0 ete., plays an important role.
[5][6].

But the multiplications of these types can not be defined in
proper sense of distribution theory. So, it will be desirable attempt
to extend the notion of proper distribution, define extended multi-
plication and calculate these products. In [8] we introduced the
spaces of sequences and generalized distributions and studied the
relations between proper distributions and generalized distributions.

The multiplication in spaces of sequences is associative and com-
mutative, which is convenient to the calculation of S matrix in
quantum field theory in contrast to the other definitions such as in
[4105][6].

The weak point of the multiplication in spaces of generalized
distribution is the indeterminateness of the product. But this defect
is not disadvantage for the calculation of S matrix. E. Stueckelberg,
A. Petermann and W. Giittinger associated these indeterminateness
with the so-called ‘“ambiguities of current field theory” and introduced
renormalization constants.

In this paper we study mainly some concrete examples which
is important in quantum field theory such as -9, 6-2~! ete. and show
also that the Giittinger’s product is contained as a special case of
our multiplication.

2. Notations and Definitions [8]. Let @ denote the set of all

sequences {¢,} of functions ¢,c&, i.e. @ ={{e,}; ¢, €&}. Let Q. denote
the set of all convergent sequences in r topology. Let . denote the
set of all sequences which converge to zero in r topology. Let Q.
denote the set of classes such that Q.=Q/o.={c( |z] T.),¢( |z]eop)}.
Let Q. be the set of all convergent classes, i.e. @,EQ,/O,z{ c( || ﬁ)}.

Let Q” be the set of all convergent (in D’ topology) sequences {¢,},
0,€E. Let @ be the set of all classes Q7= Q7 /o, ={c(T || T.), «(T | |04},
where gonec(TIr[TZN’a) means ¢,—~>7T in ¥, ¢,—> T, in =
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Let @7 denote the set of all sequences which are convergent in
7 and in zyyy. Let Q7 denote the set of all convergent classes i.e.
Qr=Q7/0.={(T || T.).

Let P, be the natural mapping from @ to Q.. Let ¢(T|z,] ) be
the element of Q7, and let ¢(S|z,| ) be the element of Q7.

Definition 1.
o(Tzs] )ee(Slze] )={{¥uks Yu=07- 05, {on}ec(T || ), {entec(S] 7] )},
[e(Tza] ) e(Sleel )Iey=Pe{e(T|zs] )-c(S]zs] )}

Definition 2.

C(Tl Tll )OC(S‘ T2I ) {{‘lfm} "I"m SDmCm) SDfnz(m), {¢n} GC(Tl T1 | ) {SDﬁ}et(Sl 72] )}r
where m, n,(m) and ny(m) are natural numbers.

Le(T[ze] Yoe(Slza| )Iey=Pei{c(T |7y )oc(S|ze| )}
Lemma 1. (77| )-c(S|z:| )Se(T |7y )oe(S]ze| ),
Ce(T[z1] ) e(Slzel V&S Le(T | 71| )oe(S]za| e,

We call [¢(T|z,])-c(S|7s] )]y range of product in (D’). This defini-
tion is the extension of the definition by L. Schwartz. He defines
the product for ac(€) and Te(D’). In his definition, a is an equi-
valent class in the discrete topology in (£). T is an equivalent class
in (D).

3. Ranges of product. At the first step we give the range of
product [c(d]7]8)-c(8]7]8)]cwn for topology = such that {ol}ec(|7|8)
satisfy the following condition; there exists a sequence of positive
numbers {¢,} such that lime,=0 and |¢}|<e, for |z]|=¢,. (We can

construct this sort of topology r by the following neighbourhoods:
V0)={p|sup|e***p|<e}, [10]. _
Here we consider specially the meaning of elements in [¢(6]|7|d)-
(8| 7]8)]wn If {¢2-32) defines a distribution, then its carrier is the
original point, where {oZ}, {32}, (w2}, (W2} ec(5|<| ). So it must take the

form };Ckﬁ"" Conversely selecting suitable sequence, we can construct
ZC 5"” for arbitrary C, and N.

For example, let {¢3}, {#2} be the functions shown in the figures.
Then {¢}-3i} converges to 815"'/4.

Further we can even construct iC’,,B"”, where ﬁ}Cké"" is a
k=0 k=0
class ¢( [tp| 0,;) which contains the sequence {¢,} such that {{p,}a™)
=lim <§0m xm>=(_1)mcm,m!
From these results and others [10], we obtain the following

Theorem 1. If the set of the sequences «(3| |5 has the follow-
ing property; there exists a sequence of positive mumbers {e,} such
that lime,=0 and ¢)<s, for x=e, and x< —s,, then for {¢3}, {¢l} e

700
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Fig. 1
(8] z]3), {p2-32) takes the following form;

ok 7= [ C@du(a)+3 C.a™,
0

n=0

i.e. there exist ¢lec(é|ry|06) and {go,,}ekilc,,&"" such that {¢2-3:

. -
= [ Cltet ) du@)+{on}

' Conversely, for any C(a) and C, there exist {¢2}, {¢2}cc(3|z|3) such

that the above expression holds.

At the second step we give a range of product [c(5]c|d)-
¢(1/x| 7| 1/x)]c, for the case in which (3| |d) is the above set of

sequences in this paragraph and the set of sequences c¢(1/x|7| 1756)
has the following properties; there exists a sequence of positive
number {¢,} such that lim ¢,=0 and |p¥°—1/x|<e, for x=¢, and * < —¢,.

If {p-¢¥"} defines a distribution, then its carrier is the original
point, where

{2}, (Wi ec@] < |3), {o¥), i} ec(U | 7| 1),
N
So it must take the form ;]Ck5<k>. If {¢)-0¥"} is not a distri-
=0

bution, it is expressed by the similar formula f wC(a)é“"‘d#(a)-{— ;;:)C"Bm

0
as in Theorem 1 [10]. Conversely, selecting suitable sequences, we
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can construct this expression for arbitrary C, and C(«). Because, if
the carrier of ¢Y° is £=¢,/2 and < —¢,/2, and if the carrier of ¢}
is 0=Z2=<¢,/2, and if the carrier of ¢;° is —¢,/2=<2=0, then {p¥"+¢]
+go;"}ec(1/x[-c|1/x) Further if {#’}ec(d|c|3) has the carrier in
0<x=<¢,/2, we can construct {(¢¥°+¢i+¢,°) @3} such that lim (¢¥”

n->00

+ @i+ go,.—hm - 3E by the topology in (D). So we can apply

the result of Theorem 1 for ¢(3|<|6) and c(1/z|7| 1750), and obtain the
formula

(b o) = f "Cl@)ddua) + 3G,

Theorem 2. For {¢i}ec(d|c|3) and {p¥?}ec(l/e|7|1z), {03 o}
takes the following form;

lon- o= f wC(a)5”“d#(0()+ﬁC 5,

Conversely for any C(a) and C, there exist {¢}}, {¢¥“} such that
the above expression holds.
Next we select the topology 7, such that ¢(8|z,|3)Cc(5|z|3) and
¢(1/ | %,| 1Jm)C ¢(1/z| 7| 1]x), by the following way;

(1) for all {pi}ec(d| z'0|g) x¢), are uniformly bounded,

(2) for all {oy7}ec(l/x|7,] l/x) xoy® are uniformly bounded,
then we obtain the following

Theorem 3. (1) For {¢}, {@3}ec(d]z,|3), {03 i} takes the fol-
lowing form;

{eh i) = f Cla)d *dp(e)+33 C.o™

(2) For {el}ec(d| | d), {p¥ee(l/z|7,| 1/x), {ph-0k"} takes the
Jollowing form;

o 1
{ea- gy = [ O@ *dpe)+ 3 00,
0

4. Giuttinger’s product. Giittinger defined the produet of im-
proper functions. We show here that his construction is the restricted
one of our multiplication.

Definition. We define the product {pL}o{eS} of {¢5} and {¢%} by
the following way {ei}e{ed}=1lim (lim {¢Z-¢}}), and we define T-S=
lim (lim {7 @m})-

Lemma 2. If the limit of the right hand side of definition of

&
ToS converges in D’ for S=0%, then (T:67, go>=<i_20 C.0”, o).

Remark. This definition of the product ts a part of the
Definition 2.
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Proof. Let’s decompose ¢(x)c(D) to the following form; ¢(x)
%

=«p(w)+§(}) ©?(0)¢;,(x), where ¢,(x) is a fixed function satisfying

m 1 m=1
D"$,(0)= {0 %#2 Then

(T-5%, p(@)y =lim (lim {p%- ¢, o(x))

%
=lim (lim {gZ- 2®, Y(@)+23 0 (0)4(2)))

N> m->»oo

=lim lim ((eF- %, W)+ 23 0 O) i ¢, 62)))

3
=0+2>] ¢°(0) lim lim <¢7-0},”, 6,(x)>
=0 n>0 Mm>oo

%
=>1¢(0) lim lim (g™, oid(x)).
2=0 7ny0 m>oo
Conversely for any C; (1=1,---,k) and T we can find {0} {¢Z}

which satisfy the above relation as follows: ¢:* has a carrier
in an interval (—¢,,¢,), where ¢,>0 and lime¢,=0, and ¢I=

m->oo

ﬁ<[(——1)’°<I§>]_10ix"’i/(lc——'i) !> in an interval (—e¢,,¢,), where ¢,>0
=0

and lim ¢,=0.

n->oo

Lemma 3. From the similar condition as that of Lemma 1, it
Sfollows that {T-x7*, ¢y={S, ¢>+<g C,0”, p(x)>, where S is a distri-
bution which has no more singularities than T at the origin.

Proof. Let’s decompose o(x)e(D) to the following form; ¢(x)
=m[r(9c)—|—:'z—j ©?(0)¢,(x), where D™¢,(0)=4¢,,. Then

2=k

<T'$-m, ¢(x)>=}i’r£ }”ifg <50911"§0m ’ QD(ZX/')>

=lim lim {¢Z- ", yr(x)+ ':2;0 P P(0)pi(x))

k=1
=1lim lim (¢gF- 057, ¥(@)y+ 3 ¢V O0)ei ¢, 64a))
=Sp+3 ¢ (0) lim lim (g™, ¢2,(0)>.
=0 N>0 MH>o
Conversely for any C;, (¢=1,---,k) and T we can find {¢p2™"}, {¢Z}

which satisfy the above relation as follows: ¢Z™*-¢Z has the follow-
ing properties;

(1) [ dat [ g ada=0,

(2) [ et dada=C,,

where {¢,} is a positive sequence such that lim¢,=0, then {T-z7%, ¢)>

7o

={8, <p>+<§ C;0°, o(x)y. The condition (2) is satisfied if we select
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{ez %} and {¢?} such that ¢Z=C, in the interval (—¢,,¢,) and lim ¢Z~*
k=1 n>co
=>16% in the interval (—e,, ¢,).
=0

So we can obtain the conclusion of Lemma 3.
Giittinger defined the product AB of two distributions A and B.
But, in his definition, B has essentially, only finite singular points

and in other points BeC*=. On these singular points the singularities
of B are like 6 or z7*

Now let’s introduce the topology 7z regarding to B such that

o(A|z|A), (B|rs| B)=[{pf}] satisfy the following condition:
Let {x,,---, x5y} denote a set of singular points of B.

Let U, {,,- -+, zy} denote a &, neighbourhood of {x,,- - -, xy}, where
€,>0 and lime,=0.
S| D*(¢2—B)|<s, for U, (z,,- -, a}
=0
Then we obtain following:
Theorem 4. If we can construct a set of distributions {C}

={C; Ce(D’), C=lim (lim {¢z-©Z}) in (D'), where {¢#}ec(A|r|Z) and

{pE}ec(B ITBI.E), then AB=C 1in the sense of Giittinger’s meaning.
Proof. We can see this theorem from Lemmas 2 and 3.
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