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5. On the Ambiguity of Cut-off Process
in the Theory of Quantum Field

By Tadashige ISHIHARA
Department of Mathematics, Osaka University
(Comm. by Kinjiré KUNUGI, M.J.A., Jan. 13, 1964)

1. In the calculations of quantum field theory, so called “cut-
off” procedure is frequently used to remove divergence of some
physical quantity. In this and the following [1] notes we discuss the
ambiguities which is immanent in some of these cut-off procedures
and consider some kind of remedies for it.

2. To clarify the cut-off procedures we consider the relation
between the occupation number representation and the tensor product
of Hilbert spaces in an axiomatic manner.

Assumptions with respect to the states of a single particle are
the following:

S;. The states of a single particle correspond to the vectors of
a Hilbert space H..

S,. The physical quantities of a single particle correspond to the
self-adjoint operators (defined on a dense subset of the space H,).

S;. There is a set of physical quantities whose corresponding
operators commute each other and makes a complete system of oper-
ators. We denote these operators by O,,:--, O,.

S,. We restrict our considerations to the case that eigenvalues
aa;y, -, a,) of the operators (O,,::-,0,) makes a point (discrete)
spectrum.

Assumptions with respect to the states of quantized field are the
following:

F,. To every system of eigenvalues a,a;,-:*,a;,) of single
particle, i.e. to every eigenstate ¥, of the quantum number «a,, one
assigns the number 7, of particles which are in this state. We
assume that there exist eigenvectors +,, for every =, and a Hilbert
space H, which is the closure of the linear aggregate of {y,,|
n;=0,1,2.--},

F,. Corresponding to a state @ of the field, there exist vectors
of the infinite direct product I7® H, of the space H, in the sense of
J. Von Neumann [2]. We leave details of the indicate direct product
to the original author’s article [2], and indicate only the following
properties (1), (2) of c-sequences® which has close relation to the am-

* Notations and abbreviations in this article follow J. Von Neumann [2].
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biguities of cut-off procedures.
(1) I QF =73 QF ) ® 20 s @ (I 11 ®f )
for any integer m and for any complex number 2,
(2) (IITFRf)Q(n~+hy) QUIT 1 ®F)
=73 QF)® 9 @ (11 Q) + (7 RF ) @ by @ (T 721011 R )
for any integer m.

The vectors having the expressions of either side of these equal-
ities hence define the same state.

3. We consider here some of usual cut-off process in the terms of
tensor product. The cut-off procedure which appears in the custom-
ary calculation of quantum field theory is of the following kind.

With respect to some physical quantity I which is expressed by

the function of the divergent integral e.g. Sw g(a)da, the domain of
0

the integral is cut off as the following: Smg(a')da or Sw g(a)da or
0 3

M
Sa g(a)da ete. After these cut-off procedures the physical quantity

Em<rg(a) da> is frequently calculated as the }lim we(S:‘g(a) da> ete.
0 —00

To express these procedures using the corresponding states of field,
one defines cut-off operator P, which maps a vector II2,®f; to the
vector (IT, Qf) XUy 1 De,) where e, is a vector which corres-
ponds to the occupation number e.g. 0 for the quantum number «,.

In some cases we may be able to consider that the cut-off pro-
ceeds as follows e.g.

tim | *g(eda=lim (2| G| Paty=(0 |61 ¥>=| s(eda.

4. Now we consider the ambiguity of these cut-off procedures
by the following four examples.

Example 1. For any linear aggregate of c-sequences @ there
exists a set of vectors @" of H such that P,0" converges to 0.

Proof. For 0=37_1I2.,Qf ., =2,(Il.cy R €ufar ® I ;55 0,f5.), We
can take ¢, 0, such that the equalities (I7®e,)®(I®d;)=1 and
(T ocn @e(N)f) ¥ 0 hold. Let OV=23,(ll,cx@€ufor ®I;556:fs), then
Py0V =23 (Ilocn @€ foe @Il 15y Re,,) converges to 0, since [|[Py®”||
S cn @ &ufesl|<e. This sort of ambiguity causes form the prop-
erty (1).

To avoid this sort of ambiguity one may immediately think
about the standard forms: (I1.]|f.]])-I.Q(f:/||f.l]) for @=11®f, and
SALNFA) - TLR(fulllf o]} fOr @=2,11,81.., Where a=1,2,8,--- and
v=1,2,..-, n.

One can see however even these standard forms do not always
give unique cut-off vector because of the property (2) as the follow-
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ing Example 2 shows.

Example 2. Assume that o=l ®f,+11&®g. satisfies the follow-
ing two conditions: (1) ||fl|=]|g9./|=1 () {fu 9.y=0 for any @. Then
we see that I Qf, =V QU ., IR g, =0y XD, and ¥ 1 Oy, V., L D,
1@x|= 10| [= 1T || =¥« =1.

Now

e=UyQQU 4Dy RV, =V 3@V . —2D,)+ (AW y+ D) DD
Hence using the first expression,
Pro=¥y® eyt Py X ey = x+Dx) & .
So [|Py¢||=+2. Using the 2nd expression, however,

— — . (wm—l@m) . (Z‘P‘N‘F@N)

0=l =20l Uy ® (g W+ Ol 2B OO

Hence

Py ={([|¥0— 20|+ D) 5+ Du} Q €.

Hence

1Pyl =V F 22+ 2241 =y 2V14+20/1+ 22 +%  So ||Pye|| runs
through the value from V2 to «. We can see also here
lim Pyo="x® e, and lim Pyo=¥ xR e.,.

A——o00 A=+ o0

The following two examples show more pathological ambiguity
of cut-off operators.

Example 3. For any state ® whose corresponding vector is a
c-sequence, there exist standard expressions @* such that Py®” con-
verges to 0.

Example 4. For any @, ¥ which are expressed by finite linear
aggregate of c-sequence, there exist sets of expressions {#*} and {¥'?}
such that Pn0¥ =P,¥~,

Proof. Let c-sequence O=11 Qf,=(ITL,Qf)QUIZ y4.f)) =Py RO,
be a standard form. Let e.., e.; be a unit vector such that e.; L €.

and ||e..||=||e«s|]=1 and @mz%(ewl—emz). Then we see that @ =0"

- 1 1 . \_1 _1
=0,® ( Tt T eM) T3 (Pa®es)— L (@a®e.)
Hence
Pyl= L (Oy®en)— L (By @ e.;)=0.

V2 V2
In case 0=237_,1I7.Qf,, we can prove similarly.
Example 4 is also easily constructed utilizing Example 3.
Lastly it is remarkable that the cut-off process can not always
be done in the space H as the following example shows:
Example 5. Let 0=32¢,/:" R0, R0, Q3.0 ¢,, where
¢;>0, I, cl< oo and Y7,c,=co are satisfied. Then we can see easily
that ||@]|< o and ||[Py®@|=oo.
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5. In view of these ambiguities one may ask the following
questions: Under what expressions the customary cut-off procedure
is done?

Some answers for these questions will be given in the following
articles [1] [8] which also contain some sort of remedies against
these ambiguities.

The author would like to thank Prof. K. Kunugi for his helpful
criticism and encouragement. The author would like to thank also
Prof. T. Imamura for his valuable discussions.

(This article is dedicated to Prof. K. Kunugi for the memory of
his 60th birthday.)
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