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85. A Construction of Markov Processes
by Piecing Out

By Nobuyuki IKEDA, Masao NAGASAWA, and Shinzo WATANABE
Osaka University, Tokyo Institute of Technology, and Kyoto University
(Comm. by Kinjiré KUNUGI, M.J.A., April 12, 1966)

In studies of Markov processes we sometimes encounter the
gituations where we must piece out given Markov processes by an
appropriate procedure. Examples are construction of a branching
Markov process from a given Markov process which we call the
non-branching part and a branching system (cf, [5], [6]), construction
of a conservative Markov process from a given process of finite
life time (cf. [11]), etec. In this paper we shall discuss such
a procedure.

1. Notation and the main theorem. Let S be a locally
compact Hausdorff space with countable base and S=SU{4} be the
one-point compactification of S (if S is compact 4 is attached as an
isolated point).

At first we state the following preliminary

Lemma 1.1, Let {W, B, P,, xc S} be a system of probability
measures on a o-field B of W and let p(w, dy) be a probabtlzty kernel

on WxS8. Let Q=Wx8, F=BRBS), and F= HQ,,(Q =0, j=1,

.+) with the product o-field H= ®SF,, (F;=F), and put
Q.(dw)= Pw[dwjﬂ(w dy),

where we denote w=(w, y). Then, there exists a unique probability
measure P, (xeS) on (2, B) satisfying
(1.1) Pldo', de?, « -+, d0]=Q,(d0w)Q, (dw’) -
where @ =(w;, ;).

This lemma is a consequence of Ionescu Tulcea’s Theorem [7],
91.

For a given right continuous strong Markov process {W, x,, B,,
¢, 0, P,,xcS} on S with 4 a death point,” we define:

Definition 1.1. A kernel p(w, dy) defined on WxS will be
called an instantaneous distribution if it satisfies;
(i) For any fixed we W, u(w,.) is a probability Borel measure on
S, and for any fixed Borel subset A of S, y(., A) is a Jl..-measurable
function on W.»

(do"),

"n—l

1) i.e. if w(w)=4 then xs(w)=4 for all s=t. We set {(w)=inf {¢; x.(w)=4}.
2) TNy=B{ws;8<5t}, 0t o0,
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(ii) For we W such as {(w)=0, pu(w, dy)=0,dy).
(iii) For any Markov time T(w),
(L.2)  Plp(w, dy)=p(0rwmw, dy), T(w)<l(w)]=P,[ T(w)<L(w)].
In the following we assume that we are given a right continuous
strong Markov process {W, x,, B,, ¢, 0,, P,, € S} on S with 4 a death
point and an instantaneous distribution g(w, dy). Andlet 2=WxS, 2,
and P, be those defined in Lemma 1.1,
Now let w=(w, y) € 2 we put
. x(w), if t<(w),
(L.3) t@)={"" 0" = ey,
and put for @=(w', @? +++)e 2,
1.4) N(@®)=min{j; {(w;)=0}, (=+ o, if such j does not exist).
We define next X,(@) on 2 by
&(w"), if 0=t=C{(w,),
Ty g p(@7), if {(w,) <t =&wy)+L(wy),

oooooo

~ n n+1
L.5)  X/(@)=1 B¢ty et wan(@™F), if ,Zﬂc(w") <t= j2=1 L(w;),

4, if 1= %”c(w,.),
and denote ’
(1.6) 7(@)=0, (@) =7(@)=L(w,), * -, Tn(d))=§1C(wj), e,
@ t@)="3] cw)).

Lemma 1.2. Let 2,={@; X,(®) is right continuous with respect

to t=0}. Then,
Q,={@; @, =2(W,1.), for any n=1}, and

(1.8) P,2]=1, weS.

Therefore, we can restrict every quantities defined on 2 to &,.

The shift operator 0, of &e 2, is defined as
(1.9) 0té):((0t—-rk(a)wk+h xk+1)) wk+2r ° ')9 if Tk((?))ét<rk+1(a))’
where d=(w', @*, ++-) and w'=(w;, x,),j=1,2, -

Let ¢, be the projection from 2, to ﬁ 2;, (2,=9) and define
i=1
k ~
fB,k=<p;’(_®IEF,«)nQo, where F;=J1..®3B(S),
iz

(1.10) .@:5_}.@%: §<5 F,n 4, and

J,=B(X,; Vs=<t}n .
Definition 1.2. @, @& ¢ 2, is said to be R,-equivalent and we
denote
o~a' (R),
if;
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(i) X,(@)=X,(@), for any s=t, and
(i1) if 74(@)=St<Tppi(@), then 7,(D)=t<7T; (@) and 7,(D)=7,(d")
for any j=k.

Now we define new o-field B, by
(1.11) B,={4;1) Ae B, and ii) if @ e A and G~a@'(R,), then &', ¢ A}.
It is clear that B, is a o-field of &, and Jl,C&,.

Remark. (i) 7,(®)isa B,-Markov time but it is not necessarily
91,-Markov time.

(ii) If we put B.=V3,, then B.=3.
t>0

(iii) Put @,kz{A;Ae.@, and AN{r.<t}e B, for any ¢=0}, then
Qrk: Qrk""

Now our main Theorem is stated as follows.

Theorem 1.1. Let {W,x, 8,0, P,,xcS} be a right con-
tinuous strong Markov process on S with 4 as a death point and
p(w, dy) be an instantaneous distridbution. Then, the above defined
system X={2,, X,, .99,, g6, Px, x€ S} is a right continuous strong
Markov process on S, where P,[X,=4,7t=0]=1%

For the proof, we need several lemmas.

2. Lemmas. We first note that for any ,-Markov time T(&)
Galmariono’s test® remains valid, i.e.,

Lemma 2.1. For any t=0, random time T(®)=0 satisfies

{@; T@)<tte B, (& T@)=t}e By,
if and only if (i) T(®) is P-measurable and (ii) if T(®)<t (resp.
T(®)=<t) and &~&'(R,) then T(®)= T(&').

Lemma 2.2. Bo=B,N0;4(3.).

Making a slight modification, Courrége-Priouret’s results [1] are
valid in our case, i.e.,

Lemma 2.3. Let T(®) be a B-Markov time and take any
integer k. Then there exists Ty(®, @) on @,x 3, satisfying
1) TyW(&, &) s @,k®@m-measurable,

2) for fized &, TW(®,.) is B,-Markov time, and
3) T(@)Vr@®)=7(®)+ TW(®, 0. ®).

If we notice the way how the measure P, and the random
variable X, were constructed and the properties of the instantaneous
distribution, we are able to verify the following

Lemma 2.4, (i) For any Be B and Aec B
(2.1) P,[0.@e B, A]=E,[ Py, [B]; A].
8) If x; is merely Markov, then X; is also Markov. Of course, X: is temporally

homogeneous.
4 Cf. [4].

TR?
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(ii) Let g(@,t) be a bounded measurable function on 2,x [0, o]
and o(®) be .C:B,k-measumble, then Z‘orNany Ae.@,k,
(2.2) B,[9(6.,8, 0(@); Al=E,[Ex, [9(-, 8)]|e=0; Al

(iii) Let g(®, @’) be a bounded .@,k@)@-measurable Sfunction, then
Jor any Ae gﬁw
(2.3) E,[9(®, 6.,0); Al=E,[Ex, [9(w, )]].=; Al

Lemma 2.5. Let T(@) be a B-Markov time, then there exists

a B-Markov time T(w) defined on W, such as
(@)= T(w), on {T<c},
where &@=((w, y), @*, @*, «-+).

Lemma 2.6. Let f(x) and g(x,t) be bounded measurable func-
tions on S and Sx[0, ], then for any F,-Markov time T(®),
@.4) E[f(Xn9(X.,t—T); T<t]=E,[ f(X)E,[o(X., 7)]; T<7].

Lemma 2.7. Let g(x,t) be a bounded measurable function on
Sx[0, c>o:|~ and T(®) be any B,-Markov time, then for any A€ B,
(2.5)  EL0(Xei0,0(0xD), 7(0,0)); A]=E,[Ey,[9(X., T)]; Al

3. Proof of Theorem 1.1. Let f(x) be a bounded measurable
function on S for which we put f(4)=0, T(&) be a $-Markov
time and Ae B,. In order to prove Theorem 1.1, it is sufficient for
us to show . o
(3.1) E[f(Xp1); Al=E,[Ex [ f(X0)]; Al
This is verified by means of the above mentioned Lemmas. We shall
sketch the proof,

Put

dI=E~'x|:f(Xr+z)§ AN{@; T(@)<ty(@)= T(@)+t, for some k}],
an
= E,[ f(Xp1); AN{®; 7i(@) < T(@), T(@)+t<Tp1:(®), for some k}].

If we notice
(3.2) Ex[f(XTM:); 7-'~k§ T, TH+t<tp., A]

=E,[x(t.= T)Ex,k[f(er(u. a+); 0= Ti(u, )<z,

- N - OéTk(ur )+t<7] |u=’o“); A]
=E, 1= T)Ey, [Exp o o[ F(X); 05t <T];
3 . 0= Tu(w, +) <] | e A]

=E,[ X7 = T<Tpr)By, [ f(X); 0st<7]; A
we have
(3.3) U= B[ f(Xp.); 7S T, T+ <T41; A]

=E,[E,,[f(X,); 0st<7]; Al
Therefore we have

E[E:,[f(X)]; Al-TI=E,[E,,[ f(X); c<t]; A].
5) x(A) is the indicator of a set A.
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Thus it is sufficient for us to show
(3.9 I=E,[E, [ f(X,); T=t]; A,
but tlmis ~is verified as follows:
E By, [f(X); Tst]; Al
=E[E,[Ex [ f(X,_); t—520] | ,=c; T=t]; A]
= x[Ext(oT;,)(O:p%)[f(Xt—a); t—820] | j=ciopm; t(ﬁ,_,,(?))_S_t, A]

I
M

(T = T<tp) f(Xiirey (02, ,,0)); Tora— T2, A

=0

Il
o

4. Some properties of the process X,. Let .@t(ﬁw) be the

completion of B, with respect to P,, and put
g’t:ng Qt(ﬁz)’

then, we have

Theorem 1.1'. Under the same motations of Theorem 1.1,
(20, X, F,,C, 0,, P,, x.c S} is a right continuous strong Markov process.

(Cf. [12], [2]).

Proposition 4.1. If x,(w) has the left limit at te (0, {(w)],
P,-a.e., then X,(®) has the left limit at te(0,(®)), P,-a.e.

Proposition 4.2. If x(w) is quasi-left continuous and {(w)
18 mon-accessible (i.e. totally inaccessible in the strong sense in the
sense of Meyer [10]), then X/(®) is quasi-left continuous before
&(@), i.e., for any sequence of Markov times T, 1 T,

B lim X, =X,; T<Z1=P,[T<{].

Corollary. If x,(w) is a Hunt process and L(w) is non-accessible,
and if P,[E=oc0]=1, then X(®) is a Hunt process.

Proposition 4.3, Let the instantaneous distribution p(w, dy)
be a probability measure on S for such w that {(w)>0, and x,(w)
satisfy either

(i) §2$PWEC<°°]=CL<1, or
(ii) there exist >0 and 0>0 such as

ing P,[{>e]>0.

*€

Then, X, is conservaiive i.e.,
ﬁw[C: o]=1, (xeS).
5. Applications. i) Let X,(w) satisfy P,[3x; € S]=1, xS,
and g/(x, dy) be a probability kernel on SxS. Put
p(w, dy)= ' (w;_(w), dy), and p(w,, dy)=0,dy),”
then p(w, dy) is an instantaneous distribution. In particular, if we
take

(2, dy)=0,(dy),

6) wi(wa)=4 for all £=0,
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Theorem 1.1 reduces to the case treated in [11].

ii) Let S have a boundary 8S in some sense, and given a kernel
Y (x,dy) on {SUOS}x S and a Markov process z,(w) on SU3S with
P,[3x,_e SUdS]=1. Put

/,C(w, dy):ﬂ'(xg_, dy),

and apply Theorem 1.1, then we have a process so-called with
instantaneous return from the boundary 4S (ef. [8], [8]).

iii) Theorem 1.1 is applicable to construction of a branching
Markov process. But since it needs some preparatory consideration,
we will treat it in the forthcoming paper.
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