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167. A Perturbation Theorem for Contraction
Semi-Groups

By Isao MIYADERA
Department of Mathematics, Waseda University

(Comm, by Kinjir6 KUNUGI, M.J.A., Sept. 12, 1966)

1. Let A be the infinitesimal generator of a contraction semi-
group {7T(&; A); £=0} of class (C,) on a Banach space X, It is well
known that

(i) A is a closed linear operator and its domain D(A) is dense
in X,

(ii) the spectrum of A is located in the half plane R(1)=<0 and

||o R(o+1it; A)||=1 for 6>0, where R(cs+1it; A) is the resolvent of
A,
Let B likewise be the infinitesimal generator of another contraction
semi-group {7T(¢; B); £=0} of class (C,) on X, Recently K. Yosida
[7] proved that (I") if D(B)>D(A,), where A, (0<a<1) is the frac-
tional power of A, then A+ B defined on D(A) generates a contrac-
tion semi-group of class (C,), and (ii’) if, moreover, {T(&; A); £=0}
is a holomorphic semi-group, then A+ B defined on D(A) generates
a holomorphic semi-group.

In this note we shall prove the following theorem.

Theorem. Let 0<a<1 and let B, be the fractional power of
B,

(I) Let us assume that D(B)DD(A). Then A+B, defined on
D(A) generates a contraction semi-group of class (C,).

(II) Assume, moreover, that {T(&; A); £=0} is a holomorphic
semi-group, then A+B, defined on D(A) also generates a holomor-
phic semi-group.

2. Let B be a closed linear operator with domain D(B) and
range in a Banach space X. Let each positive 1 belong to the
resolvent set of B and let
(1) sup || 2R(2; B) || =M < co.

For 0<a<1, the fractlonal power B,=—(—B)* of B is defined as
follows:

(2) Jm:iin_“ig“za-lR(z; B) (—Bg)da for e D(B),
T 0
(8) B,=the smallest closed linear extension of (—J*).

(See [1], [2], [5], and [6]). Let likewise A be a closed linear
operator with domain D(A) and range in X such that “its resolvent
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set” <0, > and s;\uplllR(l; A)||=M'<co. Then we obtain the
>0
following lemma,
Lemma. ALet us assume that D(B)DD(A). Then for each
0<a<l, A+B, defined on D(A) is a closed linear operator, and

there exists a 2,>0 such that each 2=2A, belongs to the resolvent
set of A+B, and supllZR(Z A+B,)||<co.

Proof. By (1),
| B. x||<s‘—“n“i§ 2+ || R(z; B)Bx || da

A

S0 A [ %t || 2R Byo—o || da+ {2 | (s BB | da

SO e ST SR Bo |
for « ¢ D(B), where w is an arbitrary positive number. The condi-

tion D(B)DD(A) implies, by the closed graph theorem, that there
exists a constant K>0 such that

| Bx || = K(|| Az ||+l 2 []) for x e D(A).
Thus we have
| B || =C.l| Az ||+ Cill @ || for x e D(4),
where
C,= KM sin ar and C!= (M+1)w" sin ar I KM sin ar )
T(l—a)w'* arn T(l—a)w*
Then

| B.R(2; A)z || <C, || AR(; A)z ||+ CLl| R(2; Az ||
SM+1)C,+M'Coa'] ||« ||
for e X and 2>0. We take w,>0 such that (M’'+1)C, <1/2, and
we put 2,=2M'C,,. T}Alen we have
| B.R(2; A)||=8 for 21=2,
where 8= (M’+1)C,,,0—|—1/2< 1. This proves that, for each 2=1,, the
inverse (I—B,R(2; A))"= 2‘, [B.R(2; A)]" exists as a bounded linear
operator from X onto itself and || [I—B.RG; A)J||=(1—pB)~". Since
i—(A+B)=[I—B,R(; A)] 1—A), we obtain that each 1=2, belongs
to the resolvent set of A+ B, and R(3;A+B,)=R(;A)[I—B.R(1;A)]"
Then A-+B, is a closed linear operator and |[AR(; A+B,)|=
| AR(; A) ||-|ILI—B,RG; A)]||=M'(1—B)~* for 2=2,. This completes
the proof,
3. Proof of the Theorem. We first remark that B, generates
a contraction semi-group of class (C;). Then A and B, are both
dissipative in the sense of G. Lumer and R. S. Phillips [3]. That

is, if we take ¢,€ X* for e X such that || ¢, ||=]|/z|| and (=, ¢,)=
|loc||2 then we have

R(Azx, ¢,)<0 for xzeD(A) and R(B.2x, 0,)<0 for wze D(B,).
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Therefore R([A—(A+B.)]x, .)=1|| | for «e D(A) and 2>0, so that
we have
(4) | [2—(A+By)]w ||z = || for © e D(A) and 2>0,
Since A and B satisfy the conditions of Lemma, A+ B, defined on
D(A) is a closed linear operator and sufficiently large 1>0 belongs
to its resolvent set. Then, by (4), we have

|2aR(2; A+B,)||=1
for sufficiently large 2>0. And since D(A-+B,)=D(A) is dense in
X, the Hille-Yosida theorem shows that A- B, generates a contrac-
tion semi-group of class (C,).

Furthermore, if {T(&; A); £=0} is a holomorphic semi-group,”
then we have
(5) hm ]] TR(o+17; A) || < o0 for ¢>0.
It follows, from HoR(a—l—zr A)||=1 and (5), that
sup [|[tR(o+1it; A)||=K, <o
for ¢>0. Especially, for fixed g,>0,
sup ||z'R(ao+m' A)||=K,,< oo,

—o0o< <

By the resolvent equatlon
R(o+it; A)=R(0,+1it; A)—(0—0,)R(c+17; A)R(o,+1it; A),
we get
[[zR(g+1i7; A) || S K, (1+]| 1—a/0 |)
for ¢>0 and 7; especially if 6=0,, then
|| zR(o+1ic; A)||=2K,, and
(6) {ll(o+17)R(o+it; A)||=||oR(o+i7; A) ||+ TR(o +1it; 4) ||
=2K,+1

for all <.
Hence, similarly as in the proof of Lemma, we have || B, R(c +iz; A=
B'(<1) for sufficiently large ¢>0 and for all z, where B8 is a
constant independent of ¢ and 7, so that the inverse
[I—B.R(o+it; A)]™ =3} [B.R(o +it; A))"
exists and "
(7) I LI—B.R(o+it; A)]™ | =(1—£)™
Since R(o+1it; A+B,)=R(0+1it; A) [I—B,R(6+1it; A)]™, by (6) and
(7), we have
(8) sup Hz'R(a—Hz- A+B)||s2K, A=8)""
for sufﬁmently large 0>0. We already proved that A+ B, generates
a contraction semi-group {T(&; A+B,); £=0} of class (C;). Thus the
above inequality (8) shows that {T(&; A+B,); £=0} is a holomorphic
semi-group. This completes the proof,

Remark. Let X be a Banach lattice and let A be the in-

1) See [6].
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finitesimal generator of a semi-group of class (C,) of positive
contraction operators on X. Let likewise B be the infinitesimal
generator of another semi-group of class (C,) of positive contraction
operators on X. Then we can prove that if D(B)DD(A), then
A+§a(0<a<1) generates a semi-group of class (C,) of positive
contraction operators. In fact, since B, also generates a semi-group
of class (C,) of positive contraction operators, A and B, are both
dispersive in the sense of R. S. Phillips [4]. Then A+B, defined
on D(A) is also a dispersive operator. We already proved, in
Theorem, that A+B, is the infinitesimal generator of a contraction
semi-group of class (C,), and hence “the range of I—(A+B,)’=X.
Thus it follows from the Phillips theorem [4, Theorem 2.17] that
A-+B, generates a semi-group of class (C,) of positive contraction
operators.
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