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1. H. Davenport and H. Halberstan 1 have proved the
following theorem from which they have derived a generalization
of theorems of K. F. Roth 2 and E. Bombieri [3 on the large
sieve:

Thoerem DH1. Let S(x) be a trigonometrical polynomial of
order N such that

S()- , ce
and x, x,-.-, x (R2) distinct points on (-, ) such that

23-min x-x I.
Then

( 1 ) lS(x,) 14"4 max (N, /2) c .
Our first theorem is as follows:
Theorem 1. Using the same notation as in Theorem DH1, we

have
R

(2) IS()IA Ic
for small $, where A32.34 (N+/#) or A3.13

The inequalities (1)and (2) are mutually exclusive. If N
near to /2#, then (1) is tter than (2), but if they are very dif-
ferent, then (2) is tter than (1), except for "small

Further H. Davenrt and H. Halrstan 1 proved the following
Theorem DH2. Using the same noton as n Theorem DH1,

we have

( 3 ) N IS(x,)[’NAV max (N, 2u/)

where A is an absolute constant and lip+l/q-I, p2.
Our second theorem is
Theorem 2. Using the same notation as n Theorem DH1,

1) In [1], Theorem DH1 is stated for the trigonometrical polynomial on the

interval (0,1), that is, SN-- . ce2. Further 23 in (-,-)corresponds to

2]2r in (0, 1).
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- (- )( ,l ) E,.:, s-(x,.) I" -< A’O. +e)(g+ /<) ,, c,, I’ "’
for any >0 and sufficiently small , where llp+llq-i, p>=2 and

A’= 2"-" (I: sin v lq dv)’-/(I’" sin" V dv)"’(q+ 1)"- v’ v’
Taking p-3, 4, and 5, we get

( 5 ) N,:, s(z,)1’<=O.053(t+s)(N+zcl) . I, ’’ ",
( 6 ) ],:, s,(x,)l’-<_0.076(1+ e)(N+ zU() .. e. ’’ ’,
( 7 ) S,(x,) i*0.1a3(1 +e)(N+/) e. *’ ’.

Our theorems have the application similar to [1. For example,
we have

Theorem 3. If S(x)= , c. e::’:, then
q /tr

Qo , , IS(alq)I"-<_2.4(N+Q) ] c, I" for all Q>=Q0.
q.%Q a=l tt------xV

(a,q)----1

Our method of proof of Theorem 1 and 2 is different from [1]
and is adopted from our paper 4]. In 2, we prove a formula for
S(x) which is used later. In 3 we prove Theorem 1 and in 4
Theorem 2 is proved.

2. General formula. Let f(t) be an integrable function having
S(x) as the Nth partial sum of its Fourier series, then

SN(X)--J
f(t)D(x- t)dt--J-Sv(t)DN(x- t)dt

where D(t) is the Nth Dirichlet kernel, i.e.
1 sin (N+ l/2)t( 8 ) D(t)--/, cos kt-
= 2 sin t12

Let (,) be a sequence of real numbers which are determined later,
then we have the inequality (cf. 4)

37, .2.D.(t)- Sq, . D.(t)+ Sq, cos nt
=2 n=2 m=N+l

If we put A,= Sq, a., then we get

..D.(t)-(A-A_)D(t)+
t=2 m=2+l

and then

(A-A,_) cos mt

( 9 ) D(t)= , (A--A._,) cos nt
A--A_ ,,=N+l

D,(t)-D,(t), say.
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We have, by (8),

D.(t) 1 1 ’
A-A_" 2 sin t/2 =" sin (n+ 1/2)t

1 1
A-A_ 2 sin t/2 (= ’e("+’)

We write -I--(M+N)] and y-E---12(M-N)]-I and we suppose

that +-_ for 0 <n-_< and the other vanishes, then

A--AN_ 2 sin t/2 ,=-+" /

(10)
2 sin t/2

+ 2=+ cos nt

1 Ds(t)(2s+22+.cosnt).At--A- "=

Let g be the eharaeteristie funetion of the interval (-, ) with

period 2u and we take (2.) sueh that 2+2 , 2+. eos nt is the th

Cesro mean of the Fourier series of g, that is,

(11)
2,.+ 2 ,.= +. cos nt-- _.g(u)K(t-u)du

i I K(t-u)du-_I’+K(u)du1 -- t--

where K(u) is the yth Fej6r kernel and is defined by

(12) + 1 .=o -+ 1-+1 eos nu

sin" (+ 1)u/2
(+ 1)2 sin u/2

and then

Therefore,

and

(13)

cos n(t-u)du

n )sinnScosnt}"+1 n

_( n ) sin n
2s=--, 2+,- 1- (n- 1 2 ..., )

9+1 $

1 2 oK(u)du"
Now, by (i0) and (ii)
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(14)

S.(x) --1I’=f(t)D.(x t)dt
7

Further, by (9)
1S.,,(x)-I_=f(t)D.,..(x- t)dt

If f(t) is replaced by S(t), then S,(t) vanishes and then (14)
comes

s(x) ,,.:-:S(t)n’(x t)dt
(15) 1 .’+c=

(A.-A._,) ]:_du)_:S.(t)D(x- OK/u- t)dt.

We can also verify this formula directly.. Proof of Theorem 1. We can supse that S(x) is real.
By (15), we have

1 c+ c. t)dtS$(x)-
(A.-A._,) (:_du_.S.(t)n(x- t)K(u-

N
’(A --1 A_)’ du -.S(t)K(u- t)dt :_,du _.D(x- t)dt

2 D(t)dt du S(t)K(u- t)dt
’(A-A_) :- -.

and then

(16)

where

Since

and

4 K2(t)dt D(t)dt.A-
n(A-A_)"

i K(t)dt- i n i i
,,: v+l -+ 8(v+l)
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(t)dt- lu+ 2

by the Parseval identity and (8) and (12), we get
4(/+ 1/2)(17) A :(---4-)’(--+

If we rake y= q/ and sup that is sufficiently small, then,
by

A A_ -. (+1) 2 sin u/2

i 2 i’" sin’ v dr.4 /sin (+l)U/2du=(,+ 1)
By (17), we have

(18) A 4(N+a/) a N+ a / sin v dv
/ sin v dv8

v
If we put er= or a-/2 in (18), then

A=<2.84(N+/) or A=< 8.13(N+ u/2),

By (16) and the Hijlder inequality,
respectively. This proves (2).

4. Proof of Theorem 2.
we have

S(x) ["=<_
zc.(A_A_) (R)_du]_,l 82,(0 IKY(u-t)dt

where lip+l/q-i, and p_>_2, and then

(19)

By the Hausdorff-Young theorem,

) ))1 K2r’Xdt(20)
.= v+ 1 2 (q+ 1),

and
1 dt)< )’.

Further, we have

i 2 il] sin (/+ 1/2)t ’qdtl D(t)[qdt 2 sinq t/2
1 {( )’ilsin(g+l/2)t I’.dt+,i’lsin(g+l/2)t--2’ Sin t ,

[( )i i"("+’’, sin t I’ }(g+ 1/2)q- V q ,+) sin t i" dt+uq dt
2q- sin tq ,(s+/2) tq
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This holds for any ]>0. If we take ] as a fixed small number and
make p so large enough, then we get

(22) I D,(t) ,,dt < l + I d
2q-1

/Aq_, {sin t {q
2q--1

for any fixed and all suciently large . Substituting {20), (21),
and (22) in (19), we get

(23)

If we ke -[/], then (28) comes
(24)

where

Thus we get (4).
By the numerical calculation, we get

2"-’-A" _<0.0528 for
(q+ 1)-1-

--<0.07576 for
_<_0.143 for

Thus we get (5), (6), and (7).
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