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§ 1. Introduction. Let M be a contact Riemannian manifold
with a contact form 7, the associated vector field & a (1, 1)-tensor
¢ and the associated Riemannian metric g:

$56°=0,  nig;=0,  P&=1,
pipi=—3i+&7,
9:;8 =7,
95903 = Grs =1 7s-
If ¢ is a Killing vector field with respect to ¢, M is called a K-
contact Riemannian manifold, and then & is an infinitesimal auto-
morphism of this structure. And we have

1.1) V&= —gt,

(1.2) R,ké"‘:(’m-—l)ﬂg, m:dim M,
1.3) DR 1:8° = 91— 0 M-

Further if the following relation

(1.4) DR 5= 9570~ 951

is satisfied, M is called a Sasakian manifold ([2]).

§ 2. Statement of results., M is said locally symmetric if we
have p,R%;,,=0. In this paper first in § 3 we prove the following

Theorem 1. Amny locally symmetric K-contact Riemannian
manifold is Sasakian and has constant curvature 1.

As an immediate consequence we have

Theorem 2. Any complete, simply connected and locally sym-
metric K-contact Riemannian manifold s globally isometric with
a unit sphere.

Any compact semi-simple Lie group G has the positive definite
Riemannian metric defined by the Killing form, which is locally
symmetric and is not of constant curvature, provided dim G>3
(ef. [4], p. 122). Therefore we get

Corollary 3. A compact semi-simple Lie group G (dim G>3)
with the usual metric can not be a K-contact Riemannian mantfold.

Remark 4. With regard to this Corollary in [1] (p. 729) it
was shown that, if G is a semi-simple Lie group on which a left
G-invariant contact form 7 is defined, then G is 3-dimensional and
locally isomorphic with either O(8) or SL(2).
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It is known that the homogeneous holonomy group of a Sasakian
manifold is the full special orthogonal group ([6]). As for a K-
contact Riemannian manifold, in § 4, we prove the following

Proposition 5. The restricted homogeneous holonomy group
of a K-contact Riemannian manifold is irreducible.

Then we have ([5])

Corollary 6. If the Ricci tensor field is parallel in a K-contact
Riemannian manifold, then it is an Einstein space.

Since a 3-dimensional Einstein space is of constant curvature,
we have

Proposition 7. If a complete, simply connected K-contact
Riemannian manifold M is 3-dimensional and the Ricci tensor field
is parallel, then M 1is globally isometric with a unit sphere.

In [5] we have proved the following

Lemma 8. FEvery conformally flat K-contact Riemannian
manifold (dim M>3) is of constant curvature.

In § 5, we prove

Lemma 9. If dim M=38 and M is a conformally flat K-contact
Riemannian manifold, then it is of constant curvature.

Then we get

Theorem 10. If M is a complete, simply connected and con-
formally flat K-contact Riemannian manifold, then M is globally
isometric with a unit sphere.

Theorem 1, Corollary 3, Corollary 6, and Lemma 8 are generali-
zations of the results on Sasakian manifolds obtained by M. Okumura
[3].

§ 3. Proof of Theorem 1. Differentiating (1.3) covariantly,
we have

3.1) iR 16E° — DR 5108 = — 1M — Pni e
Transvecting (3.1) with ¢! we get

(8.2) Rijio* + Ripju& =29 17— 95— 9irse
We operate V, again, and get

(3.3) Rty t+ Ry =29 56hip— 9iiPio— JirPipe
Transvecting (3.3) with ¢? and using (3.2) we get
(3.4) Riju+Rivji=29 19— 996 — Girgite

Now we take an arbitrary point « of M and arbitrary orthonormal

tangent vectors X and Y at . If we contract (3.4) with X*Y’X*Y?,

we have

(3.5) —R;;n X'YIX*Y'=1,

This means that the sectional curvature is constant and equal to 1.
§ 4. Proof of Proposition 5. Suppose that the restricted

homogeneous holonomy group + is reducible, then at any point

we have the direct decomposition of the tangent space M, as



No. 7] Locally Symmetric K-Contact Riemannian Manifolds 583

(4.1) M,=L,+N,

such that (x)L,C L, and 4(#)N,CN,. Let Xe L, and Y e N,, then

we have R(X, £)Y=0, and by (1.3) we have g(X, Y)—n(X)n(Y)=0.

Since g(X, Y)=0, we get n(X)n(Y)=0. Assume that 7(X)=0, then

for any YeN,, n(Y)=0 holds and this implies ée L,. By (1.3)

again, any Y e N, satisfies g(Y, Y)=9(Y)(Y)=0. That is L,=(0).
§ 5. Proof of Lemma 9. When dim M=3, M is conformally

flat if and only if

(5.1) Cin=V R~V ,R;—1/4)(9:VS—9;V::S)=0,

where S is the scalar curvature. Since & is a Killing vector field,

it leaves R;, and S invariant:

(5-2) LeRjkZVlek§l+Rszj5l+Rszkfl20,

(5.3) LS=&v,S=0.

If we eliminate /,R;, from (5.1) and (5.2), using (1.2) and (5.3), we

have

(5.4) —(m—1)g ;. — R,7= (1407 ,.S.

Now we transvect (5.4) with ¢, then we get R,,=(m—1)g,. So

M is an Einstein space, and of constant curvature.
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