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153. On the Principle of Limiting Amplitude

By Nobuhisa IWASAKI

(Comm. by Kinjiré KuNUGI, M.J.A., Oct. 12, 1967)

§1. Introduction and Theorem. We study the behavior for
large time of solutions of wave equations with a harmonic forcing
term in the three dimensional euclidian space. That is called the
principle of limiting amplitude. This principle states that every
solution w(x,t) for the initial value problem,

(L.1) { gt +b(x)%—d+c(w)}u(w, £y = F(z)et

(1.2) wa, )| =Tul, 1| =0,

tends to the steady state solution, e“*v(x, i), uniformly on bounded
sets at t—co. There v(x, iw) satisfies the elliptic equation.
1.3) {—= 4+ e(x)+ 1wb(x) — 0} V(z, t0) = f(x),
and the Sommerfeld radiation conditions at infinity. In the case
when b(x)=0 and the real valued function ¢(x) is once continuously
differentiable and its support is compact, this principle has been
proved by D. A. Ladyzenskaja [1]. Here the rate of approach to
steady state is like e**, 3e>¢, as t—oco. When b(x) and c¢(x) satisfy
that b(x)>0, b(x)zJ—, c(x)zL as |x|—oco, and others, S.
[ [+ ||
Mizohata and K. Mochizuki [2] has shown the principle, but they
did not give the rate of approach. In this paper, we shall obtain
the rate under the assumption that the real-valued function b(x)>0,
¢(x)>0 are bounded and their supports are compact.

Theorem. Let f(x)b(x), and c(x) be funtions which satisfy the
following conditions.

i) f(z), b(x), and c(x) vanish outside a bounded set

i) l%g} D=f| e L*(E®)

iii) b(x)>0, c¢(x)>0, and they are bounded functions.
And let u(x, t) be a solution for imitial value problem (1.1), (1.2).

Then there exists a steady sate e *“'V(x), such that
1.4) n:giclu(x, t)— V(x)e'' |<C-e~*t, 3e>0 as t—oo,
and V is a solution (1.3) satisfying the Sommerfeld radiation
conditions at infinity. Here K 1is a bounded set of E*. We can
regard a solution u(zx, t) as a twice continuously differentiable func-
tion u(t) from [0, oo) to L*(E®) and as a continuous function to e2:(E?).
In this sense there exists the unique solution of (1.1), (1.2) if
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f(x) € e E®).
Let #(2) be the Laplace image of w(t) with respect to ¢
(L.5) (ie) W)= S ciu(tydt  in LF
then
AA)=vQ)/2—1iw
and
(1.6) u(t)—illmg”+" YA _grg  in L
21 0w Jo—ic J— 1@

for large enough ¢>0.

Where {— 4+ ¢(x)+ 2b(x) + }v(2) = f(x), v(2) € L*'. Re 2>0. There-
fore we study the analyticity of (1) with respect to 1 and the order
() [lr2x) as |Im 2[—o0,

§2. Some Lemmas. 1) In the case when b(x)=c(x)=0.

{—4+2h(x, H=r(x), f(x)e L’
has the unique solution v(x, 1) in &: at Re 2>0 and v(x, 1) is an an-
alytic function of 2 to L*

V(x, )=R(x)f is represented by a fundamental solution E(1) as
following

— * —F 1 }:
RO)f=EM)*f, where E() F{ T T
Let Q(0) denote a Hilbert space consisting of all fuctions f such
that €¥°fe L*(E) with the inner product (f, 9)s=(€*'f, **¢),2zs),
(—o0<d<+0). Now it is clear that Q(0)cQ(d’) if 6>d'.
Using these spaces

Lemma 1. Let, RQQ)f= 41 S

e-—-l[xl

e —A|z—y|

P ————F(¥)dy.

Then R(2), which values a bounded operator from @Q(20) to
Q(—20), is an analytic function of 1 and satisfies the following
estimates at Re A>—46 (6>0).

) |RAS|<C/A+[2[)A+[Re2])| fls

i) | DRQ)f|-s<C/(L+|Re2[)+| fla

iii) [DRQ)f|-2s<CQA+[2])/(L+|Re2])+| flas

iv) H{R@A)—RQ@+hM | <C|h|/Q+][2[)1+|Re 2[):| flas,
0<h<1 where ||, denots the norm of Q@)u| fli=| |e*f 'da.

2) In the case when b(x)=0, c¢(x)=0. B

Lemma 2. Let L(Au={—4+2+c(x)lu, uceci: and G,(2) be the
green operators of L.,(2)

(ie) G2 L) Ly(2)-G()=1I; L*—L*
then we can consider G,(2) as bounded operators from Q(0) to Q(—9).
In this sense we can analytically continue G,(2) to analytic function
of 2 at Re1>—0'<0, which satisfies the following estimates.
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. C
) G A+ 2D+ Re1)) [ fls

i) HGW—-GQ+m}f|<c|h|/1+|2DA+|Re)-|flo
and G,(2) are compact operators from Q(0) to Q(—0) (which mapp
any bounded set to a precompact set) where c(x)>0 is a bounded
Sunction with compact support.

3) In the case when b(x)=0

Lemma 3. Let L(Au={—4+2+c(x)+2b(x)}u, ue el and Gy(2)
be the green operators of L(A).

(ie) G5(2)+ Ly(2)C Ly(2)+ Gy(2)=I:. L*—L?

then we can also consider Gy(2) as bounded operators from Q(0) to
Q(—0). In this sense we can continue Gy(2) to an analytic function
of 2 at Re1>—0"<0, which satisfies the following estimate

c
GAf|-< A1 2DA+ Re ) |f s

where b(x) >0 and c¢(x) >0 is bounded functions with compact supports.
(Proof of Lemma 1).

Since D, (¢=-functions with compact support) is a dense subset
of Q(0), we may assume that fe D in order to prove the eitimates.
It is clear that R(2) is an analytic function of 1 at Re 1> —4, which
values the vector space consisting bounded operators from Q(26) to
Q(—20). We show only the case 2=a+1b, |a|<d, b>N>0.

At Re >0,

i 1
ROM=F| e PP

grriad “
h (i,gE’.k)Sl‘(i,i:k) ATH(E+ 8+ )+ 22 f€)de
where F' and F are Fourier and Fourier inverse transform, respectively.
%, 7, and k take a sign + or —, and
I'(++ +)=[0, 00)x [0, o0)x [0, o)
I'(++—)=[0, 00)x [0, c0) X (—o00, 0]

ezria»e
ruiw AT+ &34+ 2
Since we can consider that & is of three dimension complex number
space: C® we may change the integral paths I'(ijk) as fllows,

5 . 5 . 5N
I:O, 00)""’1:0, +'E ]""["}‘EE'L, 00+—2—7T*@>—I++J+

f@ds.

Let R(ijk)(l)fzg

_ - .__5_.'] 0 o9 )=
(= o0, 0] |:0’ 27r%+ o 271:@) L+J-
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i
1
| J
1
§. ! + R S -
e ~N
J+ . \ :
***** R \“ " 7 + o0
10
|
|
then
2% § ~
R(i5k)(2 ES ¢ de.
k)@ f THT )X U+ T x Aptd ) ATA(E 4 G2+ E2)+ 22 Seac

The right side of the above equation is analytic at Rei>—4d and
Im 2>N>0, therefore
ezxim~€

R f= (i%k)S(I¢+Ji)x(lj+Jj)x(Ik+Jk) AT+ &2+ &N+ 22
at Rei>—49, Imi>N>0.
Thus we have only to prove that every term of the right side
of the above satisfies the estimates of Lemma 1. In this place we
estimate only a term which is

S+, Ty TS =

A(&)ds

ezn:i:c~6

Tyxdyxdy AT (E 4 &34 &)+ A
S(Jy, Jy, J)Q) f= g—s(”1+’”2+“3)SwSwgwgzi(ﬁsﬁwzsz“’ass)m ds,ds,ds,
0Jo

f(&)de

0 (81, Sz, S3h)
where
9(8,8;, S3) :f<31+ i%, S+ 'L%, S+ @‘g*)
.0 \? .0 \2 .0 \?
D(8,8,8;, 2) = 47:2{<s1 + zE> + (s2 + ’LE) + <33+ %E> }+ A2

Considering as Fourier transform from (s,s,s;) to (%, x,, %;), we
apply the Plancherel’s theorem to e¥“1t=2+*9S(J. J,J.)(2)f.

SRSI PUCIEE RN S(J+J+J+)(Z)f|2dx

Cc
S . S S ,s ’s 2ds dS ds
inf l p(slszsaz) 12 28 I g( 1,92 3) I ad8,ds;

0_<_S1y 85y 83K 0

cl

<
T inf | p(s,8,8:2) |

[lesers f@) e

0<s,, 8, 83<< 0
and
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inf | P(s,, 8, 85, > inf | (¢430)+ 22
2 0<St<oo

0<s, 8, 83< 0
>c(1+|2[)(0+Re2)
therefore

SI e_(¢§a+e)lxIS(J+, J., J+)(1)f|2d9(;

SO R |, |ecsorp(a) . q.ed.

In order to prove Lemma 2, it is sufficient to solve the equa-

tion of operations,
{I4+R(2)-c(2)}G,(2)=R(2)

that is, to show the existence of {I+ R(2)-c(x)}™* on Q(—0)Rea1>—9’
<0. This follows, when |Im 2| is sufficiently large, from the ex-
istence of inverse by Newmann series using Lemma 1. i), and, when
|Im 2| is finite, from the fact that the self-adjoint operator L,(0) has
no discreat eigen value and R(2)-c(x) is a compact operator on Q(—9).

In order to prove Lemma 3 we also solve the equation

{I+2G(2)-b(2) - }Go(2) = G,(2)
that is equivalent to showing the existence of inverse of {I+ T} on
L*, where
Ty=2-a(x)-Gy(2)- a(), a(x)'=b(x),
and G,(1) is given by {—i1G,(A)a(@)(I+ T,)'+I}G,(2). By the same
method of S. Mizohata, K. Mochizuki [2],
vlle<|[{I+T}v|. at Reax0
because
2 2
Re (Ty, v)= S (y+(§+ 01‘)2;: i zgab)z A E,a(@), a@v)>0 q.e.d.

where E, is the resolution of the identity of the positive self-adjoint
operator L,(0), and ||v|%:+Re (T, v)=Re {I+ T;}v,v). Therefore
G,(2) exists at Re 1>0 and satisfies the estimate of Lemma 3. Since
G,(2) satisfies the estimate of Lemma 2, ii) we can extend the domain
of existence of G,(2) to Re2>—0"<0 by Neumann series.

Proof of Theorem from (1.6)

By Lemma 3, we can use the Cauchy integral formula.
We obtain that

1
2my

Considering that >3 | D*f|e Lz(Es) we have the estimate that
lel<2

u(t)=

S"”i” v(2) )43+ Giw) fo, 30,

—ek 400 Z
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max | v(2 <~—c—-———, Reix>—¢
max |0()| < Redz

Thus we conclude (1.4).
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