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60. On Some Mixed Problems for Fourth Order
Hyperbolic Equations

By Sadao MIYATAKE
Department of Mathematics Kyoto, University

(Comm. by Kinjird KUNUGI, M. J.A., April 12, 1968)

§1. Introduction. We consider some mixed problems for fourth
order hyperbolic equations. Let S be a smooth and compact hyper-
surface in R” and Q2 be the interior or exterior of S. Let

4 2 a
(B) Lu= (%+(al+a2+a3>§t7+asal)u+B(x, t2, Du=7.
Here a,(k=1, 2, 3) are the following operators:
gy (o5
0= — /() —— | + by(z, D),
k %: o, 1,15 () 5, + b( )
a.n Qy,05(X) =0y, (%) are real,

g: @y,i5(@)E:6,>0|&F, (6>0)

for every (x, &) e QxR (k=1,2,3),
B denotes an arbitrary third order differential operator and b, are
first order operators. Let us assume that all coefficients are suffi-
ciently differentiable and bounded in 2 or in 2 X (0, ).
Recently S. Mizohata [1] treated mixed problems for the equa-
tions of the form

L=if:]1 (—g—;;-l— ci(x)a(z, D)) +Byp1,  Ci(®)>C404(2), cy(x) >0
(i=1, R} m)-

Let us consider the case where m=2. The above equation has the
form

64
ot
Now it is not difficult to see that this operator can be considered as a

+(cy () + cz(x))ag—;- + ¢,¢,a* + (operator of third order).

special class of (E), by putting a,=«c, a,=(1 —a)c,a+ (l—l) c,Q,
o

a being a constant less than 1 chosen closely to 1. We consider the
case where the operators a, have some relations only at the boundary.
Let us denote the Sobolev space H?(£2) simply by H?, and its norm by
I| - ||, and denote the closure of 9(2) in H* by 9%.. Define

D(ay)={u c H*N Dks; aru € Dt}
Namely, u ¢ H® belongs to D(a;) means that not only # itself but also
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a;u vanish at the boundary. We assume that
(H) D(a)=D(a)=D(a;)  (=D(a)).
Our boundary conditions are followings:
(Case I) ul;=0, ;=0

(Case 1II) ( 9 + o(s)) ul=0, ( 9 + o(s)> a,ul,=0,
on, on,
where ail = izj; ay,;,(x) cos (v, ’)—é%;’ (v ; outer normal),

and ¢(s) is a smooth complex-valued function defined on S.
Consider the case where B=0. Put

2 3
1.2) Ug=U, U= aat U, uzz%-i—alu, uazgt—su+(a1+a,)—§-t—u.
Then the equation (E) with B=0 is reduced to
1.3) %U(t):AU(t)-;-F(t),

where U(t)="(uy(t), uy(?), uy(t), us(t)), F(£)=1(0, 0, 0, f(¢)), and
0 1 0 0
(1.4) A=|"@ 0 1 0
0 —a, O 1
0 0 —a, O
Conversely if U(t) satisfies (1.2), then u,(x, t) satisfies (E) with B=0.
Let us denote

N= {ueH”; ( 9 +o)uls=0}.
on,
We introduce two Hilbert spaces according to Case I and Case
1I.
(1.5) ﬂIZD(a)Xﬂzng)}ﬁX@},zXIﬁ
Ho,=H*NN xN xH'x L2,
These spaces are closed subspaces of H®x H?x H'x L* equipped with
the canonical norm
(1.6) HO =]t |3+ | 2a |34 [ 20a | B4+ || %5 ]2
According to Cases I and II, we take the definition domains of 4 as
follows

1.7 D(A)1=H4nD(a)XD(G')XHZQQ}J X@%g
D(A),=N(a,) xH*N N x N x H!, where

1.8) N(a,)={u;uec H*NN, a,u € N}.

For convenience we note for U e D(4);, (i=1, 2)

1.9) NWU 1D eaye= %0 l[E4 1% [ || %2 | F+ ] 2 |2,

D(A), and D(A), are dense in 4, and 4/, respectively. In fact, in
view of the regularity theorem on elliptic boundary problems, we
can show easily that D(a) is dense in 9%, N H?, and that N(a,) is dense
in NN H:.
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Now we state our result.

Theorem. For any f(t) in EX(L)® and any initial date (u(zx, 0),
—aa?u(x, 0), —a‘%u(ac, 0), %u(x, 0)) in D(A),, there exists a unique solu-
tion of the equation (E), satisfying the boundary condition (I) or (II).
The solution U(t) is in ENIL) N EAD(A);). Moreover when we assume
the compatibility condition on the initial data and the regularity of
f (@), then the solution has the same regularity as the initial data.

§2. Some lemmas. Let &(x) be the distance from z to the
surface measured along a straight line issuing from S with the

conormal direction. For a=—}; 9 (ai (@) 9
0%, ox

) + (first order oper-
J

ator) put
o0(x) 0d(x)
2.1 )=y, a;(x —_—
2.1) a(@)=} a;,(x) a7, o,
Lemma 1. (Decomposition of second order elliptic operators).
Assume that a satisfies (1.1), then a is written in Q in the following
form:

(2.2) a=n*x, Dyn(x, D)— > t,x,D)s,(x, D)+ (first order term).
J: finite

Here t; and s; are first order operators and tangential on S. The
operator n has the following form:
{(x) & 00 0

2.3) ne, D)=L 3 aij(x)(__a.x_j-(x)) -
where {(x) is a C=-function taking the value 1 in a small neighbor-
hood of S, and vanishing outside of some neighborhood of S.

Remark. We say that a first differential operator is tangential
at the boundary S, if

t(, D)= 3 ¢;(&)—— +d(x)
0x,

satisfies }] c¢;(x) cos (v, #,)=0, for all x ¢ S. Then we have the follow-
ing relation:
(t(x, Dyu(x), v(x))=(u(x), t*(x, D)v(x)) for all u, v ¢ H.
Lemma 2. 1) ai =5 a?z . (pm): Zi ) (i=2,3), veS.
2) If ue H® vanishes at the boundary, then (a;— B,a)u vanishes
also at the boundary.
Sketch of the proof. After a local transformation, let

2.4) a:=b; (x v, D,, 2 )i+ci(x, v,D,) (i=1,2),
dy ! dy

1) f@®)eEP(H) (p=0,1,2,...) means that f(¢) is p times continuously differenti-
able in ¢ with values in H.
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where bi(x, Y, Dy, aa ) are first order operators and c,(«,y, D,) do
Y

not contain % Then, a; (i=1, 2) satisfy (H) if and only if the fol-
)

lowing relation holds
@.5) by(2, 0, D., aay ) =8.@: (2,0, D., aay )

Lemma 3. Assume that a, and a, satisfy (1.1), then there exists
a positive constant & such that for sufficiently large constant r,

Re(au, asu) +r||u|i>d||u|: for all uwe H*N 9},

or for ue N.

Lemma 4. Assume that a,, a, and a, satisfy (1.1) and (H), then
we have

0 0

Re 2 (a (x au,
izj; 3,1]( )axi 1 axj

for all uwe D(a) or ue H'NN.

Lemma 5. Under the same assumption as in Lemma 4, there
exists a positive constant C such that

| (@, a30) —(a5u, a;0) [ Clully[|v (]

for allue H* NN, ve N, or for uc D(a) and v ¢ H*N 9.

Lemma 6. Under the same assumption as in Lemma 5, we have

[ (@gthy, Qalstho) — (Agthy, C10520) [ C || Uy []5]| o s

for all u,e N(a,) and u, ¢ HNN.

§3. Evolution equation and existence of solutions. We intro-
duce the following hermitian form in 4 defined by

3.1 , VMF% {(“2’”(’”) . : )

)+ || |l

AUy, ——03V,
oxr g ’ 8:)61

a'lvo) } + 7 (Uy, Vo)

0 0
s, 4 1(2) —2—azu,
+< 24(@) ox, 0w

+ {(aguy, a50,) + (BUy, Ay, +7(Uy, v}
+e 5 (su@-2, 2

Uy, ———vz) + 7 (U, 'Uz)} + 2(ug, v,).
axj 8w¢
In Case II we use the hermitian form of the following type:
U, V) gr,= 1y, vl +{(@guy, a30) + (@, A30;) 4 7(Uy, v,)}

3.2) + {2 ;7 (ag,i,(x) (a% + aj) Uy, (_ai_ + a¢> v2> +(uy, vz)}
+ 2(ug, ;). ’ i

It would be natural to take the following hermitian form for [u,, v,]:
((ny+ p)aluo» (n,+ P)asvo) +((n,+ P)a?,uo’ (ny+ p)afvo)
+ ; (250 Ugy 8550500) + 33 (8250500, Tay0:00) +1(Uy, Vo),

where s,; and ¢,; are first order tangential operators derived from the
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decomposition of Lemma 1 with respect to the operator a,.

However for this form the calculus by integration by parts con-
cerning (AU, U) 4,+ (U, AU) 4, does not work well. Taking account
of the fact that (a,—pBa)(n,+p)u, and (n,+ p)a,u, vanish at the
boundary for u, e N(a,) (in view of Lemma 2),
we introduce the following hermitian form:

3.3 (o, Vol = ((ny+ P)aquo, 7@, DYve) + (75(x, DIug, (1,+ P)alvo)
+ Zj: {(F2101%0, 8550500) + (835U, 3501 V0)}+ 7 (o, V),

where
3.4 73(®, D)= (03— B30) (R34 0) + Bs(y+ 0)a,.
Here o,(x) (¢=1,2, - -+, n) and p(x) appearing in (3.2), (3.3) are arbi-
trary sufficiently smooth functions satisfying on S the following
conditions:

§ 0,440 () cos (v, )=0c(s) on S

(3.5 (.iZj: 0,15 €08 (v, @) €os (v, D)X @y, o8 (v, &) cos (v, &) "o (s)

=p(s) on S.
By virtue of Lemma 3 and Lemma 4, there exists a positive constant
C such that

3.6) %HUHg(U, Dy, <CIIUI  G=1,2) for Ue .4,

Considering Lemmas 5 and 6 we obtain the following estimates
for another constant C
3.7 (AU, U) g+ (U, AU) 4,|<C||U|| for all Ue D(A); (i=1,2).
Proposition 1. For any U € D(A),, there exists a positive number
B such that
38) A —AU|lg2(2|—P||Ullg,  for 2]>p, 2 real.
Let us show that there exists U ¢ D(A); such that (I —A)U=F holds
for any F in 4;. For this purpose it suffices to prove that there
exists u ¢ H*N D(a) or u ¢ N(a,) such that
3.9) 24 (@4 0y + @)+ asa)u=g
holds for any ¢g in L? and |2|>p. This is reduced to the theory of
the elliptic boundary value problems containing a real parameter (c.f.
S. Mizohata [1]).
Thus we are in a position to apply Hille-Yosida’s theorem.
Proposition 2. When we assume F(t) € £%(D(A),) and the initial
data U(0) e D(A),, then we have a unique solution in £1(4(;) N £AD(A),)
of the equation (1.3) represented by

(3.10) U(t)=T,U(0)+ S:T,_SF(s)ds,

where T, is the semi-group with the infinitesimal generator A.
Moreover we have the following energy inequality :
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Proposition 3. Assume that f(¢) is in £3(L?), then we have
4
1U@ oot |50 | SCD I TG 117 O

[lirmnat,  o<e<r,

for the solutions U(t) € £UD(A),) N EHIL) of the equation (1.3).
By Propositions 2 and 3, we can use the method of successive

approximation to the equation (E). Thus we arrive at the Theorem
stated in §1.
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