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1. The following theorems are due to Izumi [2] :

Theorem A. Let f(t)~ f}an cosnt. If
1

(i) I“long“ |df(t)|<oo and (i) {wd(na,)}eBV
0
for some §>0, then Y |a,| <co.
Theorem B. Let g(t)~ 3 b, sinnt. If
1

(i)* f'log %’£|dg(t)| <oo and (ii)* [wd(nb,)}e BV
0
for some 0>0, then Y, |b,| < oo.

Theorem C. Let f(t)~ 3. a, cos nt. If
1

(i)Y f@®eBV(O,n) and (ii) {#’4d(na,)}eBV
for some 0 >0, then > |a,|/log n<co.

Theorem D. Let f(f)~ f} a, cos nt and let a«>pB+2 and B>0. If
1
iy rt‘”"ldf(t)l and (ii)” {(log n)y*4(na,)} € BV,
1]

then Y, |a,| <oco.

In this note the following theorems will be established which are
generalizations of the results mentioned above :

Theorem 1. Let f(t)~ f a,cosnt. If
1

1.1 rlog kL ar@))< oo
0 t
and
1.2) { L ev“a,,} eBV, 0<a<l,
er 1

then 3, |a,| <co.
Theorem 2. Let g(t)~ 3 b, sin nt with g(+0)=0. If
1
1.3) j log % |dg(#)] < oo
and (1.2) holds, then Y |b,| <oo.
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Theorem 3. Let f(t)~ f} a,cosnt. If
1

1.4) f®) e BV (0, n)
and
1 & a,e”
1.5 v BV, 0<a<l,
(15 e ; log(v+1)}e «
then
S @l
log n+1)

Theorem 4. If f(t)~ Z a, cos nt and
1
(1.6) [tr1ar®)<eo,

(1.7 | 2 et e BY
2

en(logn)—
where 0=1+1/y and y >0, then 3 |a,| < oo.

2. The following lemmas will be required for the proof of our
theorems :

Lemma 1 [38]. If {c,}e BV, then {_ZL f} )a,,cn} € BV, where A,
m 1

= le Pns /f‘n>0'
Lemma 2. If the sequence {W’4d(na,)} ¢ BV for some 0>0, then
{ . Z ame"‘“} € BV, where 0<a<1.
en 1

Proof. There is no loss of generality in assuming that 0<§<1
and a=1— 5 Now

/,-R

/ra
e""‘ ;ae per Zm
n—1 7 elc“ na n era
=——_ 3 d(ra,) + =
e"“;(rzl:k e"“;'r
=L,+L,, say.

1 n—1 er“

Since { g ;

} € BV it follows by virtue of Lemma 1 that..

{ 1 n—1 1 r ek“ }

e T T k

Using Lemma 1 and the hypothesis we find L, ¢ BV. Also
Lz_%(al Z A(kak))

=L21+L22’ say.
L., is obviously of bounded variation. Now
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e

Ly=—1_"S W A(kay)-L 3
e T kT
which will be of bounded variation if

T4 5 ey

e T K T

Since {ni an 7%} € BV, it suffices to prove that
Y
(-5 eny.
er 1 r

But

ne n er“ _ ne n (er“/,ra),ru—l(er“/yla_e(r—l)a/(yn_ 1)0:)

e G ent 4 er“/y_ e(r—l)“/(/r_ 1)= :
Since

{ (era/,ra)(,r.a-l_r—l) } c BV
e |re—eT 0 [(r—1)* ’

and o is some fixed positive integer, the result follows.
Lemma 3 [1]. If 3 a, is summable |R, 4,, k|, k>0 and
(i) { A }eBV and (i) {zl % adf < BY,
n+1 n 1

then Y |a,| <oo.

Lemma 4. Let f()~3 a, cosnt. If j log _tliyd ()| <oo, then
1 0

> a, is summable |R, e**, 1|, where 0 <a <1.

Proof. The series ) a, is summable |R, e*, 1| if the integral

f”’ Y eca,

end<w
Now an:_z_j" cos nt f(t)dt=— EIM df(t). Therefore
wJo wTJo n

dw <oo.

r w~ dw

5 e S—i%@t—df(t)J

entgw

=rw‘2dw rlogﬁ df@) L 51 gne SIDTE
€ 0 ¢ logﬁ en<w n

L, b

gfw'ﬁdwﬂ log% |[df()|

log =
gt

wa—z I nGw, £)| dw,

=rlog£ |df(@)| 1
0 t 1 k
ogT

where
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p(w, )= Y, e ) [3l.

endw

sin nt _ {O(W(log w) Vet~
O(w(log w)™)

Since f log% |df(t)| <oo it is sufflcient to show that
0

rw_2 9w, £)|dw=0 (1og.’t£) uniformly in 0<t<z.

Let f=a/(1—a) and T= (%)’3 and

[=f [, .
Now
M,=0 (J:Tw‘l(log w)"ldw) =0 <log %) for 0<t<nm.
Also
M,=0 (f; w(log w)—l/at-ldw)

— Ot TV =0 (tl(%) '1) —0Q)

—0(log %) 0<t<x.
This complets the proof of Lemma 4.
Lemma 5 [4]. If g(t)~$ b, sin nt and
2.1 9(4+0)=0,
2.2) L log .iﬁ 1dg(8)| < oo

or, equivalently Jﬁiﬂ e L(0, ©) and g(t) log-f- e BV(0, ), then the

series 3 b, is summable |R, e, 1], 0<a<1.

Lemma 6 [4]. If f(t)~i a, cosnt and f(t)e BV(0, n), then

S % s summable |R, e, 1|, 0<a<1.
log (n+1)

Lemma 7. Let f(t)~3 a, cos nt and J"t-r|d F(t)| <oo, then Y a,
1 0

s summable |R, ents™™° 1|, where y>0 and 6=1+1/7.
Proof. The series 3 a, is summable |R, ente™~° 1| if

rw‘zdw

entos ")"%Lnl < oo.
en(log n) ~dgw

Since a, = — 2. j SIn % ;¢(#), the above integral is
T Jo n
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< f"wﬂ dw Iu df(t) N gn (10 m) =2 _SM
T Je 0 en(log n)—dgw n
éI"t—r|df(t)|trj’°°w_z|g(w’ £)|dw,
0 e
where
g(w, t)..’: Z en(log n)—aM
¢ (log n) =9 n

_ {O(w(log w)~(log log w)~t~*)
— |O(w(log w)-Y).

By hypothesis I:t“rld f()]|=0(@), it is therefore sufficient to prove
that
tfrw‘zlg(w, t)|dw=0(@1) uniformly in 0<t<x.
We write e
T=e*"" and tfrz t’JT +t ::Nl—l—Nz, say.

Now e e

N,=0@{t)=0Q1) for 0<t<m,

N,=0 (t’“lj:w*l(log w)~*(log log w)“’dw)

=0t [(log log w)~?*']3)

=(t"*(log log T)~V") =0t (t~7)~"r)

=0({t")=0Q1) uniformly in 0<t<x.
This completes the proof of Lemma 7.

Lemma 8. If the sequence {(log n)*4(na,)} € BV, then
{—1~— Zn: ettos =gt ¢ BV for a=0>0.
2

enog n) 4

Proof. It is sufficient to assume that a=3d. Now
1 n ek(log k)—9%

grlgm =9 4 A kay
1 n-1 1 b orlog =3
= log k)’ 4(ka,)
ot o rshad g £
nao, n ek(logk)-l’
en(log :)—-6 ICZ=2 k =81+S2, Say.

Since {(log k)’4(ka,)} € BV, S, € BV by virtue of Lemma 1, provided

- A 19:14

enllogn)—8 4 (log k)* =2
The above expression is of bounded variation if

1 n er(logr)—“ BV
{e"“"”"” % (log ) }e )
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This expression can be written as

L 5 erasiog k-

e (18 n) -

grUB B) =0 __ 5(k—1) (log (k~1)) =3

erlog k) =% __ 5(k=1) (log (k—1)) =3

which is of bounded variation by virtue of the fact that

ehlog k) =3 _ 5 (k1) (log (k—1) =0

This completes the proof of the lemma.

3. Proof of the theorems. By virtue of Lemma 4, };a, is sum-
mable |R, e, 1|, 0<a<1l. Applying Lemma 3 the proof of Theorem
1 follows immediately. Similarly the proofs of Theorems 2, 3, and 4 are
evident in view of Lemma 3 and Lemmas 5, 6, and 7 respectively.

Remark. It may be observed that the second condition in each
of our theorems is lighter than the corresponding conditions of Izumi.
Also these conditions are necessary for the absolute convergence of
the corresponding series.
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