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5. wM-Spaces and Closed Maps

By Tadashi IsHII

Utsunomiya University

(Comm. by Kinjiré KUNUGI, M. J. A., Jan. 12, 1970)

1. Introduction. In our previous paper [5], we introduced the
notion of wlM-spaces, which is a generalization of M-spaces (due to
K. Morita [8]). A topological space X is called a wM-space if there
exists a sequence {¥,} of open coverings of X satisfying the condition
below :

If {K,} is a decreasing sequence of non-empty subsets of X such
(M,){ that K, St*(«,, %,) for each n and for some fixed point z, of X,
then NK,=0.
In the above definition, we may assume without loss of generality that
{2} is decreasing. Throughout this paper, we assume at least T, for
every topological space unless otherwise specified.

The purpose of this paper is to show the following theorems:

(I) Theimage of a wM-space under a quasi-perfect map is also
a wM-space (Theorem 2.1).7

(II) If f: X->Y is a closed continuous map of a wM-space X

onto a space Y, then Y= O Y,, where Y, is discrete in Y for
n=0

n=1,2, ..., and f~'(y) is countably compact for y ¢ Y, (Theorem 3.1).
(III) Let X be a regular space which has a sequence {%,} of
point finite coverings of X satisfying the condition (%) below:
) {If {K,} is a decreasing sequence of non-empty subsets of_X such
that K, is contained in some U, ¢ %, for each n, then N K,=0.
If f: X—>Y is a closed continuous map of X onto a regular space Y,

then Y= O Y,, where Y, is discrete in Y for n=1,2, ..., and f(y)
n=0

is countably compact for y ¢ Y, (Theorem 3.2).

(II) was proved by N. Lasnev [6] for metric speces and by V. V.
Filippov [3] for paracompact p-spaces (due to A. Arhangel’skii [1]),
and (IIT) was proved by A. Arhangel’skii [2] for point-paracompact
G,-spaces.? It should be noted that, in a space X with a complete
structure, any closed and countably compact subset of X is compact.

1) A quasi-perfect map f: X—Y is a closed continuous surjective map such
that f-1(y) is countably compact for yeY.

2) Paracompact p-spaces are identical with paracompact M-spaces. Filippov
[3] essentially proved (II) for M-spaces.
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2. The images of wM-spaces under quasi-perfect maps.

Theorem 2.1. Let f: X—Y be a quasi-perfect map of a wM-space
X onto a space Y. Then Y is also a wM-space.

Proof. Let {¥U,} be a decreasing sequence of open coverings of X
satisfying (M,). Let us put

V.)=Y— f(X—St(S'(»), A,)),

for each n and for each point ¥y of Y. Then it is easy to verify that
V.(y) are open subsets of Y such that ye V,(»), V,..(w)CV,(y) and
IV St (f'(), A,). We now prove that the sequence {8,} of
open coverings of Y satisfies (M,). For this purpose, by [5, Theorem
2.1], it is sufficient to prove that, for any discrete sequence {y,} of
points of Y, {St(y,,8B,)|n=1,2, .-} is locally finite in Y. Suppose
that this is not valid for some discrete sequence {y,} of points of Y.
Then there exist a point ¥, of Y and a sequence {n(?)|i=1,2, ---} of
positive integers such that V(y,) NSt ¥.u) Brwy)x0,1=1,2, ---, and
)< <)<, Let 2z, ¢ Vi) NSt Ynys Buy). Then, from
2, € Vi(yy), it follows that the sequence {z;} has an accumulation point
in Y. Indeed, let t;c f'(z,). Then t,e f(V(y)CTSt(f (¥, A,
and hence it is easily proved that the sequence {t;} has an accumulation
point in X, because f!(y,) is countably compact. Therefore the
sequence {z;} has an accumulation point in Y. On the other hand,
from z; € St (W, Buwy)s it follows that the sequence {z;} has no ac-
cumulation point in Y. Indeed, let u; be the points of Y such that
Ynty € V(g and 2, € Vi, (w;). Then, since (V. (u,)) St (f (),
W,ey)s the sets [~ (Y,) and (2, ) are contained in St (f (%), Us)-
Hence we have f~'(4) NSt(f'Wawy) Ynwy) ¥0. Let s, e f'(u)
NSt (" Waw), Unwy). Since {f'(y,)|n=1,2, - - -} is a discrete collection
of subsets of a wM-space X, {St(f'(y,), A)|n=1,2, ...} is locally
finite in X by [5, Theorem 2.1], and hence the sequence {s;} has no
accumulation point in X. Accordingly, the sequence {u;} has no
accumulation point in Y, because f is closed and u,= f(s;). Therefore,
by [5, Theorem 2.11, {St (f~'(uy), Unu)|t=1,2, - - -} is locally finite in X.
This implies that {f~'(z,)} is also locally finite in X, because f~'(z,)
cSt(f"(uy), Ay). Hence the sequence {z;} has no accumulation point
in Y, which is a contradiction. Thus we complete the proof.

As an application of Theorem 2.1, we can prove the following
theorem.

Theorem 2.2. Let Y be the image under a closed continuous
map f of a completely regular wM-space X. Then the following
statements are equivalent.

(1) Y isa wM-space.
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(2) Y isa qg-space (due to E. Michael [7]).

(3) The boundary Bf ' (y) of the set f~'(y) is countably compact
for every point y of Y.

In our previous paper [4], we proved a similar result for normal
M-spaces. Before proving Theorem 2.2, we mention a lemma.

Lemma 2.3. If X is a completely regular wM-space which ts
pseudo-compact, then it is countably compact.

Proof. Let X be a completely regular wM-space with a sequence
{%,} of open coverings of X satisfying (M,), and suppose that X is
pseudo-compact but not countably compact. Then there exists a dis-
crete sequence {x,} of points of X, and hence {St(x,,%,)|n=1,2, ..}
is locally finite in X by [5, Theorem 2.1]. Since X is completely regular,
there exists, for each n, a real-valued continuous function 7z,(x) on X
such that h,(z,)=n and h,(x)=0 for e X—St(x,, A,). Let us put
h(x)=2h,(x). Then h(x) is an unbounded continuous function on X.
This is a contradiction, because X is pseudo-compact. Thus we com-
plete the proof.

Proof of Theorem 2.2. (1)—(2). This implication is trivial.
2)—(3). If Y is a ¢-space, then B '(y) is pseudo-compact for each
point ¥ of Y by a theorem of E. Michael [7, Theorem 2.1]. Since
Bf(y) is closed in X, it is a wM-space as a subspace of X. Hence
Bf~(y) is countably compact by Lemma 2.3.

(3)—(@1). By Theorem 2.1, this implication is proved along the
same line as in the proof of [4, Theorem 4.1]. Hence we omitt the
proof.

3. Closed maps and countably compact sets.

Theorem 3.1. Let f:X—>Y be a closed continuous map of a

wM-space X onto a space Y. Then Y= C) Y,, where Y, is discrete
n=0

for n=1,2, ..., and f~'(y) is countadbly compact for ye Y,.

Proof. Let X be a wM-space with a decreasing sequence {2} of
open coverings of X satisfying (M,). Let us put

H,(f7 W)=Y - fX-St(f'(y), L))

for each n and for each point y of Y. Then, since f is closed, H,(f (%))
are open subsets of X such that f-'(y)CH,(f'(m)CSt(f(y),A,).
For a given n, we denote by Y, a subset of Y consisting of points v
such that f~'(y) is contained in no H,(f (%)) for ¥’'xy. We shall
prove that Y, is discrete in Y for each n. For this purpose, it is
sufficient to prove that {f~'(y)|y € Y.} is a discrete collection of subsets
of X, because f is closed. Let x, be an arbitrary point of X, and put
Yo=r(x,). If y,¢Y,, then a neighborhood H,(f'(y,)) of x, cannot
intersect every member of {f~'(y)|y € Y,}; otherwise, H,(f*(y,)) inter-
sects some f~'(y) such that y ¢ Y,, which implies /- (y)CH,.(f (%))
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by the definition of H,(f~'(y,), but this is impossible, because y ¢ Y.
If y,e Y,, then a neighborhood H,(f'(¥,) of x, cannot intersect every
member of {f~'(y)|yeY,,yxy,} by the same argument as above.
Consequently, {f'(»)|y e Y,} is a discrete collection, and hence Y, is
discrete in Y. It remains to prove that f~'(y) is countably compact

for yeY,=Y— O Y,. Suppose that f-!(y,) is not countably compact
n=1

for some point y, of Y,; then there exists a discrete sequence {x,} of
points of f~'(y,). Since y,¢ Y,, there exists, for each n, a point z, of
Y such that fYy)CH,.(f'(z,)). Let xz,ef'(y). Then St(x,A,)
N f(z)x0 for n=1,2, - . -, because 2, € f(¥) St (f'(z,), A,). Let
U, € St (g, ) N f7(2,). Then the sequence {u,} has an accumulation
point in X by (M,), and hence the sequence {z,} has also an accumula-
tion point in Y. On the other hand, since %,¢ f(y,) CH, (f'(2,),
we have St(x,, A,)N S '(z,)x0. Let v,eSt(x,, A)N S (2,). Then
the sequence {v,} has no accumulation point in X, because {St (z,, %,)|
n=1,2, ...} is locally finite in X by [5, Theorem 2.1]. Hence the
sequence {z,} has no accumulation point in Y by closedness of f, which
is a contradiction. Thus we complete the proof.

Theorem 3.2. Let X be a regular space with a sequence {¥,} of
point-finite open coverings of X satisfying (x), and f:X—Y a closed

continuous map of X onto a regular space Y. Then Y= O Y,, where
n=0

Y, is discrete in Y for each n, and f~'(y) is countadbly compact for
yeY,

Before proving Theorem 3.2, we mention some definitions (due to
J. Nagata [9]) and lemmas. A space X is a called a quasi-k-space if
a subset F' of X is closed if and only if F NC is closed in X for every
countably compact subset C of X. A sequence {U,(x)} of open neigh-
borhoods of a point x of a space X is called a g-sequence of neighbor-
hoods if U,(x)DU, (@)D U, (x)DU,(x)D .- and if any sequence {z,} of
points of X satisfying z, € U,(x) for each » has an accumulation point
in X.

Lemma 3.3. If X is a regular space such that each point x of X
has a q-sequence {U,(x)} of neighborhoods, then X is a quasi-k-space.

Proof. Suppose that there exists a subset F' of X such that FNC
is closed in X for every countably compact subset C of X and that F
is not closed. Let x,¢ F—F, and C(x)= NU,(x,). Since C(z,) is
countably compact, FNC(x,) is closed in X. Hence, if we put
V.(2)=U,(x)—FNC(x,), V,(x,) are open subsets of X containing x,.
Since X is a regular space, there exists a g-sequence W, (x,) of neigh-
borhoods of x, such that W, (x,)CV,(x,) for each n. Let x, e W, (x,)
NF,n=1,2,..., and A={z,|n=1,2,-..}. Then A-ANEFNC(x))
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=0, because W, (x)N(F N C(x))=0 for n=2. This implies that
(A—A)NF=0, and hence we have ANF=ANF=A. Since 4 is
countably compact in X, ANF is closed in X, which shows that A4
is closed. Therefore A has no accumulation point in X, because
ANC(x)=0. This is a contradiction. Thus we complete the proof.

Lemma 3.4, Let X be a regular quasi-k-space, and U a point-
finite open covering of X. If f:X—Y is a closed continuous map of
X onto a regular space Y, then

N={y e Y|no finite W' C U covers f~'(y)}
s discrete in Y.

Since the lemma can be proved by the similar way as in the proof
of [2, Lemma 1.2], we omitt the proof. But it should be noted that if
f:X—Y is a closed continuous map of a regular quasi-k-space X onto
a regular space Y, then Y is also a quasi-k-space by a theorem of
J. Nagata [9, Theorem 1].

Proof of Theorem 3.2. For each point z of X, we select a
sequence {U,} such that x ¢ U, and U, e %, for each n. Since X is a
regular space and {%,} satisfies (x), there exists a g-sequence {V ()}
of neighborhoods of x such that V,(x)cU,. Hence, by Lemma 3.3,
X is a quasi-k-space. Let us put

Y,={y € Y|no finite A, C A, covers f~(y)}
for each n. Then, by Lemma 3.4, Y, is discrete in Y for each n.
It remains to prove that f-'(y) is countably compact for every yec Y,

=Y— C) Y,. Suppose that f~'(y,) is not countably compact for a
n=1
point y, of Y,; then there exists a discrete sequence {z,} of points of
f'(yy). Sincey,e O Y., f~'(y,) is covered with finitely many members
n=1

of ¥, for each n. Therefore we can select with no difficulty a sub-
sequence {z,} of {z,} such that {z}|k=n} is contained in some U, e ¥,.
Consequently the sequence {z,} has an accumulation point in X by (x),
which is a contradiction. Thus we complete the proof.
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