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36. On Random Ergodic Theorems for a Random
Quasi-semigroup of Linear Contractions

By Shigeru TSURUMI
Tokyo Metropolitan University

(Comm. by Kosaku YO0SIDA, M. J. A., March 13, 1972)

1. The purpose of the present paper is to state a random ergodic
theorem and a random local ergodic theorem for a random quasi-semi-
group of linear contractions associated with a semiflow of measure
preserving transformations.

2. We consider a measure space (R*, 9, dt) where R*=[0, c0),
M is the g-algebra of Lebesgue measurable subsets of R* and dt the
Lebesgue measure on . We consider also two o-finite measure spaces
X, A, 2 and (Y, B, p).

Let {¢,: t ¢ R*} be a semiflow of measure preserving transforma-
tions defined in such a way that
(p.1) forevery ¢, ¢, is a measure preserving transformation in X and
¢, is the identity ;

(p.2) for every s, t, ¢s. ;=0

(¢.3) ¢ is a measurable mapping from R*®X into X.

Let {T(t, z): (t, ) e R*®X} be a random quasi-semigroup of linear
contractions on L'(Y) associated with {¢,: ¢t € R*} defined in such a way
that

(T.1) for every t and 2-a.a.x, T(t, x) is a linear contraction on LY(Y)
and T'(0, x) is the identity;

(T.2) for every s, t and 2-a.a.x, T(s+1, 2)=T(s, ©)T (¢, p;x) ;

(T.8) for every fixed ¢, T(t, x) is strongly /-measurable in X ;

(T.4) for i-a.a. fixed x, T(t, %) is strongly t-continuous in R*.

Then, given f ¢ L(X®Y) and given ¢, f(p.x, -)e L (Y) 2-a.e. and
so we can define T(¢, x) f(¢,%, -) 2-a.e. Moreover we can choose a func-
tion g(t, x, ¥) on R*®@XRXY satisfying that
(1) 9@, z, vy is HRVAR B-measurable ;

(2) foreveryt, there exists a subset N, of X with -measure zero such
that, for every x ¢ N,,
T, o f(ex, =901, 2z, y)  pa.e.
The existence of such a g(t, x,y) will be shown by Lemmas 1 and 4.
9(t, z,y) is called a good version of T(t,x)f(¢,x,y) and denoted by
[T, x) f(pex, W]
Now we consider two properties:
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(T.5) for every t and 2-a.a.x, T(t, x) is a positive operator on L'(Y);
(T.6) for every t and i-a.a.x, T(t, x) is a contraction on L*(Y) in the
sense of that
ess sup | T(t, 2) f(y)|<ess sup | f(¥)|
yeY yeyYy

for all f e LA(Y)NL~(Y).

Then we have

Theorem 1 (Random ergodic theorem). Let {T(t,x): (¢, x) € R*®X}
be a random quasi-semigroup of linear contractions on LY(Y) associ-
ated with {¢,:teR*}. Further, assume (T.6). Then, for every
e L(X®Y), there exists a function f* e L(XQY) such that

lim % j:[T(t, 0 f (o, Pldt=f*@,vy)  iQp-a.e..

Theorem 2 (Random local ergodic theorem). Let {T(t,®): (¢, )
€ R*®X} be a random quasi-semigroup of linear contractions on L'(Y)
assoctated with {¢,: te R*}. Further, assume (T.5) or (T.6). Then,
for every f e L{(XQY),
lim = ("7, @)/ (o, DIt =1 @, ) @pace..

s—+0 8

3. In this section we show the existence of good versions and
prove Theorems 1 and 2.

Lemma 1. Let t be arbitrarily fixed. Then, for every felL!
(X®RY), there exist a function g, ¢ LN(XQY) and a subset M, of X with
A-measure zero such that, for every xe M,,

T, ) f(px, =92, y)  p-a.e..
Such o function g, is uniquely determined except on a set of IQu-
measure zero. Thus a mapping S, from LN(XKY) into itself can be de-
fined by
S.f=9:

This can be proved on making use of (T.1) and (T.3). Refer to
[6, Lemma 3.2].

Lemma 2. {S;:te R*} is a semigroup of linear contractions on
LY(X®Y). Moreover, if (T.5) is assumed, S, is a positive operator on
L(X®Y), and if (T.6) is assumed, S, is a contraction on L*(XQY) in
the sense of that

ess sup |(S,N)(x, »)|< ess sup | f(x, y)|
(z,9) EXQY (x,)) EXQY

for all f e L(X®Y)NL*(XQY).
Proof. S, is clearly linear and further, when (T.5) holds, it is
clearly positive. By (T.1) it holds that, for every f e LA(XR®RY),
ISef lzray =11 TR, 2) f (@, W || paor, <UL (@25 W |z Z-a.e.,
and so
1 Sef NLrxer <N S (@, W | 1xer = fllzaxer):
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Hence S, is a contraction on L(X®Y). When (T.6) holds, we can show
similarly that S, is also a contraction on L*(X®Y).

Next, we prove the semigroup property of S,. Let fe L'(X®Y).
Then, by (T.2) it holds that, in the space L'(Y),

S N, )=T(, 2) f(p, -) l-a.e.,
(S8 )@, )=T(s, 2)(S:. )52, +))
=T(s, )T, o) f (05, +)) 2-a.e.,
(Ss+tf)(x’ ')=T(S+ t: x)f(§03+£w’ ') Z'a.e.,
and so
(SeS )@, -)=(S,, 0 /), -) l-a.e..

Hence, in the space L(XXY),
Ssstf=Ss+tf'
Lemma 3. S, ts strongly t-continuous in R*.
Proof. Let fe L\(X®Y). Then, by (T.1),
”sz—stf”u(x@m:” ”sz_Stf”Ll(Y) ”LI(X)
= | T(s, x) f (s, y)— T, ) (@i, W) ||L1w) I L1cxy
<|| 1T, 2) S (@5, ¥)— TS, 2) f (9% Wllzaar llzrc
+1 11 TG, w)f((p;(b’, y)—T(t, x)f(sozw: ) lz1er) llz1cx
<|| 1S (pss ) — S (@ Wlzaa llzrc
+“ ” T(S, x).f(sotx, 2/)—-T(t, x)f(ﬂotx’ y)”Ll(Y) ”L!(X)
=|| flps, ¥) — f (@, Y) || L1 xgr)
+| 1 T(s, @) f (o, ¥) — T (t, ) f (0 W |21y |2y
Now, if we define (V,f)(x, ¥)=f(p,x,y) for t e R* and f ¢ L{X®Y), we
see that {V,: te R*} is a semigroup of linear contractions on L'(XRY)
and that V, is strongly (¥-measurable and so strongly ¢-continuous.
Hence
1813? “f(¢3x7 y)—f(%x, y) ”LI(X®Y) =0-

On the other hand, by (T.4),
lirfl 1T, ) f (e, ¥) — T, ) f (0%, W11, =0  2-a.e.,

and, by (T.1),
I T(s, 2) f (@, ¥) — T, ) f (@2, W) |22,
<2\ f (@@ W lLaer, € LX),
because || || f (@, Y ||1) 21y = f | z1xer). Hence, by Lebesgue conver-
gence theorem,

131_151 | 1 TCs, @) f (e, ¥)— T, ) f (@2, Y |21 I L1cx, =0.
Therefore
18131 ”sz“‘stf”Ll(X@Y):O-
Lemma4. Forevery f e L(X®Y) there exists a measurable func-
tion g(t, z,y) on R*QXQY such that, for every t,
SN, =9, x,y)  Qua.e..
Such a function g(t,x,y) is uniquely determined except on a set of
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AtRAQu- measure zero.

For the proof, see [1], [4].

By virtue of Lemmas 1 and 4, given ¢ and f e L\XQY), T(t, x)f
(¢., ¥) has its good version [T'(¢, ®) f(p,, ¥)1=g(t, #, y). Thus, in order
to obtain Theorems 1 and 2 it suffices to apply Dunford-Schwartz
ergodic theorem [2, Theorem 5 in §4] and Krengel-Ornstein local
ergodic theorem [3]-[5], to the present semigroup {S,:¢e R*} on con-
sidering a good version [T(¢, z) f (.2, ¥)] for f e L(XRY).

The results in the present paper are extended to the case of a multi-
parameter random quasi-semigroup. In the case, Dunford-Schwartz
ergodic theorem [2, Theorem 10 and 17 in § 4] and Terrell local ergodic
theorem [5] are used for the proof.
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