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Let A and B be groups. If there are homomorphisms f and g

such that a sequence —£+A-5—>B I >A-2>B A is exact, then we
denote this collection by (4, B: f, g9) and we say (4, B: f,g) to be well
defined. Let (A,B: f,g9) and (C,D: f,, 9, be well defined. If C and
D are subgroups of A and B, respectively, and if f=f, onC and g=g,
on D, then we call (C,D: fi, 9,) a subgroup of (A,B: f,9) and in this
case, we denote (C,D: fi,9,) by (C,D: f,g9). Furthermore, we call
(C,D: f,9) a normal subgroup of (A,B: f,9) if C<]A and D<]B, and
a Sylow subgroup of (A, B: f, g) if C is a Sylow subgroup of A (in this
case D is also a Sylow subgroup of B). We shall discuss the existence
of such Sylow subgroups (C,D: f,9) of (A,B: f,g9). Itis easy to see
that there are homomorphisms f and g such that (4,B: f,9) is well
defined iff there are groups M, N and homomorphisms «;, a,, 8;, 5, such

that sequences 1-M-25 A2, N—1and 1—»N—-@I—>B-—ﬂ“’—>M—>1 are

exact. This shows that the results given in this note are related to
an extension of groups.

Lemma 1. Let (A,B: f,9) be well defined. Let M and N be sub-
groups of A and B, respectively. Then (M,N: f,9) is well defined iff
FAD=f(A)NN and g(N)=g(B)NM.

Proof. Since (A,B: f,9) is well defined, A/g(B)= f(4) and so
M/MNgB)=Mg(B)/9g(B)=f(M). Assume that (M,N: f,g) is well
defined. Then M/g(N)=f(M). Hence M/g(N)=M/MNg(B) where
this isomorphism is given by xg(N)—x(M N g(B)) for all x ¢ M. Hence
MNg(B)=g(N). Similarly NN f(A)=f(M). Conversely, let f(M)
=NNf(A) and gN)=MNg(B). Then M/ gN)=M /M N g(B)
=MgB)/9B)=f(M), i.e., M/g(N)= f(M) where this isomorphism is
given by x9(N)— f(x) for all x ¢ M. Similarly N/f(M)=g(N) where
this isomorphism is given by yf(M)—g(y) for all ye N. Hence
(M,N: f,9) is well defined.

Lemma 2. Let (A,B: f,9) be well defined and let (M,N: f,9) be
a normal subgroup of (A,B: f,9). Then (A/M,B/N:f,g) is well
defined, where f and g are homomorphisms which are naturally in-
duced by f and g, respectively.

Proof. By Lemma 1, f(A)NN=f(M). Hence f*(N)=f"(f(A)
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NN)=F"(f(M)=Mg(B). Similarly g~ (M)=Nf(A). Hence a se-
quence g >A/M s B/N g >AIM ! B/N——‘(-]—> is exact.

Lemma 3. Let M and N be subgroups of groups A and B, respec-
tively, and let P<M and Q<N. If (A,B: f,9), M/P,N/Q:f,9) and
(P,Q: f,9) are well defined where f and g are homomorphisms which
are naturally induced by f and g, respectively, then (M,N: f,9) is
well defined.

Proof. Since (P,Q: f,g) is well defined, f(A)NQ=f(P) and
9B)NP=g(Q). Hence f(M)NQ=,M)N f(A)NQ=FD)N f(P)=f(P).
Similarly g(N)NP=g(Q). Since (M/P,N/Q:f,75 is well defined,
N/Q/fADQ/Q=g(\N)P/P. Hence N/fMQ=N/Q/fMQ/Q
=g(N)P/P=g(N)/gN)NP=g(N)/9(Q), i.e., N/ fFM)Q=9(N)/9(Q) and
hence f(M)Q is a kernel of a homomorphism N—g(N)/g(Q) given by
2—g(@)g(Q) for all xe N. On the other hand, for any ze N, g(x)
€ 9(Q) iff x ¢ (NN f(A))Q since a kernel of the homomorphism g: B—A
is f(A). Hence f(M)Q=(NN f(A)Q. Hence f(M)/f(P)=rf(M)]f(DM)
NQ=srMQ/Q=NNFANQ/QR=NNFA)/NN fLANQ=NN f(A)/
S(P), i.e., fF(M)]fF(P)=NN f(A)/ f(P) where this isomorphism is given
by f(@)f(P)—f(x)f(P) forallze M. Thus f(M)=NN f(A). Similarly
gN)=MNg(B). By Lemma 1, (M,N: f,g) is well defined.

In the rest of this note we consider only the finite groups. For a
prime number p, a following result is well known (see [2, Lemma 2.1]).

Lemma 4. Let N<|A and S, a Sylow p-subgroup of A. Then
NNS, and NS,/N are the Sylow p-subgroups of N and A/N, respec-
tively.

Lemma 5. Let (A,B: f,g9) be well defined. Let S, be a Sylow p-
subgroup of A and T o subgroup of B. Then (S,,T: f,9) is well
defined iff T is & Sylow p-subgroup of 9~S,) and f(S,)CST. In this
case, T is a Sylow p-subgroup of B.

Proof. Since (4, B: f,g) is well defined, |A|=|B|. Assume that
Sy, T: f,9) is well defined. Then |S,|=|T|. Hence T is a Sylow p-
subgroup of B and so of g7'(S,). Clearly f(S,)&T. Conversely, let
S(S,)CT and let T be a Sylow p-subgroup of g~(S,). By Lemma 4,
S,9(B)/9(B) is a Sylow p-subgroup of A/g(B). On the other hand,
A/g(B)= f(A) and this induces an isomorphism S,9(B)/9(B)=f(S,).
Hence f(S,) is a Sylow p-subgroup of f(4). Furthermore, since the
isomorphism B/f(A)=g(B) is given by bf(4)—g() for all beB,
978/ f(A)=gB)NS,. Therefore, if |g(B)NS,|=p" and | f(S,)|=p™,
then |g7'(S,)|=p"*™q where ¢ is an integer such that pfq. Hence |T|
=pr*™.  Thus p"=|T/f(Sy)|=|9B)NS,|=|97(S,)/f(A)|. Since T
N f(A) and f(S,) are Sylow p-subgroups of f(A) and since f(S,)ET
N f(A), we have TN f(A)=f(S,). Thus T/ f(S,) is naturally embedded
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into g7'(S,)/ f(4) and so embedded into g(B)NS,. Since those have
the same order, T/ f(S,)=g(B)NS, and this isomorphism is given by
tf(S,)—g(t) for all te T. Consequently g(T)=g(B)NS,. Therefore,
by Lemma 1, (S,, T': f, 9) is well defined.

By the above result, if (4,B: f,g) is well defined and if S, is a
Sylow p-subgroup of A then there is a Sylow p-subgroup T, of B
such that (S,,T,: f,9) is well defined. We denote by n,(4) and
n,(4,B: f,9) the number of the Sylow p-subgroups of A and
(A,B: f,9), respectively.

Theorem 1. Let (A,B: f,9) be well defined. Then:

@) If S, is a Sylow p-subgroup of A, then the number t of Sylow
p-subgroups T, of B such that (S,, T,: f,9) is well defined is independ-
ent of a choice of S, and t=1 mod p.

2 n,(A,B: f,9)=1mod p.

() n,(A,B: f, 9)=n,(A)n,(B)/n,(f(A)n,(9(B)).

Proof. (1) By Lemma 5, t is the number of Sylow p-subgroups
of g7%(S,) which contain f(S,). Hence t=1modp (see [1, p. 152]).
We shall prove that ¢ is independent of a choice of S,. Let T, be
a subgroup of B such that (S,, T,: f, 9) is well defined. Then g(B)NS,
=g9(T,). Hence ¢g7'(S,)=T,f(A). Now let F be a set of Sylow p-sub-
groups of T,f(A) and & a set of Sylow p-subgroups of f(4). Let
¢ F— be a map defined by w(T)=TN f(A) for all TeF. Then pis
well defined. Let Je®. There is acA such that J=jf(o)"(T,
NFANf(@). Since g(f(@)'T,f(@)=9(Tp)ES, (@ 'T,f(@)eF and
w(f(@)'T,f(@)=J. Consequently y is surjective. Nextlet J,,J,e®.
Then there is a e A such that f(a)'J,f(e)=J,. Next let 5:p7'(J)
—u1(J,) be a map defined by &(T)= f(a)"'Tf(a) for all T € p~'(J,). Then
6 is well defined and bijective. On the other hand, f(S,) is a Sylow
p-subgroup of f(A) and so f(S,) € ®. Moreover, 1 '(f(S,)) is a set of
Sylow p-subgroups of 7T,f(A) which contain f(S,). Hence ¢
=n,(T,f(A)/n,(f(A)). Generally n,(Tf(A)=n,(T'f(A)) for any
Sylow p-subgroups T and T’ of B because Tf(A) and T"f(A) are iso-
morphic. Hence ¢ is independent of a choice of a Sylow p-subgroup
S, of A.

2 By ), n,(A,B: f,9)=n,(A)t. Since n,(A)=t=1modp, (2)
holds.

(8) From the proof of (1) stated above,

n,(A4,B: f, 9)=n,(A)n,(T,f(A)/n,(f(A))
where (S,,T,: f,9) is well defined and a Sylow p-subgroup of
(A,B: f,9). By I[2, Theorem 2.1],
1p(A) =1, (g(B)N,(f(ANNH(N 5,4 5,/(9(Tp) [ 9(T 1)),
1 Np(B) =1, (f (AN, (GBI (N 7, 14 (F(Sp) [ F(S,p))
an
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(T (A)) [ 1ny(F(A) =1, (N 1,7, (F(Sp) /] F(Sp)).
Hence n,(A4, B: f, 9) =n,(A)n,(B) | n,(f(A)n,(9(B)).

Theorem 2. Let (A,B: f,9) be well defined and let (P,Q: f,9)
be a subgroup of (A,B: f,q9). If P is a p-subgroup of A (hence Q is
also a p-subgroup of B), then thereis a Sylow p-subgroup (S,, Tp: f,9)
of (A,B: f,9) such that (P,Q: f,9) is a subgroup of (S,,Tp: f,9).

Proof. Let T be a Sylow p-subgroup of the group f(4)Q such
that QCT. Let M=f(A)NT. By Lemma 4, M is a Sylow p-subgroup
of f(A). If Sisa Sylow p-subgroup of A, then f(S) is a Sylow p-sub-
group of f(A) and so there is ae A such that f(a)'f(S)f(w)=M.
Hence o~ 'SaC f'(M). This shows that any Sylow p-subgroup of
S~YT) is a Sylow p-subgroup of A. Let S, be a Sylow p-subgroup
of f~Y(T) such that PCS,. Then S, is a Sylow p-subgroup of A.
Since g(MC9(f(AQ)=9(@Q<PZS,, TCg™(S,). Now let T, be a
Sylow p-subgroup of g~*(S,) such that TcT,. Then f(S,)&T, since
J(S,ET. Hence, by Lemma 5, (S,, Tp: f,9) is well defined. Fur-
thermore QC T, and PCS,. This completés our proof.

Theorem 3. Let (A,B: f,9) be well defined, let (K,L: f,g) be a
normal subgroup of (4,B: f,9) and (S, T,: f,9) a Sylow p-subgroup
of (A,B: f,9). Then (KNS,,LNT,: f,9), (S,K/K,T,L/L:f,g) and
(S,K,T,L: f,9) are well defined where f and g are homomorphisms
which are naturally induced by f and g, respectively.

Proof. KNS, is a Sylow p-subgroup of K. Since LNT, is a
Sylow p-subgroup of L, LN T, is also a Sylow p-subgroup of g~ (K NS,)
NL. Furthermore f(KNS,)CLNT,. Hence, by Lemma 5, (KNS,,
LNT,: f,9 is well defined. By Lemma 4, S,K/K and T,L/L are
Sylow p-subgroups of A/K and B/L, respectively. Furthermore, by
Lemma 2, (A/K,B/L:f,g is well defined and JS,K/K)CT,L/L
Cg'(S,K/K). Hence, by Lemma 5, (S,K/K,T,L/L: f, 5 is well de-
fined. Therefore, by Lemma 3, (S,K,T,L: f, g) is well defined.
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