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(Comm. by Kinjiré6 KUNUGI, M. J. A., Dec. 12, 1974)

H. Cartan [1] established the existence of the Haar measure on
arbitrary locally compact topological groups without the axiom of
choice. In that case, the method used by him was to construct the Haar
measure as a limit based on Cauchy’s convergence criterion for filter.
The purpose of this paper is to construct, following the idea of Cartan,
the Harr measure by the method of ranked spaces. In this case, the
Haar measure is given as a limit based on Cauchy’s convergence cri-
terion for “sequence”.

Throughout this paper, terminologies and notations concerning
ranked spaces are the same as in [2].

We begin with the definition of the ranked space (X, Cl/) needed
for our proof.

1. Definition of the ranked space (X, Cl/). Let X be the vector
space consisting of all continuous real-valued functions f>0 on G with
compact supports, and let K be the family of all compact subsets of G.
For each K ¢ K, we denote by K(K) the vector subspace of K formed
of all functions whose supports are contained in K, and denote by
(K(K), d) the metric space K(K) provided with the distance function
af,9)=|f—gl, where || || is the uniform norm. We denote the ranked
union space of the ranked metric spaces (K (K), CV(d)) (K e K) by (K, CV)).

We first know that the following holds for (K, <1/) by [2], Theorem
1 and Proposition 2, since (K (K), C{/(d)) (K € K) satisfies the condition
() in [2].

Proposition 1. We have {r-lim f,} > f in (K, ) if and only if
there is a K € K such that supp fCK and supp f,CK (n=0,1,2, ...),
and we have lim d(f,, f)=0.

For seG and fe K, we denote the left translation of f by
s: f(s™*x) by sf, and the support of f by supp f. Furthermore we denote
the family of all functions f* expressed as f*=> %, ¢;s,9, where g ¢ X
and ¢,>0, s;¢ G (¢=1,2,---,7), by K, and denote g by x(f*) and
>t e, by e(f*) for such f*.

2. Results already known (cf. [1]). We fix a function f, ¢ X with
fo#0, and for f, ¢ ¢ K with ¢=0, we put

(f : @ =inf {c(f*); F<S*(e Ko, 2(/*) =0},
LN=:9)/(fo: 0.
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Then I,(f) is a left-invariant, non-negatively homogeneous functional
on K satisfying

1D 0<ILNZ( 2 fo)s
@) |fi—So|< S, implies [1,(f) —1,(f) <L, (fy).

Moreover

Lemma 1. If f*e K, and ¢>0, there is a neighborhood V of the
identity in G such that

LA LG NLSL*) +e
for every o e K, ¢+0, with support contained in V.

As is easily seen, the theorem of approximation according to
Cartan (see [1]) is given in the following form.

Theorem of approximation (Cartan). Given fe X and >0,
there is a neighborhood V of the identity in G such that, for every
ge X, g+0, with support contained in V, there is an f* ¢ K, which
satisfies y(f*)=g, d(f*, f)<e and supp f*Csupp f at the same time.

3. Existence of the Haar measure. In this paper, we say that
the sequences {f%;7=0,1,2, .-} (n=1,2,---,m) of points of K, are
of the same type if y(f&)=x(fH=---=x(f}) for every <. Then

Lemma 2. If fi,fs s fm€ K, there are sequences {f%;¢=0,1,
2,.--} (n=1,2,-..,m) of points of K, of the same type which r-con-
verge to f, (n=1,2, - - -, m) in (K, CV) respectively.

Proof. Foreachie{0,1,2, .-}, thereare /¥ e K,(n=1,2,---,m)
such that x(ff) =x(fH =---=x(f%) and d(f%,f.) <1/2°, supp f
csupp fn (0=1,2, - .., m), by Theorem of approximation. {f%} (n=1,
2, ---,m) are the desired sequences by Proposition 1.

Moreover, we have

Lemma 3. If fe X and {f¥}, {h}} are sequences of points of K,
of the same type which r-converge to f, f,in (K, CV) respectively, then
there exists the limit lim c¢(f}})/ c(h}¥), which is independent of the par-
ticular sequences {f¥}, {h}}.

Proof. Since {r-lim f}}s f, {r-lim h}} s f,, we have, by Propo-
sition 1, a K € K containing the sets: supp f, supp &, supp f¥, supp h}
(n=0,1,2, - -.), and for this K, if we let k be a function k € K such that
0<k(x)<1 and k(x)=1 if « ¢ K, we have a sequence {5,; n=0,1,2, -.-}
of positive real numbers converging to 0 such that | f(x) — f¥(x)|<d,k(x)
and | f,(x) — h¥(x)|<d,k(x). Therefore, from (1), (2), Lemma 1 and that
I, is non-negatively homogeneous, we have a sequence {V,} of neighbor-
hoods of the identity in G such that

1 V,oOV,D.--DV,D--,

(2) for each n, if we put e(f¥)=ca, c(h) =d, and (/) =y (h}) =g,
11,1 = €ul (g0) | <3u(L+ (B £2), o
[1—dnl,(92)|<da(L+(k: f0)

hold for every ¢ € X, ¢++0, with support contained in V.
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Now let us take a sequence {¢,} such that ¢, € K, ¢,#0 and supp ¢, CV,
for each n. We then see that if n,<n,, we have, by (1)

2’:1 - 2’: <] 2’: TG | n T onG ) — o]
Cn2

+ ]Iv’na(f) - Cnngng(gnz) l +

anlv’na(gng) -

g

<n(0"1 Cna_ 2)1 k: 1))
51 dnl +dn2 + (+( fo))

On the other hand, {c,/d,} is a bounded sequence. Because, without
loss of generality, we may suppose d,(1+ (k: f,)) <1/2 for every n, and
so by (1),
cn/dn = cnlwn(gn)/dnlm,(gn) <2(f . fo) + 1.

Since, therefore, {c,/d,} is a Cauchy sequence, there exists the limit
lime,/d,. Moreover we have

lim ¢, /d,=1im I, (f). (2)
The same argument is applied to the other {f**},{r}*}. In this case
we may have a {¢,} for which (2') simultaneously hold for {f}}, {h}} and
{f#*), {h}*}. Hence lim c(f¥)/c(h})=lim c¢(f}*)/c(h¥*) follows.

Thus, by Lemmas 2 and 3, we can define I(f) for every fe K as

follows :

I(f)=lim e(f})/c(h¥),
where {f*}, {h}} are sequences of points of X, of the same type which
r-converge to f, f, in (K, ¢1/) respectively.

Then, we see that

Proposition 2. I(f) is a left-invariant positive linear functional
on K.

Proof. I(sf)=I(f) (seG) and I(af)=al(f) (a>0) follow from
that, in general, if {r-lim k}} s k (k} ¢ K,, k € K), then {r-lim sk}} > sk,
{r-lim ak}} o ak, y(sk¥)=xkF), x(aki)=yxk¥) and c(sk¥)=c(k}), c(ak})
=a(e(k¥)). Similarly, I(fi+f,)=I(f)+I(f,) follows from that, by
Lemma 2, there are sequences {f}}, {f#} and {r}} of points of K, of
the same type which r-converge to f3, f, and f, in (K, }’) respectively.

By Proposition 2, I(f) furnishes a Haar’s left-invariant measure
on G for which the measure of f, is equal to 1.

4. Uniqueness of the Haar measure. Let J(f) be the other
Haar’s left-invariant measure on G, and let {f}}, {h¥} be sequences of
points of X, of the same type r-converging to f, f, in (KX, €V/) respective-
ly. Since then, by Proposition 1 and [2], Proposition 3, J(f) is con-
tinuous on (X, C{) in the sense of [2], 5, we have lim J(f¥)=J(f) and
lim J(h¥)=J(f,). Therefore, it follows that

J(f) —1lim JOF) —1im c(f¥) —1(f).
J(fo) J(hY) c(h¥)
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