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In 1845, G. Eisenstein [2] proved the biquadratic reciprocity law
in Q(W=1) using the Gauss lemniscate function, and in 1921, G.
Herglotz [4] proved the quadratic reciprocity law in the same field using
the complex multiplication of the Weierstrass elliptic functions. In
the same line of ideas, K. Shiratani [7] proved the cubic and biquadratic
reciprocity laws in the fields Q(v —3) and Q(+/ —1) respectively, and he
proved in [8] also a complementary law for the 4-th power residues.
We also proved it in [9] using the complex multiplication of another
elliptic function than that used in [8]. We used namely the Gauss
lemniscate function

. . o1
f@R)=sn(2—21)wz with w—Jo mdw.

In this paper, we shall prove a complementary law for the cubic
residues in Q(v/ —3) using the complex multiplication of a certain el-
liptic function f(z|w,, w,) defined below. It should be noticed that G.
Eisenstein obtained in [1] the complementary laws for the cubic residues
in a more general setting with elementary methods, as Gauss did for
the biquadratic residues in [3].

§1. Let P(z|w,, w, be the Weierstrass elliptic function with
fundamental periods w,, w,, with Im (w,/w,)>0. We consider the fol-
lowing function :

(1) S| w;, w,) :=j1j1 (ﬂ’(z | wy, wz)—ﬂ"(-’”g—’ ‘ Wy, wz)),

where w,=w,+w,, w,=w,+2w, Then the following divisor equiva-
lence holds:

(2) S&|w, w)= _8(0”,2:.31 <ﬂ31—> +j§;‘1 (‘wa)

The ring O of integers of Eisenstein’s field Q(v —3) has a Z-basis [p, 1],
where p=(—1++/—8)/2. We take (w,,w;)=(p,1). Then we have
easily the complex multiplication formula:

(3) f(ozl o, D=pf | p, D).

For brevity, we write f(2)=f(z|p,1). We consider the integer v, 1 in
O with (v, )=(@,3)=1. Because of (»,3)=1, we have O/()={0,M,,
oM,, oM.}, where M, is a 1/3-system modulo v as defined in [6]. Since
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(v, p)=1, there exists p' € M, such that xp={{"p (mody) for arbitrary
BeM,, where { is a cubic root of unity. Then, by the Gauss lemma
[6], the cubic residue symbol (/v); can be expressed as follows:

(4) (£),= 11 e
Vv/3 BeEMy
Then, in virtue of (8), (4), we have
A S @/v)
(5) (7>s—pem J(@B/v) '
Another simple consequence of (3), (4) is the following complementary
law:
—_— v—1)/3
( _f_ )3__ p =/
for (v,3)=1.
We want to evaluate
(6) <_1_—£) — S(A—p)B/v) .
v /s pemn  f(B/v)

From the definition (1) of f(2), we have easily
S(A—pz|p,1) _ A/A—p))Sf (| p/A—p),1/A—p))
f(z]P,I) f(z|.0,1)
4p+1 +2 +2 2042 40+8
= =925 ) 9452 ) + (£52)+ (35) + (5
9 9 + 9 + 9 + 9
o)+ () + () (57 )+ (35
(7 +( 9 + 9 + 9 + 9 + 9
p+5> (7p-|—2) (8p+1> (5p+1) <4p+5>
+< 9 + 9 + 9 + 9 + 9
5p—|—4> (7p+5> (8p+7) <5p—|—7) <7p-|—8>
+(9+9+9+9+9‘
Hence (f((1—p)z|p, 1))/ f(2] p, 1) has neither zero point nor pole on the
straight line 7 joining 0 and 1+ p and on the real axis R.
We define the function g(z|p, 1) as follows:
1—p)2[p,1)
(8) gl p, D=LU=0Rl0 D)
le FGlo 1)
For simplicity, we shall write g(z) for g(2|p,1). Then, in virtue of (6),
(8), we get

®) (59)=1.(2)

§2. It seems to be a very difficult problem to determine the value
of ((1—p)/v); for arbitrary v in © by this method. However, we can
determine it for v=a ¢ Z, (a,83)=1 as follows. In this case, it is easily
seen that we may suppose that g e M, lies in S or on the line joining 0
and |a|/3, where S is the interior of the regular hexagon with the
vertices:
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0,|a|,|a|2 ,2|a|1 ,L‘!f_llz,_lﬂb_l.m
3 3(+,0)———3 A+ 3(-1—p) 30

S is symmetric with respect to I, and the function g(z) has the fol-
lowing properties.
1) If xeR, pg(x) is real and positive.

In fact,
—f((l —pzlp) _ 1 fl'A—px|p, 1)
W@=P o e T@leD
= p%)ﬂ)ﬁng(%), in virtue of (3).

Thus we have pg(x) € R.
To show that pg(x)>0, we have only to prove pg(0)>0, because
g(x) has neither zero point nor pole on R. Now

FA=p2) | _ i 2F(A—p)2)
0 ST | = lim 2L
IO =y T R T e
e _1
1— p)B 3¢

2) pg(2) takes real positive values on [; i.e., pg((1+p)2) € R and
09((1+ p)x) >0 for = € R.
As pg(0)>0, it is sufficient to show pg((1+p)x) € R. Now we have

p @t =pl@=DA+pzl5 D _ 1 S *A—e)z]p, 1)

S(@+p)x|p, 1) e S 'A+pxlp,1)

SA—p)A+p) _ 1
A+ o) 09((1+ o)),

=p

again in virtue of (3).
3) If z and 2’ € C are symmetric with respect to I, then g(z’)

=p9(2).
In fact,
S(A—-p)z|p,1) _ f(P’A—p)Z|p,1)
o= o D 7Glp,1)
— g S((A—p)p2) _ f(A—p)p?)
J@ of (@
_fa —f?).oz) _ S(A—p)2) _ 9(2).
S (o2 J @)

Now, we shall compute ((1—p)/a); according to (9). As this value
is on the unit circle, we have only to take into account the argument of
9(g/a).

The number of the g’s on the line joining 0 and |a|/3 is [Ja|/3].
The argument of g(8/a) for these f’s is the same as that of 1/p, in
virtue of 1) above. There are [2]|a|/3] 8’s on the line joining 0 and
2|a| (14 p)/3, and 2) says that g(8/a) for these 5’s have again the same
argument as 1/p.
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The total number of g’s in M, is (Na—1)/3=(a*—~1)/3 and there
remain (a’*—1)/8—[|a|/3]—[2]a|/3] g’s in S which are not on I, i.e.,
{(@*—1)/3—1a|/3]1—I12|a|/3]}/2 pairs of f’s, lying symmetrically with
respect to . The argument of g(2)g(z') is the same as that of p=1/p
in virtue of 3).

Thus we have

(522)=1,o(5)
a 3 BEMq a
( 1 )[|a|/3l< )[2 lal/3]< ]_ ){(a2~1)/3—[la|/8]—[2 lal/31}/2
p o’
( 1 )(a2 ~-1)/3

{ <“‘1)/3 for a=1 (mod 3),
prerns for a=2 (mod 3).
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