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76. A Difference Approach to Mikusinski’s
Operational Calculus

By Shiichi OkAMoOTO

Department of Mathematics, Gakushuin University
(Communicated by Késaku Yo0SIDA, M. J. A., Dec. 12, 1978)

§1. Introduction. J. Mikusiniski [1] introduced a clear and
simple operational calculus to obtain explicitly the solution of Cauchy’s
problem for linear ordinary differential equations with constant coef-

ficients. His calculus is based upon Titchmarsh’s theorem concern-
13

ing the convolution | f(t—s)g(s)ds of two continuous functions f and

g defined on [0, co). ’ The present author should like to start with the
fact that for the convolution ring of sequences the corresponding
Titchmarsh-type theorem holds almost trivially. Hence we can easily
introduce an operational calculus based upon this fact, and apply it to
treat the Cauchy problem for linear difference-quotient equations with
constant coefficients. By taking the limit of this treatment, we can
prove the legitimacy of Mikusifiski’s operational method for differ-
ential equations without appealing to Titchmarsh’s theorem.

§2. An operational calculus. We define by S the totality of
complex number valued functions (sequences) f defined on the set No
={v=Jjw;j=0,1,2, ...} where » is a non zero real number. In this
paper, we write such functions by {f(v)} or simply f ; whereas f(v) will
mean the value at v of the function f.

The convolution ring of sequences. For f and g e S, we define
the sum f+g¢g by {f(»)+9(@)} as usual. Clearly the set S becomes an
additive group with respect to this addition. The zero element is the
function which is identically equal to zero and that is written by 0.
Next, we define the product (sequential convolution product) f-g of
two functions f and g by the value at v=jw:

(1) fg)=0 z F(G—Dw)g(iv).

Proposition 1. The set S is a commutative ring with respect to
the addition f+ g and the multiplication f-g.
Moreover, the ring S has the following important property.

Proposition 2. The ring S has no zero divisor, that is, f-g=0
implies that f=0 or g=0.

Proof. Let f#0. Then there exists the point v, such that f(y,)
#0 and f(v)=0 for all v<y,. Therefore, by f- g, =, (v)g(0), we get
9(0)=0. Now, suppose that g(v)=0 for all v<p. Then, by f-g(,+p



304 S. OkAMoOTO [Vol. 54(A),

+0)=[(v)9(u+v), we must have g(u+w»)=0. Thus we have proved
that g=0.

The operator field. By the above proposition, we can construct
the field S of (sequential convolution) quotients in the following way.
Introducing the quotient f/g of two functions f and g e S with g0
and defining f/g=h/k by f-k=g h, we obtain as usual the field S of
quotients. Of course, the unit element in S is ¢ /9 (9+#0) and will be
written simply as 1. We call the quotient f/g an operator so that our
field S shall be called the operator field as well. Every function fe S
can be considered as an operator since it can be identified with f-g/g
(9+0).

The summation operator. We shall denote by h the operator
defined by the function which is identically equal to 1, and call it the
summation operator, since we get

J

(2) h~f(v)=wtz_(:)f(ia))
where f e S and v=jo. We often write > f(p)dp for the right-hand
side. By this notation, we can rewrite (1) in the following way: f-g()
=3 fo—wa(wdp.

Scalar operators. For any complex number «, the operator [«]
defined by
(3) [a]l={a}/R
is called a scalar operator, because as in Mikusinski [1] we have the
following

Proposition 3. For any «, fe C and f, g €S with g+0, the fol-

lowing formulas hold good :
(4) [e] + [Bl=[a+ 81, [el[B]=1ap]
(5) [al-f=af (={afO)D), [al-(f/9)=(af)]g (={afC)/9W)}.

By (8) and (4), we can identify the operator [«] with the complex
number « and by (5) we see that the effect of the operator [«] is exactly
the a-times multiplication.

The difference-quotient operator. For any f e S, we define the
difference 45 of the function f by 4f()=f@+w)—f() and the
difference-quotient (41)/(dv) by

(6) Adf@)/ dv=(fv+0)—fO)/o.
Furthermore, we define the operator difference-quotient s by
(7) s=1/h.

Remark. This operator s is not a scalar operator, since 1/h
={1}/{1}"
Proposition 4. For any f €S, the following formula holds good :
(8) Af [dv=f-s—fO)+(wdf[4v)-s
(f(0) means the scalar operator [f(0)]).
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Proof.

(:‘ZJVL) {Af W} {z 47 (p)A;z} (fo+o)— F(O))

~ )/} +{o j{ 0} =/ —~LO1- h+< Af)

By multiplying the both sides by s=1/%, we have (8).
Corollary.

Af o wei_ Af oy gt A
(9 ZL=rs—r©@-s-L s O

2 k
Hog ) otlogh) e (0gh) e

Proposition 5. For any scalar « € C, we have
(10) 1/(s—a)={((1 —wa) =)t} ¢ S,

Proof. Substitute the function ((1 —wa)~**)**** into (8). Then
we have

A —ova)'a-{(1 —wa)~Yer)seral
=1 —owa)'s - {(QA—wa) V=)eta} (1 —wa)™.
By multiplying the both sides by (1 —wa), we obtain
a{((l ___wa)—l/wa)a(v+m)} =g. {((1 _wa)—llam)a(u+m)} — 1.
Corollary.
1 [ to)v+2w) - -+ (k—1)w) 1oaYa(v+ko)

a2 (k—D! (@mwayeenof €.

§3. Applications to differential equations. In this section, we
shall consider the Cauchy problem for the following ordinary differ-
ential equation written in matrix form:
12) dy/dt=Ay+z,  y(0)=p
where A=(a;,), B=(8,), ¥y=(,) and 2=(z;); a;; and B, being constants
and z; continuous functions (¢, 7=1,2, - - -, m).

Difference-quotient equations and their operational treatment.
Consider the difference-quotient equation :
(13) Af [dv=Af+g9, JO)=p
corresponding to differential equation (12). Here f=(f,) and g=(g)),
g; being the restriction of z, to the set No, i.e., g,0)=2,() for v € No
(=12, ---,m). We shall apply our operational calculus to this
equation. By Proposition 4, we have
(14) Af[dv=s-f—f(0)+s-(wdf]dv)

(SO =4f(0)], - - -, [/ n(@®D).
Hence, by (13), we obtain the following operational equation:
(15) SI—A) - f=B+9—s-(o(df]4v)) @B="Bd, - -+, [Bn])
where I stands for the unit matrix. Therefore, we get
(16) S=@6I—-A)" B+ (sI—-A)". g—(sI—A) " s-(w(4f]4v).
(sI—A)~! means the inverse matrix of (s —A).
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An approximate solution of equation (12). We put w=p/n, where
p is a positive real number and »n a positive integer. In order to make
clear the dependence of functions f on n, we shall write , f by attach-
ing the suffix n.

For ,.f € S, we define the continuous function ,.f by the polygonal
curve which is given by connecting each vertex (v, ,f(v)) in succession
by segment (v € No, o=p/n). Also for a vector F=(,f,) with ,.f; ¢S,
the vector-valued continuous function is defined by M=(,f;,). We call
.f the polygonal extension of ,/ and F that of F.

Let ,f be the solution of difference-quotient equation (13) which
corresponds to w=p/n. Then we see that the graph of the polygonal
extension of , f coinsides with a Cauchy polygon of differential equation
(12). Therefore, we get:

Proposition 6. The polygonal extension ,f of the solution ,f of
diff erence-quotient equation (13) is uniformly convergent to the solu-
tion y of differential equation (12), as n tends to the infinity. In
particular, we have

y(p)=lim ,f(p) = lim ,, f(p).

N> 00 N—> 00

To obtain the concrete expression of this solution, we decompose
the right-hand side of (16) into two parts f* and f**:
amn J*=EI—-A)"-B+(sI-A)"yg,

18) fre=(sl—A)'-s-(w(df]4v)).

By the way, the ij-component a,; of (s —A)~' is a rational function
of s and the degree of the denominator is greater than that of the
numerator. Thus, a,; is decomposed into partial fractions as follows:
Wiy =D ™1 754/ (8—a)*s. Therefore, we get

(19)  the i-th component of f* = jil i Tisd8—a) - (B;+9,).
=1¢g=1

Hence, by (11), each component of f* is contained in §. On the other
hand, for each component a;; of (sI—A)™'-s, we have:

@iy =71+ 25 el (S—ad™.
¢=1
Therefore, we get
(20) the i-th component of f**
= Sl e )

and so, we see that each component of f** also belongs to S. Thus,
again to make clear the dependence of these functions on n, we write
f*and . f** so that, by (16),

Now, we are able to obtain explicitly the solution y of differential
equation (12). Our procedure is divided into two steps.

Step 1. We shall prove
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(22) y@)=lim ,f*(p).

Step 2. The right-hand sideﬂ:)of (22) shall be given, by (17), ex-
plicitly in the following way.

We write (sI—A)! for the matrix which is obtained by changing
1/(s—)* in the components of the matrix (sI—A4)~! by the continuous
function t*'e**/(k—1)!. Then we have, at point p,

(23) lim , f*=(s[ —A)™'px+ (s — A) 'z,

n— 0

where, putting (e, J,)=(:>‘/I:_z/¢1)"‘, * is defined as follows: For z=(z,)
(.721: i -,1’)’L),
—— m t
(sI—A)"‘*z:(c“)*(zj)=< 3 c“*zj) (cw*zj(t)zjo e, ,(t—s)z,(s)ds),
while for g=(8;) 8, being a numerical constant (=1, .- ., m),
(?]:/A)-l*ﬁ =(c;)*(By) = ( 121 Cij ﬂj)
(cisB;: B;-times multiplication of ¢;;). Hence by (22), the solution y of
(12) is given by the right-hand side of (23).

In this way, the legitimacy of Mikusifiski’s operational calculus
for differential equations can be derived without appealing to
Titchmarsh’s theorem. To prove the above two steps, we shall prepare
the following three lemmas.

Lemma 1. Let ,v and ,w be elements of S, and let v and w be
continuous functions on [0, pl. If lim,_.. ., 7=v and lim,_,, ,W=w uni-
formly on [0,p]. Then lim,._.. (,7,W)=vw uniformly on [0, pl, where
2V W means the pointwise product of ,v and ,w, and vw that of v and w.

Proof. This lemma will be proved by

|2V W(E) — 0, W(t)|
(nv (v + %) — nv(u))<nw(v + %) ~ ,,w(»)) ]

<l max
To prove this inequality, we put f=,v,w—,7,W. Then we see that f
is a quadratic function of ¢ @ <¢t<v+p/n) with f(»)=0 and f(+p/n)

= 4 v=0,p/ny++,(n=1)p/n
=0, so that
max |f(t)|=‘f(_”iw)\.

te[v,v+p/nl 2

Therefore
WAC)ES max max | f({)]

»=0,p/n;+++,(n=1)p/n tE€[v,v+p/nl

—  max f(v+(v+p/n)>1.

v=0,p/n,y++y(n=1)p/n 2
Since ,,7, ,w and ,v,w are linear functions of t 0 <t <v+p/n), we have
V(v—l—(u—l—ﬁ/n))i
2
=47 |2(,0,WW) + 20, W +p /1) — (VW) + 00 +p /1), W(v)
+. W +p /)|
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=47 2(,v,w Q) + ,0,we +p/1) — (VW) + Y+ D1 /1)) - WD)
+ w0 +p/n)]
=47 (v +p /1) +,00)wl +p /1) —,wb)|.
As an application of Lemma 1, we give
Lemma 2. Let ,7 and ,@W be polygonal extensions of ,v and ,w
respectively, and let as n— oo these polygonal extensions be uniformly
convergent to continuous functions v and w on [0,p] respectively.
Then, we have
lim ,v - ,w(p) =v+w(p) <=r v(p ——s)w(s)ds).

N—00 0
We omit the proof.
Lemma 3. Put
u, ()= CTP/ME+2p/0). - - @+ (k—1)p/n) ((1_ pa)‘"“’“)“‘””‘"”””
n%a,k - _— .
(E—1)! n
Then, ,%,.(t) is uniformly convergent as n—oo to (t*~'/(k—1) e on
[0, pl.

Proof. ,u(@)=(A+pa/n)”*)* is the solution of the difference-

quotient equation
d,u]dv=a,u, ,u(0)=1 Uyv=w=p/n),
which corresponds to the differential equation
dy/dt=ay y(0)=1.
Therefore, by Proposition 6, we see that lim,_ . ,%(t)=e* on [0, p].
Now, we have, by taking v=jp/n,
| e 1) — (L +pa /1) u) | =|{1 — (A —(pa/n)??*'}/ (L —pa/n)*!|

={A+ pa/np)’ " -1} A —|pa/n))?*

S{A +|pa/nf)* ' =1}/ (A —[pa/np™.
Thus we see lim,_... ,%,,({)=1lim,_.. (1 +pa/n). 7)) =e** uniformly on
[0, ], and so the case k=1 is proved. We omit the proof of the
general case.

Proof of Step 1. We have lim,_.. ,f=y uniformly on [0, p] by
Proposition 6, and so, by 4,f/4v=A,f+g, we obtain lim,_ 4,f/4v
=Ay-+z. Hence, by (20), Lemmas 2 and 3, we have lim,_., ,/**(p)
=0. Thus, by (21), we obtain lim,_.., ,/*(®)=lim,_... ,/(0) =y([®).

Proof of Step 2. Since z is continuous on [0, p] and gQ@)==2(@)
v=0,p/n,---,(n—1)p/n,p), we have lim,_.,g=2 uniformly on
[0, p]. Hence, by (17),(19), Lemmas 2 and 3, we obtain lim,_. ,/*
=(8l—A)'%p+ (s —A)x*z.
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