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91. The Space of Distributions Treated as a Ranked Space

By Shizu NAKANISHI
Department of Mathematics, University of Osaka Prefecture
(Communicated by Ko6saku Yo0SIDA, M. J. A., Dec. 12, 1979)

For the space (9), K. Kunugi pointed out in [4] that, if we use the
method of ranked spaces introduced by Kunugi in 1954 [3], (D) can be
treated as a space having a countable base (cf. [6, III, §1]). In this
paper we will show that the same assertion also holds for the space (9)
of distributions. Indeed, the space (9’) can be defined as a ranked
space having a countable base, in such a way that the r-convergence
in the ranked space (9)) coincides with the weak convergence in (9") (cf.
[6, ITI, § 3]). We moreover show that the ranked space (9’) so defined
is a complete ranked vector space satisfying the r-second countability
axiom, and show that the family of 7-Borel sets in the ranked space
(9") coincides with the family of Borel sets in the weak topology of (9)).

For notations and definitions in the distribution theory and the
ranked space theory we refer to [6] and [5], respectively. Inparticular,
we say that the base of a ranked space E is countable if, for each p e F¥
and for each ne N, where N={0,1, 2, - - -}, preneighborhoods of p of
rank n are at most countable infinity; and say that a ranked space
E satisfies the r-second countability axiom if there exists a countable
collection 94/ of preneighborhoods such that, for any r-open set O in
E and any point p € O, there existsa We 9/ such that pe Wc0O. We
call the members of the smallest s-algebra which contains all of the
r-open sets in a ranked space E the r-Borel sets in E.

We first give the definition of the ranked space (9) in a slight
modification of the definition of Kunugi. For le N, by (9, we denote
the vector subspace of (9) consisting of all functions of (9) which
vanish outside the set K()={r=(x, ---,2,) e R": |2, |<I+1 for i=1,
--+,n}. Consider in (9),) the countable system of norms:

“¢“m=sup {Supx |Dp¢(x)| : p=(p19 ) pn)’ pi§m
for ¢=1, ---,n}, (me N).
Corresponding to m € NV and ¢>0, consider the set {¢ € (D) : |||, <e},
denoted by S, m,¢). We define, for each [ € N, the ranked space (9,)
as a ranked space ((9),), ¢/'(¢), <V%,) provided with C{/'(¢) = {4+ S, m, ¢) :
me N, e>0} and VL, ={¢+8(, m,1/2™): ¢ € (D)} ; and define the ranked
space (9) as a ranked space ((9),/(¢),V/,) provided with CJ/(¢)
={¢+801, m,e):1l,me N, e>0} and ¢/, ={¢+S(,m,1/2™):le N, g (D)}
We will denote the preneighborhood ¢+S(, m,1/2™) of rank m of ¢
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by V(g; I, m).

Lemma 1. For some a>0, let MC{¢e(D): |p|ln.1Za}. Then,
for any >0, there exist ¢y, - - -, ¢, € M such that M\ Ji.,{¢,+ S, m, )}
(cf., for example, [1, p. 55]).

Proposition 1. For each ranked space (D,) (e N), there exists o
countable set which is dense in the ranked space (D).

A functional defined on (9) is r-continuous in the ranked space (9)
if and only if it is r-continuous in every ranked space (9, (Ie N);
a functional defined on (9),) is r-continuous in the ranked space (9),) if
and only if it is continuous in the topology of the ordinary sense defined
by the countable system || ||, (m e N) of norms (see [1, p. 19]); and a
linear functional defined on (9) is a distribution if and only if it is »-
continuous in the ranked space (9).

We denote the set {¢e (D)):||$|l.<1} by B.. For a linear func-
tional f defined on (9), we define | f||L,=sup T, if T, is bounded above,
and = 4 oo if T, is unbounded above, where T,={| f(¢)|; ¢ € B.}.

Lemma 2. Let

A:{f € (@,): ”f”:ni<“i f07' i=0’ 1, v ‘9j},
B={fe(@):|fl;,<B; for i=0,1, ---,7'}.
Then, if ADB, j<j and n,<n,< - - - <0y, it holds that m;=n, for i=0,
1, .-, 7.

Lemma 3. Let A and B be as in Lemma 2. If ADB and n,<n,
<---Zmy, then §<77.

Lemma 2 can elementarily be proved, and Lemma 3 is immediate
from Lemma 2.

Corresponding to a system of non-negative integers: m,<m,
<..-<m,, consider the set

{(fe@):\rlk,<1/2! for i=0,1, - - -, 7},
denoted by K(7,{m,}). Then

Lemma 4. K(, {m,)DK(’,{mi}) holds if and only if j<j" and
m,=m;, for i=0,1, .-, 7.

Proof. The “if” part is immediate from the fact that || ||’ = f%
if m'<m. The “only if” part follows from Lemmas 2 and 3.

Let f e (9’). Corresponding to each j € N and each system of non-
negative integers: m,<m,<---<m,, we define a preneighborhood of
f by f+K(@,{my}). A preneighborhood f+K(j,{m,}) is said to be of
rank 7. Denote by CI/(f) the family of all preneighborhoods of f and by
CY, the family of all preneighborhoods of rank j. Then, the space @D»
provided with /(f) (f € (9")) and €/, (j € N) becomes a ranked space.
Moreover, as is easily seen, the base of the ranked space (9)) is counta-
ble. From now on the ranked space (9’) means the ranked space (9")
so defined. We will denote the preneighborhood f+ K(j, {m,}) of rank j
of f by V(f; 7, {m)).
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Proposition2. () The family of preneighborhoods in the ranked
space (9)) satisfies the axioms (B) and (C) of Hausdorff (see [2, p. 213]).

(2) The ranked space (9') is a ranked vector space satisfying the
condition (b) of Proposition 29 in [5].

Lemma 5. Let V(f;7,{m}pDDV(f; 7, {m}PpDV(g; i, {n}) and
7<4'. Then,

1) GAI<d”, and

@) m,=m, for i=0,1, ---,7 and m,=n, for i=0,1, ..., 7.

This can be proved by using Lemmas 2 and 3. Lemmas 4 and 5
play a central role in our methods.

Lemma 6. Let{f,}bea Cauchy sequence in the ranked space (9).
Then, for any ¢ (D), {fi(@)} is a Cauchy sequetice in the complex
number field.

Proof. By the assumption, there exists a canonical fundamental
sequence u={V,=V(g,; k;, {mi})} such that, for every ie N, a j, can be
found with the property that, if =7, then f, € V,. Sincewiscanonical,
1<k, Let ¢(0)e (D). Then, ¢ belongs to some (9,). For each i=>1,
consider the member m} of {m!:t=0,1, ---, k,} and the member m! of
{mi:t=0,1, ---, k;}. Then, by Lemma 5and the fact that« is canonical,
mi=m! holds. Therefore, if we put +=(/x)¢, where /c=|]¢[|m§, then,
¥ i <l¥ llnz=1. On the other hand; for 7, j =7y, ||/ —F |t <1/2%.
Hence, | f(§)—f ()| <k /2%

Theorem 1. Let f,, fe (D) (GF=1,2,---). Then, {f,} r-converges
to f in the ranked space (9’) if and only if {f,} converges weakly to f.

Proof. The “if” part. For each le N, an m,c N can be found
with the property that, for each ie N, there exists a k! such that, if
j=ki, then || f—f,., <1/2¢ (see [1, p. 57]). Then, we can choose {m,}
in such a way that m,<m,,,. For such a {m,}, define the sequence of
preneighborhoods {V,=V(f; %, {m,<---<m,}). Then, the sequence is
fundamental and f, € V, for every j=max (k}, k}, - - -, k%). The “only if”
part is immediate from Lemma 6.

Theorem 2. The ranked space (9)) is complete.

Proof. For a fundamental sequence {V,=V(g,;k,, {mi}}, by
Lemma 6 there exists lim g,(¢) for any ¢e (D). Set g(¢)=Ilim g,(¢).
Then g € (9) (see [1, p. 68]). Moreover ge (V..

Lemma 7. Consider a system of non-negative integers: m,<m,
<..-<m,. Let, for some a>0,

MC{fe(@): | flf<a for i=0,1,---,j}.
Then, there exist f,, - - -, f, € M such that MC\ s, V(fy; 7, {m,+1)).

Proof. Letie{0,1,..-,7}and sete=1/(x-2/**). Then, by Lemma
1 there exist ¢!, - - -, ¢i,€ B, ., such that B, C Ui, {¢i+ S, m,, €)}. We
put t=>1,, and we make correspond to each fe M a point v(f) of ¢-
dimensional complex Euclidean space defined by
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y(f)=(f(¢2)) Sty f(¢(t]o)’ f(¢i)» ) f(¢t1)’ tt 0y f(¢{)’ tt f(¢{j))’

Set H={u(f): f e M}. Then, by the assumption, there exists a finite
covering of H consisting of solid spheres {O,: k=1, --.,p} with
diam (0,)<<1/2/** and such that O,NH=+0. The desired assertion is
true for a system f,e M (k=1, - - -, p) so chosen that v(f;) € O,.

Theorem 3. The ranked space (9)) satisfies the r-second count-
ability axiom.

Proof. Denote a system of non-negative integers: m,<m,<---
<m; by z. Corresponding toa rand a ke N, set K,,={f e (D) : | [,
<k+1 for ¢=0,1,---,7}. For each K, by Lemma 7 there exist
Jas€ K (s=1, .-+, p,) such that K, ,CUi% V(fus; 7, {m+1}). The
desired assertion is true for the countable collection consisting of all
the preneighborhoods so chosen for all pairs z, k.

Denote by B, the family of Borel sets in the weak topology of
(9’) and by B, the family of r-Borel sets in the ranked space (9)).

Lemma 8. FEvery set which is open in the weak topology of (')
18 also r-open in the ranked space (9)).

Proof. Consider a weak neighborhood of fe(9):W(f)=f
+{9e(@D):|g9(g)|<e for t=1, ---,s}. For r=f+ge W(f), consider
any canonical fundamental sequence u={V,=V(r; k;, {m{<---=<mi})
of center ». Take an le N such that (D)o ¢, - - - -¢,, and let 7 be the
smallest integer such that I<k,. Take a j/ such that k,>max(, (2
+1)/a), where 2=max, [ ¢:llns and e=min, (¢—|g(¢)). Then, we have
V,.cW(f).

Lemma 9. Let M={fe(9):|f|L.<a}. Then, Me B,.

Proof. By Proposition 1, there exists a countable set {¢;} which
isldense in B.. For each ke {1,2, .-}, put M,={f e (D):|f($)|<e
for j=1,---,k}. Then, M=, M..

From Lemmas 8 and 9 and Theorem 38, it follows that

Theorem 4. B coincides with B,.
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