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Introduction. Let [y (x)=x*+%°+2* be the defining equation of
the simple singularity of type E,. Let F(x,t) be a versal deformation
of fz(x) with the parameter space S={(t,, t;, ts, ts Lo, t12) ; £, € C}.

F(x, t) =f (@) +t.2°y + t0y + t0° + ty + tx + L.

The purpose of this article is to determine the flat codrdinate
system in the space S. We refer the reader to [1]-[5] for basic notion
and notation. We note also that in [6] the same result as (1.2) is
obtained with different method.

1. Construction of flat codrdinate system. First note that

(Hess (F)—4t,0F [0y) | 6 =122*y + 2ty + (— 4t,t, -+ t2).

(1.1) We determine residue pairs for e,=[0F/dt,-dxA\dy/dz]
€ ¢, 82%,s (see [3], [B]). Set 12<e,, e,>=e(t, 7). The result is as follows.
e(2,12)=e(5,9)=e(6,8) =1, e2,9)=e(5,8)=e(5,6)=0,
e(6,6)=—t,/2, e2, 8)=e(5,5)=1:/6,
e2,6)=—t,/2—13/12, e(2,5)=t,t;/4,

e2,2)=t,t,/6—t3t,/6+13/12—t5/T72.

(1.2) By the method in [5], m, (t)={dt,, dt,)> are determined.

My, ; =7t 7=2,5,6,8,9,12.

My =8, — At — 146, My =9t,—t2t;/2,

My o= — Loty /2— Bt sty /2— 3, /12,  m, =128, + 3t /3—3ti—tit, /61 1,t3/6,
My 3= — Blgty | 2— ik, | 12+ t,t,t, /6,

Mg o= — 10¢,t,/3—2t3t,/3—5t3/3, Mg,y =128, — 413t /84 Tt,13/12,

My o= —A4Atit,/3—13t,t,/3+Tt,t ts/6, Mg, o= — 2851, + Tttt /12— 812/3,
Mg g=6t,t,,— Thet, |2+ At b, — 38224,

Mg o= — Btoty |2 — Thobsts /6 — tibst, |12+ 512/12,

My 1 =065t — 92 /4 — L3t t, /24 — 4L,t3 3+ 5t3t, /12,

Mg o= — 282k, — B,tsts /B — 8t/ B+ 8t,t,t, | 3— 2826+ 4t2t, /3,

Mg 13= — Bbytbis+ Blytals /6 — E2tote /124 Btlt, |12+ it ot /2,

Mg 1o = — Dbytabss — t2b,, — 1362/ 24 + 118t t, /6 — At,t2/3.

(1.83) A flat coordinate system {s;} and a usual coordinate {f;} are
transformed each other by the following rule.

S,=t,, S;=t;5, S;=1t;+13/24, 8;=t,—1,t,/4—5t;/576, s,=t,+13t;/12,
8=ty + 13t/ 24 —t2/ 8 —btit, /288 t,t; /24 — t3/2°3,

t,=8, t;=8;, t;=8,—53/24, t,;=8;+8,8,/4—s;/576, t,=s,—sis,/12,
by =81,— 8185/ 24 -+ 8%/ 8 — sis, /288 — 8,83/ 24.
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(1.4) The relation between {s;} and a flat generator system {y.;}
determined in [2] is given by the following. Those constants are
determined by comparing {(ds,, ds,> and {dy,, dy,).

Yo=—8 Ys= '\/ﬁss/‘l’ Y= _386’ Y= _3887 y9=3\/ﬁss/4,
Y= "9812-

(1.5) Owing to the above identification we can describe the para-
meter space of the deformation in terms of J.S. Frame’s invariants
A,B,C,H,J,K (see [2]).
t,=—A, t,=24/6B/3, t,=—C/3+4%/12, t,=—H+AC/6—A"/48,
t,=2v6J/9—+/ 6 A’B/18,
t,=—K+A'H/36+4C*/36—TAC[4324+-2AB*/9+ A°/864,

A=—s, B=+6s,/4, C=—3s,—s}/8, H=—3s,+3s,5,/4+5:/192,
J=38+65,/4, K=—9s,—3sis,+9s}/8+sis,/32—3s,5%/8.

2. Free deformations derived from F(x,7). We remark some
deformations given by restricting the parameter space.

(2.1) Let D(s,, s;, S5, Ss, S S12) be the defining equation of the dis-
criminant locus of the deformation of type F; normalized as D(0’, s,,)
=8%. We note that D(s) is an irreducible weighted homogeneous poly-
nomial of weight 72.

2.2) Set s;,=s,=0 (or equivalently t,=t,=0). Then we get the
deformation of type F, associated with the folding W(E,) "\ W(F).
D(829 0’ S5 Sss 0’ 812)=g(8)g*(8)2 where

g(8)=(8;,—838,/24 + 8%/ 8 — 838,/ 2°3*)* + 24—7(83 ~+ 8,8,/ 4 — 83/ 2°3%)3,

9*(8)=g(S3y — Sy Sg» —812).

The defining equation of the discriminant of type F, is given by
g(8)g*(s). See [2],[4], [8], [9].

(2.3) Set s,=s,=s;=8,=0. Then the resulting deformation is of
type 1,(12), associated with the folding W(E,) "\ W(I,(12)).

FIz(12)E(x’ )=z'+y'+ szxzy—s§x2/24—s§y/576+sm
D(s,, 0,0,0,0, s,,) =(s3,— 837/ 2193°)°.
(2.4) Three free deformations associated with unitary reflection
groups are known.
No. 5 z*+y3+tat+t,,
No. 8 Y4ty -+t
No. 25 z*+y3+tx*+tx+t,.

(2.5) There are two interesting deformations. One is related to
the folding W(F) N\ WI,(8)). See Fig. below. The other is the de-
formation associated with the unitary reflection group No. 12, and the
discriminant is a (3,4)-cusp.

1,(3) &+ Y+ 8,0y — 8327 [ 24 4 (83— 85/ 5T6)y — sis,,
No. 12 z*+ 9+ s>+ 8y +5%/8.
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Fig. (2.6). Folding W(Fy) N\ W(Ix8)).
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