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52. Calculus on Gaussian White Noise. IV

By Izumi KUBO and Shigeo TAKENAKA
Department of Mathematics, Faculty of Sciences,
Nagoya University

(Communicated by Késaku YosIDA, M. J. A.,, May 12, 1982)

In the previous parts of this series [11], [12], [16], we have given
a foundation of calculus on Gaussian white noise and shown the rela-
tion between our formulation and Hida’s one [1], [2]. In this part,
we will treat two kinds of infinite dimensional Laplacians 4, and 4,
related to Gaussian white noise. In the following, we will use the
same notations and definitions as in § 5 of Part II.

§12. Laplacians 4, and 4,. We have defined operators d,, t e T,
in Part II. By Theorem 6.1, we can see that an operator

2.1 AVEI (12,2,
T
is well defined and continuous on 4 and that its dual is given by
(12.2) f= f du(t)aror.
T

We call the operator 4, Volterra’s Laplacian. By (6.1) in Part II, the
operator 4,=84,8"" on & is expressed in the form
5 0 0
12.3 4,U =J a0 _ye.
(12.3) yU(&) . D()as(t) 0 63
Lévy [17] introduced another Laplacian for functionals of a special
type as follows,

(12.4) A{ j FErd) + j T v)e(u)ew)duw)dv(v)}
=2 L F.(w)du(w).

Motivated by this, Hida has introduced a Lapalacian for generalized
Brownian functionals. We will give an extension of his definition.

Lemma 12.1. Let V(&) be in F*, then there exists an element

VmE; t, - -, t,) € £, such that
V(")(é? STyt 77”)=<V(n)($; ‘), 771® . ®7/n>° .

Take n=2 as a special case. Then V®(;t,s) is in £*®.  Sup-
pose that the generalized function V®(¢; ) is a signed measure on T*
for fixed &. Then we can restrict the measure onto the diagonal set
D={(t,s) e T*; t=s}. We define Lévy’s Laplacian 4,V as the mass of
D with respect to the signed measure denoted by

12.5) JLV(s)EL VO t, )dvi(t, ).
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For a ¥ in 9(*, 4,7 is defined by
(12.6) 4, =814,87,
if 4,(S¥) is well defined and it belongs to F*. Denote the domain of
4, by 9(4;). The following theorem is obtained by Theorem 6.2 and
Remark 4.6.

Theorem 12.2. (i) 4, is a continuous operator on Y satisfying

| 450l gr o0 <V @E)1(|8[109* (L — 0*)** 2 || 0| gy o405
(i) 4% is a one-to-one continuous operator on I* satisfying
SO =ESTE)  for ¥ e I*,

(i) of (D<o and if Vv is in (LH)=9(", then A%y is in D(d,)

and satisfies

Zy%T) 4,050 =4 and App=0.
By the theorem, we can define a one-parameter group of operators
2.7 exp [c4,]=3" T 4.
k=0 J!

Actually we have
(12.8) ||exp [TAV]SDHJ{(W gZ(l—-pz") ll¢l[j{(p+q)
for sufficiently large q as 2(1+2|7|||5|»)p*<1.
Theorem 12.3. (i) {expl[c4,]; e R} is a one-parameter group
of continuous operators on 4,
(ii) for ¢ € 9, exp [z4,]p is analytic in c € R.
Proposition 12.4. We have the following formulae ;
(i) 4y exp Kz, p]=|l9l} exp [z, p],
exp [z4,] exp [{w, py]=exp [{x, n) + |I7]i],
(i) 4H, (@) gl =nn—1) | RH. (e, 1 ; 71D,
exp [c4,1H,({z, ) ; 17D = H.({x, p) ; 1 —27) [|7]}),
(i) 4dy{x, pr=nn—1)<{z,pH"?
exp [c4, 1z, py*=H,({z, ) ; —27 I3[,
(v) exp [—4,/21(z, py"=H, (2,7 ; lInli)-
Theorem 12.5. (i) Let o bein H. Then (Sp)(§) can be extended
to a continuous functional (Sp)(x) on H*, which satisfies
exp [4,/2]p(x) =(Sp)(x),
and hence o(x) has a continuous version S (exp [—4,/2]p)(x).
(ii) Let U bein F. Then the continuous extension U(x) of U on
E* belongs to I and satisfies
(exp [—4,/21Ux)- =: U@)- : and S(exp [—4,/210)E)=U(®.
Remark 12.6. By the theorem, we can think of that 4 is a
family of continuous functionals on &*. In this sense, & coincides
with the set of all restrictions of elements of 4 to £&. We have that
for ¢(x) € 4,
(12.9) @) |e=05/0t@t)ple) and (4dyp)|e=4d(0le),
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(12.10) | (x4 28,) — () — 20,0(x) | = 0(2).
Corollary 12.7. Put o(x)=A*(f)1 for f, € E¥". Then we have

@ ry=5 (4 ) and e@=3 L (=) @t r.

§ 13. Expressions of 4, by coordinates. Let {¢,} be a c.0.n.s. of
E,=L¥T,v). Then for{ecé&,

13.1) e=$ o L,

converges in E, and hence also in £*. Since U(¢) € & can be extended
to a continuous functional on £* as seen in § 7, we can define a func-
tion U, ---,¢&% .- )=UE®) for (&, --,&%, .--) with §=3] 8, e&*.
By Theorem 3.3, U®(¢; ¢, ¢,) can be extended to a continuous linear
functional on £*®2, Then we get

b} 0
13.2 @ [ U - S
( ) U (E Ci?Cj) Py ) jU(éE ,S, ,5’ )

Theorem 13.1. For U(¢) € F and for any c.o.n.s. of E,, it holds
that for §=3 £¥¢,

A,U@E) = z USE; G 0

We now suppose the following assumption :

(S) There exists a c.o.n.s. {¢,} of E, which is also a c.0.g.s. of
E, for every p.

Then a sequence of projections I7,, N>1, is defined by

N

(13.3) szx':kZ::l <y 8l
for x € &*, since {¢,} is included in &£.

Remark 13.2. For f, in E®", [1§"f, is in E¢" and converges to
S in E'f?" as N—oo.

Theorem 13.3. Assume Assumption (S). Then for o(x) € X and
>0, the following hold ;

(1) oUIyx)—p(x) in j[ and pointwisely for x € £*,

. _ 0 X ) _ <y
() dp@=lim> 0 P o3 x0),  fore=3; X,
(iii) exp [z4,/2]p(x)

=lim (an)'”/z'[ exp [
RN

N-—oo

2c 5 - ")Z]SO<§1 AL

The corresponding assertions are true for the space F.
Now let us introduce a class of entire functions for m >0 by

(13.11) Jl,’,iez{h(z)=zwj a,2"; a,’s are reals and lim (n!)"|a, [2=0}.
n=0 -0

Theorem 13.4. Suppose that f,e&", h(z) e AZ and o(x) is
either (x®, f,> or A*(f)1. Then we have
(i) HRp(x)) belongs to Y,
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(i1)  dyh(p()) =1 (p()) dye(@) + 1" (o(2)) L dv()(@.9)’,

(i) exp [— 4, /228", £,0)~2>h((EE", £.)).
Example 13.5. For ke JF and >0, we obtain
exp [zd, /21 x, 7))
—(@re 719 [ 1e) exp |5 (G py — 2 | d.
2z ||yls

Example 13.6. The function exp [2] does not belong to _AF, but
we can have the following. For f,e&®, we can find a c.o.n.s. {ne}
such that f,=3 0@, 2 0e|<oo. If |2] is so small as
(13.12) A1+l [D |1.f: 182 <1,
then for £ e &,
(13.13)  exp [cd, /2] exp [—x®, 1> /24 <=, O]

=TT Atep)texp |32 {— Bt mdt+ ot ©
+ 2 0]
holds in 4(*.
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