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33. Wave Forms on O(1, g+1) and associated
Dirichlet Series

By Koichi TAKASE
Department of Mathematics, Tokyo Institute of Technology

(Communicated by Kunihiko KODAIRA, M. J. A., March 12, 1986)

§1. Wave forms. We study wave forms on O, ¢+1) and their
Dirichlet series of two types. Details are described in [5].
Let S; e M(q, Q) be a symmetric positive definite matrix of size q>0,

1
and put S =( So )Which is a symmetric matrix of signature (1, ¢41).
1

Let G be the reductive algebraic group over @ whose Q-rational points~are
Go={9 € GL(¢+2, Q)|'9S9 =v(9)S for »(9) e @*}. Each element ge G is
ab c\}1
denoted by g= (d e j)}q The semi-simple part of G is G = {ge G [v(g)=1}.
htij/il

abec
Put Pz{(O e f) € G} which is a minimal parabolic subgroup of G defined
007

over @, and P has the decomposition P=NAM where

1bec a00 100
Nz{(O 1f)eG}, A:{(o 1 O)GG}, M={(O e O)eG .
001 007 001

We have an isomorphism #» : Q“-">N, over @ which is given by

1 —f2Sxe —@1/2)xSx
n(m):(O 1 x )

0 0 1
Let G, be the algebraic group over @ whose Q-rational points are GO,Q
={e € GL(q, Q)[ eS,e=yv(e)S, for v(e) € Q%, det (¢) =v(e)** if q is even}. The
adelization of G (resp. G, P, etc.) over @ is denoted by G (resp. G4, P
ete.).
Let L, be a Z-lattice in Q* which is maximal integral with respect to

xr

S,, and put L= {( Y
z

Q"** which is maximal integral with respect to S. Put K,={g e G,|g(L,)
=L,} for each primes p of @ with L,=L®, Z,, and put

Chref ]

Then K= 11 IZ'p is a compact subgroup of G,. Put ﬁpz{e € G’o,p | e(Ly,,) =L, ,}

pSe

A

)eQ‘”Z]er, y € L,, zeZ}. Then L is a Z-lattice in
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for each primes p of Q with L, ,=L,®,Z,, and U =11 ﬁp is an open com-
p<oo

pact subgroup of the finite part C?o, ; of @M. We put K =KNG,.

Take a continuous unitary character o of the idéle class group Q/Q%,
and a complex number p. A wave form of type (o, p) is a continuous
C-valued function @ on G, satisfying the following four conditions; 1)
D(xrgk)=w(x)D(g) for all xeQ}, 7 e (~?9, keK, 2) @ is real analytic with
respect to the infinite part of G,, 3) DO ={p*—(q/2)*}®¢ where D=2(q—1)*
the Casimir element for Lie (G..)®,C, 4) slowly increasing. We denote
by A(o, p) the C-vector space of the wave forms of type (o, p), which is
finite dimensional. Each @ € A(w, p) has the Fourier expansion

Du(r)g)= 3, D.(9)ACuS)

where / is the continuous unitary character of Q,/Q such that A4.(x)
=exp (—2xv —1z). For each 0#u e Q% we have 0,(9)=C,(D, g,)W, .(9..)
where g, (resp. g..) is the finite part (resp. infinite part) of g e G, and W,.
is a real analytic function on G., such that

Y 1 1/2 1 12 ya/2
W, 1 =K, (471' (—‘uSm) y) {4n<—‘usou) y} 0<yeR)
g 2 2

with the modified Bessel function K,(x) (see [3] p. 66). By virtue of the
Iwasawa decomposition of G.., the function W, is uniquely determined.
We denote by S(w, p) ={0 € A(w, p)|P(9)=0 for all ge@A} the C-vector
space of the cuspidal wave forms. We notice that A(w, p)#0 only if
o=| |3 with the absolute value| |, of the idéles and a purely imaginary
complex number o.

§2. Mellin transformation. For a wave form @ e A(w, p) and a C-
valued continuous function ¢ on G, o\G, ,/U,, we put

Z(s; @, )=20m"1.T"  (s)

v(e) 1 —1/2)s
X > >.C,.| 9, e d(e)|v(e) |- (-%Sou)
0£uUEQT e 1 2
where I, (8)=Q@2x) *I'((1/2)(s+q/24+p) (1 /2)(s+q/2—p)) is a~proc~1uct gf
I’-functions, > is the summation over the representatives of G,o\G,, /U,

which is a finite set, and | |, is the finite part of | |,. Then Z(s; @, ¢) is a
Dirichlet series which converges absolutely for Re(s)»0. By means of
the Mellin transformation of @, we have

Theorem 1. Z(s; @, §) has a meromorphic continuation to the whole
s-plane with a functional equation Z(s; @, ¢)=Z(—s; é, $) where é(g)
=0(Po@(@)") and J(e)=4((e) e). Moreover Z(s; @, $) is holomorphic
except for the possible poles at s=+q/2+p of order at most 1 if p++0
@ if p=0). Z(s; D, ¢) is entire if D is cuspidal.

Remark 1. When ¢ is the characteristic function of GooU, in G,, i
Theorem 1 gives the meromorphic continuation and the functional equa-
tion of the Dirichlet series



114 K. TAKASE [Vol. 62(A),

2. C.(9, 1)(_;_zusou>-<1/2)s

0~u€eQe

which is treated by Maass [2].
§3. Rankin-Selberg method. Throughout this section, we suppose

that S,= (‘g‘/’ g{,},)% ;,In— m (0<m<q) and that the Z-lattice L,has an orthogonal

1
splitting L,=L;®L{ (LicQ™ LycCQ* ™). Put S’=( So ) and define the
1

algebraic groups G/, P/, N’, A’, and M’ with respect to S’ as in §1. The
algebraic group G’ is identified with an algebraic subgroup of G via the

mapping b0 o\l
a b e\}l a ¢
de0 fl}m
(;f‘?f.)ﬁm'“’ 0010]lg—m"
v Rio j/i1

The compact subgroup K’ of G is defined as in §1 by the Z-lattice Lg.
Take and fix a C-valued continuos function ¢ on MzA,N,\G,/K’.

a b c
We put d(g, s)=a]; for se C and g=(0 e f)k e G4y=P,K' with ke K'.
00 J
Then the Eisenstein series associated with ¢ and the pair (G, P’) is defined
by

E@$; s, 9= 2. ¢(T9)07g,s+m/2)

rePg\ 6y
which converges absolutely for Re (s)>m/2 and all g € G,. It has a mero-
morphic continuation to the whole s-plane with a functional equation (see
Arthur [1]).
For a wave form @ € A(w, p), we put for each 0£ue Q™™
Coos@=3 C oy (@, W)(1)
where > is the summation over the representatives of MyA N/ \G4/ K’

h
which is a finite set. Then we have
Theorem 2. For any cuspidal wave form @ € S(w, p) we have the fol-
lowing Rankin-Selberg type identity

I L V(PE(; s—m /2, g)ydg
GQ\GA

=20 ()X D CM((Zi)(_l_tusz'uy(1/2)s (Re(s)>0).
0£ucQi—m 2
When ¢l is the characteristic function of Mg(M;NK’) in M}, Theo-
rem 2 gives
Corollary 1. For any cuspidal wave form @ € S(w, p), the Dirichlet
series

Coy@ (Frusin) " ®e@>0)

0=ueQI—m

18 meromorphic on C.
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If m=1, the Eisenstein series F(1; s, g) has a simple functional equa-
tion, and we have
Corollary 2. Suppose m=1. Then for each cuspidal wave form
O e S(w, 0>
~ —(1/2)s
X6 0)=2@9- T ©%, = Coy@D(tusin) " (Re®>0)

#u€QI—1
1s meromorphic on C with a functional equation
Z(1—s, ®)=vol (R/LY)v/'S;]2 Z(s, D),
where Z(s)=n"""I"(s]2)¢(s).
Remark 2. If m=q—1 and a wave form @ € S(w, p) is Hecke eigen,
then the Dirichlet series
Z Cu,,,(@)(_;_‘us(’,’u) (1/2)s

0£ucQ

corresponds to the standard L-function associated with @ in the sense of
Langlands (see Sugano [4, § 3]).

Remark 3. The wave forms on O, 2) (resp. O, 3)) correspond to
automorphic forms on GL (2) over @ (resp. an imaginary quadratic field F)
via the isogeny mapping SO (1, 2)~SL (2, R) (resp. SO (1, 8)r~SL (2, C)).
Then the Dirichlet series defined in §1 corresponds to the standard L-
function 0<ZéZC( f, n)n=° (resp. Zc}) C(f, ®)N(a)~*) associated with the auto-

morphic form f on GL(2) over Q (resp. F). In the case of O, 3), the
Dirichlet series defined in § 2 corresponds to the Dirichlet series

ZZC(f, nOg)n~"°.

o<ne
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