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73. On Matukuma’s Equation and Related Topics

By Wei-Ming N*) and Shoji YOTSUTANI**)

(Communicated by KSsaku YOSIDA, M. g. A., Sept. 12, 1986)

1o Introduction. In 1930, Matukuma, an astrophysicist, proposed
the following mathematical model to describe the dynamics of a globular
cluster of stars,
(M) zu+ (1 +Ix 1)-u 0, x e R,
where pl, u represents the gravitational potential (therefore u0),

represents the density and pdx repre-

serifs the total mass (for details, see [1]). Since the globular cluster has
the radial symmetry, positive radial entire solutions of (M) (i.e. solutions
of (M) with u(x)=u([xl)O for all x e R) are of particular interest, and the
equation (M) reduces to an ordinary differential equation
(M.) u+(2/r)u+(l+r)-u=O (r)O), u(0)=c, u(0)=0,
where a0. For each a0, we denote the global unique solution of (M.)
by u=u(r; ). Studying the structure o solutions of (M.), Matukuma
conjectured"

( i ) if p3, then u(r; a) has a finite zero for every
(ii) if p----3, then u(r; a) is a positive entire solution with finite total

mass or every a0,
(iii) if p3, then u(r; a) is a positive entire solution with infinite total

mass or every a0.
In 1938, Matukuma ound an interesting exact svlution ([2])

(S) u(r ff)= {3/ (l + r))/ (p =3),
Which confirms part o his conjecture.

It turns out that the equation (M) is more delicate than Matukuma
had expected. In answer to his conjecture, we prove that

(i) if 1p5, then u(r; ) has a finite zero or every sufficiently
large a0,

(ii) if 1p5, then u(r; ) is a positive entire solution with infinite
total mass for every sufficiently small a0,

(iii) i p_5, then u(r; ) is a positive entire solution with infinite total
mass or every a0.

The conclusions above ollow rom our more general results stated in
Section 2 below. (Set K(r)=l/(l+r), n=3, and =0 in Theorem 4,/=--2
and C=1 in Theorem 3, and a=0 in Theorem 5.) It is rather interesting
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to note that not only the exponent p but also the initial value has vital
influence on the behavior of the solution u(r ).

2. Main results. Consider the initial value problem
(P) u+((n-1)/r)u+K(r)(u/)-O (r>O), u(0)=0,
where n__> 3, and u/ -max {u, 0}. (Note that we have replaced the nonlinear
term u in (M,) by (u/), since we are interested in positive solutions only.)
For simplicity, K(r)will always be assumed to be nonnegative and be con-
tinuously differentiable in (0, o). Some additional hypotheses on K(r) are
collected in the ollowing which will be assumed under various circum-
stances (but not simultaneously) in this section.
(H1) K(r)=O(rO at r=0,
(H2) lim inf {r-K(r)}0, limr {r(r-K(r))}=O,
(H3) K(r)=Cr+o(r) at r=o, lim {r(r-K(r))}--O,
(H4) K(r) Cr + o(r) at r 0,
(H5) (rK(r))r

_
0 on R/,

where a, and C are constants satisfying
a-2, 1_-2, C0.

Remark. Suppose that (H1) holds. Then (P) possesses a unique
solution (r; c0 e C([0, c)) C((0, c)). Moreover, we have

( ) i a--l, then u e C’([0, az)) C((0, c)) and u(O)=O.
(ii) if K e C([0, c)), then u e C([0, c)) and u(0)=0.
Hereafter we denote the global unique solution of (P) by u(r; ). For

the existence o pasitive entire solutions, we have the following two theo-
rems.

Theorem 1. Suppose that (H1) holds with a=0, K(r)--O(r -2) at r= c
and pl. Then there exists o such that for every a e (0, a0], u(r;a) is
positive on R/ and lim u(r a)=0.

Theorem 2. Suppose that (H1), (H2) and p) (n+2+2/)/(n-- 2) hold.
Then there exists o such that for every a e (0, a0], u(r ) is positive on R/
and limr (r a)=0.

Concerning the (corresponding) total mass of the solutions that
guaranteed by Theorem 2, we have

Theorem 3. Suppose that (H1), (H3)and p(n+2+21)/(n-2)hold.
Then there exists o0 such that for every a e (0, a0], u(r a)is positive on

R/, limr (r a)=0, and I- K(r)u(r)Prn-ldr= c.
For the behavior o solutions o (P) with large initial data or with

large exponent, we have
Theorem 4. Suppose that (H1), (H4) and p (n+2+2a)/(n-- 2) hold.

Then there exists 10 such that for every _, u(r; a) has a finite zero
on R/.

Theorem . Suppose that (HI), (H5) and p >_ (n+ 2+2) / (n-- 2) hold.
Then for every a>0, u(r; a) is positive on R/. Moreover if (r-K(r)LO
on R/ or p>(n+2+2)/(n--2), then{ K(r)u(r)’r-dr= c.
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The equation (P,) has been studied extensively in recent years, see,
for instance, [3]-[10]. The case K decays faster than O(r-) at r=o is
solved in [3], and is improved slightly by [8]-[9] later. All the methods
developed in previous papers do not seem to apply to the case where K
decays slower than or equal to O(r-) at r-- c and p< (n+ 2) / (n- 2). Our
results cover most of the cases left open by previous works. We should
also remark that all the exponents appeared in Theorems 1-5 are sharp.
This may be seen by constructing suitable examples.

All the proofs of the results stated in this section as well as their ex-
tensions and other related results will appear in [11].

3. Concluding remarks. We have given partial answers to the
Matukuma’s conjecture in 1. Concerning the structure of the solutions
of (M.) with l<p<5, our analysis is still incomplete and we suspect that
the following conjecture holds’for every l<p<5, there exists a unique

>0 such that
) if aa, then u(r; a) has a finite zero,

(ii) i a=a, then u(r; ) is a psitive entire solution with finite total
mass,

(iii) if 0a, then u(r a) is a positive entire solution with infinite
total mass.
In other words, we conjecture that or lp5 there is a unique positive
entire solution o (M) with finite total mass.

Finally we remark that the equation (P), with K(r)_l, is known as
the Lane-Emden equation and u corresponds to the density of a single
star (see [12]). The structure of this equation is simpler than that o
Matukuma’s equation due to the homogeneity of the nonlinearity. At the
critical exponent p=(n+2)/(n--2), (P) arises in the problem o finding

conformal Riemannian metrics with prescribed scalar curvatures. In this
context, the exact solution (S)has also been known or quite some time
which represents the usual metric on the standard unit sphere.
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