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1. This note is concerned with a new method of estimating multiple
Laplace transforms of convex functions of the form
(1 ) L v 'L exp (_Z:)Ll ztgi)f(Z::L:l ei)d& © dfn,

where 1,>0 for i=1, ---, n and f(&) is a nonnegative convex function on
(0, o0).

This problem arose from estimating the iteration of resolvents of the
infinitesimal generator A of an analytic (Cy)-semigroup I={T(t): t=0} on
a Banach space X. Consider the operators

(2) A, i d—hA)
for h,>0,i=1, ..., nand n=1, 2, - . ., where we assume that || T'(t)| < Me~*
for t=0 and some M>=1 and ©>0; 6e(0,1); Ay;=—(—A)’; and (—A4)° is
the fractional power of —A. By means of the relation
(I—h,A)w=h"! j” e emT@eds,  zeX,
0
Ay [[2y I—h,A) 'z is written as

(Tt k) [+ exD (= Tt h80AT (T ) - - d
Since || 4,T(8)|| is dominated pointwise by the convex function f(§)=c,&’
on (0, ), ¢, being a positive constant depending only upon 6, the norm of
the operator (2) is bounded above by the following type of multiple integral :
(8)  (Mtah) [+ [ exp (= Thos P60 S (s 8081 - ko

Our objective here is to describe a new method for estimating the
above multiple integrals and show that they are bounded by the value of
the integral
(4) (=110 [ gnigem ),

0
provided that n=m, h=m=' > 7., h, and h,<h for i=1, - .-, n.

Let m be any positive integer. Let m—1<a<m and consider the

function f(§)=c,&* on (0, ), where ¢, is a positive constant. Then

r gn-tg=&/m r(&)dg < oo and the integral (4) with this singular convex funec-
0
tion is evaluated as (m—1)!-'e,l'(m —a)h*, where I'(s) denotes the gamma
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function. It turns out that given analytic semigroup 4={T(f)} as men-
tioned above there is C, such that

(5) A" A, [T I —=hA) S Cu(Zot-1 he) ™
for 0=a—(m—1) and h,, j=1, ---,n, with 0<h,<m ' > 7%, h;. In case
hy=---=h,>0, it is not difficult to derive the estimate (5). See [1] and

[2]. However estimates of the form (5) have not been known yet and the
application of the estimate (5) yields a new characterization of the infini-
tesimal generator of an analytic semigroup which involves the characteri-
zation due to Crandall, Pazy and Tartar [1, Theorem 1]. See Theorem 3
below. Moreover, it should be mentioned that the estimation (5) is particu-
larly applied to relatively continuous perturbations of analytic semigroups.

2. Let f be a nonnegative convex function on (0, o) and consider the
multiple integral (3). Since f is continuous on (0, o), the integrals under
consideration can be taken in the sense of Lebesgue. In what follows, we
fix any t>0. Let 2,>0, ¢=1, ---,n, and > 7., h,=t. Using the change of
variables s,=h;%,, i=1, - - -, n, we can rewrite (3) as

(6) [ [ exp (— T 807 (St husds, s, =T (s, R,
Let m, n be positive integers with m <n and define
D,@)y={J(hy, - -+, hy): 23 hy=t, h; € (0, 0), i=1, - .-, n},
¢n,m(t)={J(h1y ) hn) : Z?ﬂ hi=t9 hq € (0, t/’l‘)?,), i=1, .-, 7’&}
Then the main results are summarized in the following form.

Theorem 1. Let m<n. Then we have:

(i) min@,@)=J(/n, ---,t/n) and sup @, .&)=J(E/m, - - -, t/m).
Therefore J(t/n, - - -, t/n)<I(hyy - -+, h)SJ(E/m, - - -, t[/m) for h,e(0,t/m),
i1=1, .- -, n such that > 7., h,=t.

(ii) The multiple integral J(t/m, - - -, t/m) can be written as the single

integral (4) with h=t/m. Accordingly, if r gr-te ¥ f(&)de<oo for 1>0,
0

then (J(t/n, -- -, t/n))y_. forms a strictly monotone decreasing sequence.
Proof. First we observe that J(h,, - - -, h,) defines a (possibly extended

real-valued) functional on the positive cone (0, oo)" of R*. Since f is convex

on (0, ), we see that J is convex on (0, co)*. Further, it follows from

Fubini’s theorem that J(h,, - - -, k,) is invariant under permutation of ele-
ments h,, ---, h,. Hence we have
(7) J(hl, hz’ ) hn)zJ(hZ, ct hm hl)—_‘ e :::J(hn7 hI’ tt Ty h‘n—l)'

Let h,>0, i=1,---,n and > 7., h,=t. Then, using (7) and the convexity
of J on (0, c0)", we obtain
J(h'ly Sty hn)z%‘](hly ) h‘n)+%J(h‘2y Sty hm hl) +-- +‘:‘I-7;J(h'm h19 ) hn—-l)

gJ(—l—(hu tt hn)+'l‘(hz’ tt Sty hm h1)+ cre +l(hm hla ) hn-—l))
: n n n

=J(t/n: ) t/n)'
This proves the first assertion of (i). To prove the second assertion of
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(i) we congider a polygon P, , in R" defined by
P, .={y -, h):0Zh,Zt/m fori=1, ---,n and > 7., h,=t}.
The vertices of P, , are n-dimensional vectors v such that m elements of v
are equal to t/m and the other elements of v are 0. Hence there are ,C,
vertices, say vy, -+, ,, v=,C,. Let 0<h,<t/m and > 7., h,=t. Then
(hy -+, h,) e P, , and it is a convex combination of the vertices v, -- -, v,,
namely
(hyy -y h) =200 Ve 620, Do =1,
Further, a simple computation shows that J(v,)=J({/m, ---,t/m) for
k=1, .-.,v. Hence we apply the convexity of J to get
J(hv ] hn)=J(Z;=1 /«%%)§Z7c=1 ﬂkJ(vk)=J(t/m» ) t/m)
From this the desired assertion follows. Assertion (i) states that if J(t/m,

-++, t/m)<oco then the sequence (J(¢/n, - - -, t/n));_,, makes sense and is
strictly monotone decreasing. Hence (ii) follows from Lemma 2 below.
q.e.d.

Lemma 2. Let f be a nonnegative continuous function on (0, o). Let

21>0, m a positive integer, and assume that r gn-lem ¥ f(&)dé<<oco. Then
0

we have
(8) f:...I:exp(_zzﬁlgi)f(zﬁlgi)dsl‘“dgm
=(m—1)!- I:’ En-tg=1¢ P(E)dE
Proof. We employ the change of variables 5 =&, p=&+&, - -, 9

=&+ .- +§&, to transform the left-hand side of (8) to
[ XD (— 7. f () - - - .
0<n1<ne < 2o <ym

The application of Fubini’s theorem now implies that this integral can be
written as the iterated integral

i 7m 3 72
[ exp(—amsadn. [ [ 7 dne

which is nothing but the right-hand side of (8). q.e.d.

3. We here apply Theorem 1 to derive some characteristic properties
of the infinitesimal generator of an analytic semigroup. Let A be the
infinitesimal generator of a (Cy)-semigroup < on X such that |T(¢)||<Me
for t=0 and some M >1 and v=0.

Theorem 3. (a) If 9 is analytic, then for every a>0 there is a con-
stant C,>0 such that (5) holds for n=m=I[al+1, 6=a—[al and h,, ---, h,
with 0<h,<m™ >, hy, 7=1, - -+, n.

(b) Conversely, suppose that there exists a sequence of partitions

A,={0=8<t7< - . <t&(,,=7,}, p=1, 2, - - -, satisfying

lim,_., r,=7,>0, lim, .. max, oy 7 —1t7_)=0,
and that (5) holds for a=1, n=N(p), h,=t?—t?_,, i=1, ..., N(p), and
p=1,2,-.-. Then T is an analytic semigroup.

Proof. Since assertion (a) was already observed, it remains to prove
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(b). Let te(0,7,). Then there is a sequence (¢%.,) converging to ¢ and
lim,.. [[i® I—h?A)'e=T()x for x € X. If x e D(A), then
1A TT9 A —124) | = [Ti% ( —h2A) " Az | < C,(tgn) 1 2.
Therefore, using the fact that A is closed, we have ||AT(®)x|=| T(¢)Ax|
<Cit ' x| for x e D(A). This shows (see [2, p. 62]) that & is analytic.
q.e.d.
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