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We extend the Garrett’s result [3] on triple products to different weight
case. Details are described in [5]. Let n be a positive integer and I',=
Sp(n, Z). We denote by H, the Siegel upper half space of degree n. Let
S.(I") be the space of cuspforms of weight & and of degree one. We write
Fourier expansion of fe S,(I") as f(&)=> v, an, e, If feS,I) is
a normalized Hecke eigenform and p is a prime, we define semi-simple
M, (f) e GL(2, C) (up to conjugate class) by det(1—tM,(f)=1—a(p, NHt+
p*~'t*.,  For normalized Hecke eigenforms f, g and %, define ‘triple L-
function’ L(s; f, 9, h) by

L(s; f, 9, =[] det(1—p*M,(NHOM(9)QM ,(h))".

p:prime
For Siegel modular forms f;, - - -, f, and a field K, we denote by K(f,, - - -, fi)
the field generated by all the Fourier coefficients of f,, - .-, /. over K. If
f and ¢ are C~-modular forms (of degree one), we put

Sy o= Fatinglariy-dedy

provided that it converges absolutely. For even integers >0, k>4 and
fe8.,,(I')), we denote by [f], the Klingen type Eisenstein series attached
to f and of type det*®Sym’ St, which is a Siegel modular form of degree
two. (Precise definition is given later.)

Theorem A. Let k, 1 and m be even integers satisfying k>l>m and
l+m—k>4. Let feS(I), geS(Iy) and he S,(I") be normalized Hecke
etgenforms. Put

Is; fr9, =TT s —k+ DI (s—1+ DI (s—m+DL(s; f, g, h)
where I'((s)=22z)°I'(s). Then L(s; f, g, h) meromorphically extends to
the whole s-plane and satisfies the functional equation

L(s; f, 9, = —Lk+14+m—2—s; f, 9, h).
Moreover, we have
(1) o LA+m—2; f, g, B[Sy 19, 9):<hy )
€ QUSee-roms S5 9, 1)
and, if L{k+1+m)/2—1; f, 9, h) is finite,

L(*HIE™ 1 1, 0,n)=o0.

Corollary. Let fe S,(I")) be anormalized Hecke eigenform and Ls, f)
its third L-function. Put
Ly(s, =T (s—k+1)Lys, f).
Then L(s, 1) satisfies the functional equation
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Ls, f)=—L,B8k—2—s, ).
Especially we have Ly((8k/2)—1, f)=0.

This functional equation coincides with the conjecture of Serre [6].
It is interesting that L(s; f, ¢, k) and Ly(s, f) always vanish at the center.
Concerning special values at other points, we have the following result.

Theorem B. Let f, g and h be normalized Hecke eigenforms of
wetght k. For an integer j with 0<j<(k/2)—2, we have

B YL@k —2—75 f, 9, B[S, 129, i<k b)) € QS 9, h).

We sketch the proof of Theorem A. The key idea different from
Garret [3] is the use of vector valued Klingen type Eisenstein series of
degree two in stead of Siegel’s Eisenstein series of degree three. The
corollary immediately follows from the relation of L,(s, f) and L(s; f, f, /).

Let St be the standard representation of GL(2, C). Let ¢>4 and >0
be even integers. Werealize representation det?@Sym” St on C”** as follows :

@etrgsym sy (¢ 0))(7) =@a—vor((2 2)(7)),

Where(g) =", "'y, - -+, ¥"). For an integer j with 0<<j<r, we put v,

=40,.-.,0,1,0,.--,0) where 1 lies in the (+1)-th column. This is com-
patible to the definition of v, in Arakawa [1, (0.2)]. We use {v,|0<j<r}

as a base of the representation space ¢’**. Set (¢ b *=a‘ We define [, ,
c d g

as the subgroup of ', consisting the elements whose entries in the first three
columns and the last row are zero. For seC and fe S, (I"), we define
(vector valued non-holomorphic) Klingen type Eisenstein series attached
to f by

14z 9=, 3 defg;;gif» ) 72y et @Sym SHUWM, 2) o,

where M{Z)=(AZ+B)(CZ+D)"* and J(M, Z)=CZ + D for M=<61 g> el

and Ze H,. Weput [f1.(Z2)=[f1(Z,0). By a method similar to Arakawa
[1, Proposition 1.2], we see that [ f1.(Z, s) converges absolutely if Re (¢-+2s)
>4. Using a suitable differential operator, we generalize the result of
Bocherer [2] as follows :

Proposition. Let q, v and f be as above. Put
Fa(s + ot >F(s)[’(2s-— 1)

ra(s)(s+"2ﬁ—1)

K(S, f)= po 92

L,(2s—2+q+7, f)

and

E(Z,5, =[] (s~ DK(s+(a/2), N1Z, 9)

where I'(8)=[[3-01(s—(j/2)) and Ls, f) is the second L-function of f.
Then, [f1.(Z, s) meromorphically extends to the whole s-plane and satisfies
the functional equation
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E(Z,s, )=E(Z,2—q—s, f).
Let r=2k—1l—m. Let F,,_(z w,s, f) be the v,_,-component of the

[f1, ((g £>, s). After some computations, we have

(2) <<Fr,k—l(zy w, s, f)’ g(z)>w h(w)>m=2(47r)2_s_l—m
% I'(s+l4+m—2I'(s+1-DI(s+m—1) L(s+l+m—2;f,9,h) _
I'2s4+1l4+m—2) L,(2s4+14+m—2, 1)
Combining (2) with Proposition, we obtain Theorem A.

Remark. The form of (2) at s=0 gives affirmative support to the con-
jecture in [4, §4]. When r=0 or 2, it holds Q([f1,)=Q(f) (we use [4,
Corollary 2.3] for r=2) and the value (1) is effectively computable.
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