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1. Introduction. Let S=.°U,M,{1}; P) be a completely 0-simple
combinatorial semigroup where {1} is the trivial group and P=(p,,) is an
M x I-matrix over {0, 1} (see [1],[2]). Let P(S) be the globali.e. the power
semigroup of S. As proved in [3], P(S) has a unique 0-minimal ideal C(S),
and C(S) = H(PWT), P(M), {1}; P) where P=(P5), Be P, AeP),
Ppa=1if p,,+#0 for some je B, i€ A; Pz,=0 otherwise. According to [4],
P(S) has a unique maximal regular zero-free g-class (S) and I%S)=9(S)
U{0} is completely O-simple and T°(S)=.H(QU), Q(M), {1}; P) where QD)
is the set of all elements A of P(I) satisfying ; there is j € M such that p,,5=0
for all ie A ; Q(M) is dually defined, P=(P,,) where py,=1 if 0,70 for all
jeB,ie A; Dp,=0 otherwise. Let S, and S, be completely 0-simple semi-
groups, S,=MU,, M,, {1}; P,)), S,= M°,, M,,{1}; P,). The first author
has obtained the following :

Lemma 1. [4] If 9%S)=9%S,), then S,=S,.

In this paper we will use this result to prove that C(S,)=(C(S,) implies
S, =8S,.

2. Definitions. Let X=(z,,)be an M X I-matrix (i.e. je M,ieI) over
{0,1}. Given X, define X’'=(x},) by «},=1 if x,=0; «},=0 if z,,=1. Let
X=(z;)and Y=(y,) be M, XI,- and M, X I,-matrices over {0, 1} respectively.
We say X is equivalent to Y, denoted by X ~Y, if there are bijections ¢:
M,—M, and z: I,—I, such that z,,=v, . for all je M, iel. If every
row and every column of X contains 1, then X is called a sandwick. Both
X and X’ are sandwiches if and only if every row and every column of X
contains both 0 and 1. Adjoin a new letter 1 to M and I, namely, let M'=M
U{l}, 1e M; I'=IU{1}, 1¢I. Given an M XI-matrix X=(x,) over {0,1},
we define an M' X I'-matrix X'=(z},) over {0,1} as follows: For all je M,
tel,

ry=2y,, Th=a1,=0, zh=1
Then (X') is always a sandwich whether X is so or not. Let X=(x ) ieM,
tel, and for each Be P(M), A e P(), define a set X,,={z,,: jeB,ie A}
Given an M X I-matrix X=(z,,) over {0, 1}, we define a P(M)x P(I)-matrices
X and X as follows:
& _ 1 ifleX,,
=@y Bn={y X, 0
1 if X, ={1}
0 if 0e X,,.
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3. Preliminaries. The following lemma is important for this paper.

Lemma 2. Assume X and Y are M X I-matrices over {0,1}. Then the
following hold.

1 XY=X

@2) If X~Y, then X’'~Y".

®) Xy=X

@) X~7T implies X1~ Y.

B) X'~Y!'implies X ~Y.

Proof. (1) and (2) are obvious.

(8) Immediate from the definition of X’, X and X.

4 APM) X PI)-matrix X' can be obtained from a P(M,)x P(,)-
matrix X=(%,,) as follows:
Let A'=AU{1}, B'=BU{1} where A ¢ (I,), Be P(M,). Entries of X* are
defined by

fz}u: %}BAI= 5313114"_- Zpa QIB]-AI:- 975}1: 1.

Similarly 7" is obtained from a P(M,) X P(I)-matrix ¥. If X~ ¥ under
bijections g: PM, )—->.CP(M2) and c: P(I)—-P(I,), then we define bijections

: PMH—PM3y) and ' PUD—-LU3) as follows: ¢'’B=oB if Be P(M,);

B'=(B)! if BePM); o'l=1; t'A=7A if AcP(); A =(cA) if
A e P(); r'1=1.

It follows that X'~ ¥* under ¢' and <'.

(5) Assume X'=(x}), Y'=(y},) and X' ~Y"* under bijections ¢* : M!—M!}
and 7': I}—I;. Let D, X C, be the set of all (7, 1) satisfying the following :

at,=1, 2, =0for all keI, k+1i; x;,=0 for all L e M, l+7.

Similarly D, X C, is defined from Y'. Then D, is mapped to D, under ¢!,
and C, is mapped to C, under z'. However the submatrices D, X C,-matrix
X,=(}) and D,xC,matrix Y,=(y}) are invertible matrices. For any
bijection ¢,: D,—D, with ¢,(1)=1, there is a bijection zy: C,—C, with (1)
=1 such that X, ~Y, under g, and z,. Now define 7,: M:—M} and z,: I'!1},
respectively such that &,|D,=0,, &|(Mi\D)=0"'|(M;\D,) and 7z,|C,=r1,,
% |(3\C)=1'|(I}\C). Then X'~Y" under 4, and z,, but since 7,(1)=1 and
7,(1)=1, we have X~Y under 7,|M, and 7,|I,.

4. Main theorem. In the proof of the following, (1), (2), (8), (4), (5)
denote (1), (2), (8), (4), (5) in Lemma 2 respectively.

Theorem. If S, and S, are combinatorial, then

P, ~ B, implies P, ~P,

n other words, C(S)=C(S,) implies S,=.S,.

P?"OOf. ~ ~P2:P1 ~P1:ﬁ((P1)/)/ ((P )/)/
by (4 by @), (
———(P) ~ (PY" :(P ) ~(Py)
by (1), (2) by Lemma 1
5 P!~ P! SP,~P,
by (1), (2) by (5)

Speaking in terms of semigroups, the theorem says C(S)=C(S,) implies
S;=S,. On the other hand, if P(S)=P(S,) then C(S)=C(S,) ([8]). More-
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over the first author has obtained in [4] that if P(S)=P(S,;) then T°(S)
=g%S,). Consequently

Corollary. If S, and S, are combinatorial completely 0-simple semi-
groups, then the following are equivalent

PSY=P(S), TUSH=IAS), COI=C(S), S,=8..

5. Remark. If S, and S, are finite, the theorem can be directly
proved by means of semilattice homomorphisms without using Lemma 1.
This has been obtained by the second author and the proof will be reported
in [5].

References

[1] A. H. Clifford and G. B. Preston: The algebraic theory of semigroups. Math.
Surveys No. 7, vol. 1, Amer. Math. Soc., Providence, R. I. (1961).

[2] M. Petrich: Introduction to semigroups. Merrill Publ. Co., Columbus, Ohio (1973).

[8] T. Tamura: Isomorphism problem of power semigroups of completely 0-simple
semigroups. Journal of Algebra 98, 319-361 (1986).

The regular J-class of the power semigroup of a completely 0-simple semi-
group (preprint).

[5] T. Tamura and K. Yamaoka: Note on Boolean matrices and semigroups. (to
appear in Proceedings of the 11th Symposium on semigroups and related topics,
Japan 1987.)

[4]



