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Introduction. Let 2 be an arbitrary set, let X be a o-field of subsets
of 2 (the measurable sets), and let 4 denote a nonnegative o-finite measure
on Y. Let S(R2) be the space of all finite valued measurable functions on Q.
We identify f and g e S(2) if they differ only on a set of y-measure zero.
With the usual ordering S(2) is an order complete vector lattice. A map-
ping F: REDODF)—S(2) is called a convex operator if D(F') the domain of
F is a convex set of the d-dimensional Euclidean space R? and

FQe+1—-Dy)S2F @)+ A —-DF ()
holds for every x,y e D(F) and 21¢[0,1]. Many kinds of ordered vector
spaces can be regarded as the subspaces of S(2), and hence this class of
convex operators covers many cases. A function f: R*XQ2—>RU{+ oo} is
said to be a convex integrand if f(-,t) is a convex function for each te Q.
We say that a convex integrand f is a representation of a convex operator
F if f(x, t) is measurable in ¢t e 2 and f(x, -)=F(x) holds for every x € D(F).
Our main result (Theorem 1) asserts that every convex operator F: R*D
D(F)—S(2) has at least a representation of F. In [3], one can see the
proof of this result in one dimensional case. In general case, the proof
is more complicated. In §2, we consider the relations between convex
operators and their representations. In §3, we generalize the Fenchel-
Moreau theorem by using representations, and give some conditions with
which a convex operator can be represented by a normal convex integrand.

§ 1. Representation theorem.

Theorem 1. For every convex operator F: R*DD(F)—S(Q), there ex-
ists at least a representation of F'.

Outline of the proof. The proop is done by constructing a representa-
tion. The difficulty is to determine the value of f(x, t) when x belongs to
oD(F) the boundary of D(F). For each xecdD(F), let L, be the largest
linear manifold such that some neighborhoods of # in L, are contained by
oD(F). First we define the values of f(x,t) on D°(F)X 2 by a countable
argument which is an analogy of the proof in one dimensional case. Next,
for each L, with dim L,=d—1, we define f(y, t) on (L,N3D(F)) X 2 satisfy-
ing the followings.

(@) sup lim f(y+2z—y), H< f(y, 1) for every ye L,,
ZED(F) 1-0
(o) f(-,¢t) is convex on L, on L, NoD(F) for every te 9,
(@ fl, )=FwW)() for every y € L,N D(F).

We can choose such values for f(y, t) if we use the fact that, for each y ¢ L,,
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sup lim f(y+2(z—v), ) SF@))(®)

2€D(F) -0

holds for almost every te 2. Next, for each L, with dimL,=d—2, we
define f(y,t) on (L,NaDF)) XN in the similar way. By this iteration,
f(y,t) will be defined on D(F)x Q2. Finally, by defining f(y,t)=c for
every exterior point y of D(F) and te 2, we complete the construction of
the representation of F'.

§2. Normal representations. A convex integrand f: R*XQ2—RU
{+ oo} is said to be normal if f(-,t) is lower semicontinuous for every t € 2
and there exists a countable family of measurable functions &,: Q—R?
(n=1,2, - --.) such that

1)  f(&,.(®), t) is measurable in ¢t € 2 for each n and

@) {&.(D}r., is dense in D(f(-, ?)) for each te L,
where D(f(-, t))={x € R*| f(x, t) <+ oo}. If aconvex integrand f is normal,
then f(&(t), t) is measurable in ¢ € 2 whenever &: 2—R* is measurable. (See
[6].) We say that a convex operator F' has a normal representation if
there exists a normal convex integrand f which represents F'. In Theorem
1, we note that the existence of a representation is not unique and that
every convex operator does not have a normal representation. We will
find some conditions with which a convex operator has a normal repre-
sentation. By the conjugate of convex integrand f, we shall mean the
convex integrand f*: R*—>RU{+ co} defined by

f*(g, t)= fél;ng’ ‘E>_f(x’ t)}
Also the biconjugate integrand f**: R*X Q2—R U{+ oo} is given by
S (@, O)= sup {{z, &> —f*(, O}

If a convex integrand f is normal, then so are f* and f**. We note that
for a convex operator F' we can choose a representation f of F' such that
f(x, t)=oo if x € D(F), that is D(f(-, t)) does not depend on t e Q.

Lemma 1. Let f: R*XQ2—>RU{+ o0} be a representation such that
D(y(-, t)) does not depend on te 2. Then f is normal if and only if f(-, 1)
is lower semicontinuous, in other words, f**=f on R* X 2.

Proof. (See [4].)

Next, we define the conjugate of a convex operator F: RO D(F)—S(Q).
Let L(R% S(2)) denote the space of all linear mapping from R? to S(Q2).
We identify L(R? S(Q)) with the set S(Q)!={=(&, ---,&D|&, € S(Q) i=1,
---,d} by corresponding S(2)*s (&, ---, &) tod: R (2, - -+, X)X, §)=
2.8+ - +2,6,8(2). For a convex operator F': R¢DD(F)—S(2), the con-
jugate operator F*: L(R?, S(2))DD(F*)—S(2) is defined by

Fr@=_ \ (& 6—F@)

D (F*)
where \/ means the lattice supremum in the space S(2), and D(F'*) is the
set of all £e S(Q)? such that the supremum F*(&) exists. The biconjugate
operator F** ig defined on the space L(L(R?, S(Q)), S(2))=L(S(2)*, S)),
and we regard S(2)¢ and R* as the subspaces of this by corresponding 5 €
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S(2)* and « € R* to (5, -> and {«, - > € L(S(Q)?, S(2)) respectively. For x e
R? and 5 e S(Q)?, F** ig defind by
Fx(2)= eel\){m (=, &) —F*(&)

F**(p) = ée;{m Ky, & —F*©&).

They are only defined on the domain D(F**) where these suprema exist.

Theorem 2. Let F: R*DDF)—S(2) be a convex operator, and let f:
R*XQ—RU{+ o} be a representation of F. Then the convex integrands
f* and f** are normal representations of F* and F** respectively. More-
over for & e D(F'*) and y e D(F**),

F*EN@) =r*E®), 1)
F*F*)(®) = f**((D), t)
holds for almost every te Q.

The proof of this theorem is not complicated if we use the following
fundamental lemma.

Lemma 2. Let F': R°DD(F)—S(2) be a convex operator, and let f:
R*X Q—>RU{+ o} be a representation of F. Let U be a convex subset of
D(F) and suppose that inf, ., f(x, t)> —oo for almost every te 2. Then
Nsev F(x) € S(Q) exists and

(V. F@)(®)=inf 1z, 1).

Combining Lemma 1 and Theorem 2, we obtain the following result.

Theorem 3. A convex operator F : R°DDF)—S(Q) has a normal rep-
resentation if and only if F**(x)=F(x) holds for every x € D(F).

§3. A generalization of Fenchel-Moreau theorem. In this section,
we give a definition which can be regarded as a generalization of the no-
tion of lower semicontinuity of convex operators. For a convex operator
F: REDOD(F)Y)—S(Q), and for z e D(F'), we denote

Sr@)={pe S@Q)"|FUNDF)CF@)—y+SE@*
for some neighborhood U of 2}
where

S@)*={pe S(2)|4(t)=0 for almost every t € 2}.

Lemma 3. Let F: R*DD(F)—S(2) be a convex operator, let f: R*X
Q—>RU{+ oo} be a representation of F, and take a point x e D(F). If for
almost every t € 2 the convex functions f(-,t) are lower semicontinuous at
x, then Sp(x)+*¢ and NASz(x)=0.

Now we can give a generalization of Fenchel-Moreau theorem.

Theorem 4. Let F: R*DD(F)—S(2) be a convex operator, and let
x be a point of D(F). Then F**(x)=F(x) if and only if Sy(x)+¢ and
ASz(x)=0.

Proof. Let f: R*XQ2--RU{+ o} be a representation of F, and sup-
pose that F**(x)=F(x). By Theorem 2, f**(z, t)= f(«, t) holds for almost
every te, and this implies that f(.,t) is lower semicontinuous at .
Hence we see by Lemma 3 that Sp(x)#¢ and ASg(x)=0. The proof of
sufficiency is found in [2].
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Now, combining Theorem 3 and Theorem 4, we obtain the following
result.

Corollary 1. A convex operator F: R:DD(F)—S(Q) has a normal
representation if and only if Sp(x)+¢ and NSp(x)=0 for all x ¢ D(F).
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