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1. Introduction. Let A(p) denote the class of functions of the form
.1 @@=+ 02" e N={1,2,3,..-}
k=1

which are analytic in the unit disk U={z:|2|<1}.

Further, we define a function F;(2) by
1.2) F,)=A—-Df@+z2f'(2)
for 1=0 and f(2) € A(p). In the present paper, we derive some properties
of functions in the class A(p), and of the function F,(z) defined by (1. 2).

2. Main results. We begin with the statement of the following
lemma due to Miller [1].

Lemma. Let ¢(u,v) be a complex valued function such that

¢ : D—-C, DCCXC (C tis the complex plane),

and let u=u,+iu,, v=v,+w, Suppose that the function ¢(u,v) satisfies

(i) ¢(u,v) is continuous in D,

(ii) (@,0)e D and Re{s(1, 0)}>0,

(iii) for all (iuy,v)e D such that v,< —(1+u))/2, Re{g(u,, v)}=0.

Let p(®)=14pz+p,2°+--- be regular in the unit disk U such that
(p),2p'(2))e D for all zeU. If

Re {p(p(2), 2p'())}>0 (2 V),

then Re{p(@)}>0 (z € U).

Applying the above lemma, we prove

Theorem 1. Let a function f(z) defined by (1.1) be in the class A(p).
If

J9(2) ( p! . )
Re {—zp'f }>oz 0<a< CEnIE zeU),
then we have
v-n 1 P—7+D!2a+p!
Re JI7@) > p (e U),
{ zrmInt } (p—7+D! 2(p—N+3 )

where 17 p.
Proof. We define the function p(z) by

@1 —itD! J°7@ g 1-po@
p! 2

with g= (p—j+1)!?a+p! . Then p()=1+p,2+p,2*+--- is regular in
pY2(p—7)+3}

U. Differentiating both sides in (2.1), we obtain
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@.2) @:-gti‘fw(z)=<p—j+1)ﬁzp—f+(zo—f+1)(1—ﬁ>zp-fp(z)

+A =P p'(2)
and, by using (2.1) and (2.2), we have

@9 @-i+D LD —a}=plo—i+Dp-@—i+Dla

+p!@—7+ DA =P p(R) +p!A—pP2p'(2).

Hence, in view of Re{f"(2)/2°~}>«, we have
@9 Re {$(n(2), 2p'())} >0,
where ¢(u,v) is defined by
2.5) ¢, )=p!p—7i+D—@—i+D!a+p!@—7i+DA-Pu+p!A—pw
with u=u,+1u, and v=v,+%,. Then we see that

(i) ¢u,v) is continuous in D=CXC,

(ii) (1,0)e D and Re{¢(1,0)}=(p—7+DYp!/(p—N'!—-a}>0,

(iii) for all (iu,, v,) € D such that v,<—(1+4ud/2,

Re {¢ (U, v)} =0 (p—7+DB—@—7+D!la+p!A—-pv,

<pl(p—i+D—p—j+Dla— PU=DATE <o

_ (p—7+1D'2a+4p!
o = e —) +3)
in lemma. Therefore, we have Re{p(2)}>0 (2 € U), that is,

Re{f”‘”(Z)}> p! p— 1 (p—7+D!2a+p!
2Pmitt (p—7+1! (p—7+D! 2(p—N+3

which completes the proof of Theorem 1.

Taking j=p in Theorem 1, we have

Corollary 1. Let f(z) e A(p) and suppose

Re{fP@}>a O=a<p!;zel).

Re { f(”'z”(z) }> 2"‘;7" (ze D).

Letting j=1 in Theorem 1, we have
Corollary 2. Let f(z)e A(p) and suppose

Re (L@ }>a (0=a<p;zel).

<1. Consequently, ¢(u, v) satisfies the conditions

Then we have

Then we have
R f@) 241 .
e{ P }> opr1 D
Making p=7=1 in Theorem 1, we have
Corollary 3. Let f(z)e A1) and suppose
Re {f/(®}>a 0=a<l;2zel)

Re{ fiz) }> 2“;1 (ze U).

Corollary 8 is the result by Owa and Obradovic [2].
Next, we prove

Then we have
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Theorem 2. Let a function F,(z) defined by (1.2) for i=0 and
f@eAlp). If

Re (TE@1>a  (0za<P!U=2tPD ;4 e ),

27" —nN!
FO@ s @—D!2atp!2
then Re{ & }> e A GeD),

where 0<7<p.
Proof. By the differentiation of F,(z), we obtain

(2.6) FP(2)=1—2+2)) V@) + 220 (2).
We define the function p(2) by
A (¢

@7 E=DLLD —pra-pp@
with g= Q;;Q_’?j:;g;)z (0<£8<1). Then p(R)=1+p;2+p,z*+ - - is regu-
lar in U. Making the differentiation in (2.7), we have

Y0 (2) p! p! ,
@8 A ~_ P +A—Pp@)=—L" _(1—Pep'(2).

I VT A e Y R

By using (2.6), (2.7) and (2.8), we obtain
@9 FE_, plO-lipd o, pA=1EpDA=P) 40

(p—n! —n!
+ 2= ).
—nN!
Hence, in view of Re {F{’(z)/2°"’}>«a, we have
(2.10) Re {¢(p(2), 2p"(2))} >0,

where ¢(u, v) is defined by
A—-2422 p!A—=24+p)A—p) p!2(—p)
@.11) ¢, v)="2 : —a+ : u+ —F y
$ o—pt © -] -

with u=u,+1, and v=v,4+%,. Then we see that

(i) ¢, v) is continuous in D=CXC,

(i) (1,0 eD and Re{g(1, 0)}=%@_a>o,

(iii) for all (fuy, v) € D such that »,<—(1+ud)/2

Re {¢ (tu,, vl)}=w‘3_a+ plad—p) v,

(p—N! —N!
< p!(1—2.+p2)13_a_ p!R(l—ﬁ){1+u§) <0
®m—n! 2(p—N!

_ (p—D"'2a+p!
for = Te—112p1) "
lemma. Therefore, we have

Re {p(®)}>0 (z € U), that is,
Re {f">(z)}> 20!_ p= (zojj)!2a+p!2
2! (p—n! (p—9N12—2+2p2)
which completes the assertion of Theorem 2.
Taking =0 in Theorem 2, we have

Consequently, ¢(u,v) satisfies the conditions in
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Corollary 4. Let a function F,(z) defined by (1.2) for A=0 and
f@eA. If
Re {F—*gzl}>a O<a<l—A+pi; ze ),
2

then

f @) 200+ 2

Putting j=p in Theorem 2, we have
Corollary 5. Let a function F,z) defined by (1.2) for 2=0 and
f@) eAlp). If
Re{FP@}>a OZa<p!Q—24pd;zel),
then we have
™ 2004+p!2
Re {f (z)}>—————2__2+2pl2 (ze D).
Taking j=1 in Theorem 2, we have
Corollary 6. Let a function F,(z) defined by (1.2) for 1=0 and
f@eAl). If

Re{Fﬁ(z }>c\< O<a<pd—i-+tpd);zel),

it
then we have

Re [ L)) 2t .
¢ zP-! }> 2—242pa ()

Making p=1 and j=0, and p=1 and j=1 in Theorem 2, we have
the following corollaries which were proved by Owa and Nunokawa [3].

Corollary 7. Let a function F(z) defined by (1.2) for 2=0 and
f®eA). If

Re {M}m O<a<l;zel),
V4

then we have
J@\ < 2a+2 .
Re {_z—}>_2+_2 e D).
Corollary 8. Let a function F,(z) defined by (1.2) for 2=0 and
f@eAQ). If
Re {Fi()}>a (0£a<1;zel),
then we hove

202 (e ).
242

Re {f/(2)}>
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