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5. Some Aspects in the Theory of Representations
of Discrete Groups. II

By Takeshi HIRAI
Department of Mathematics, Kyoto University

(Communicated by Kosaku Yosipa, M. J. A., Jan. 12, 1990)

Here we concern mainly with equivalence relations among irreducible
unitary representations (=IURs) of an infinite wreath product group, con-
structed in the first part [1] of these notes. We keep to the notations in [1].

1. Commutativity of two kinds of inducing processes. Let T be a
group and S its subgroup. Consider wreath product groups &,(S) and
&,(T). Then we have two kinds of inducing of representations: the usual
one and the WP-inducing. We give a certain commutativity of these
inducing processes. Start with a datum R={A4, p,, X, a=(a,),c,} for an
elementary representation of p(R) of ©,(S). On the one hand, put g,=
Indf ps, and let d,=1Ind§ a, € V(5,) be the induced vector of a, € V(ps). Then
d=(d,),c. 1s a reference vector for (V,),., with V,=V(5,), and denote it as
G=Ind5a. Thus we get a datum R ={A4, pr, %, @} for &,(T) and correspond-
ingly an elementary representation p(fB) of ©,(T). On the other hand, we
have the induced representation Ind(p(R); ©,(S)1 S,(T)).

Theorem 1. Let R be a datum for an elementary representation of
©,.(S). Then the two representations p(l?) and Ind(p(R); €,(5)1S,(T)) of
S (T) are canonically equivalent to each other. A similar assertion holds
for standard representation for &,(S) and S,(T).

2. Equivalence relations among standard representations. Take two
induced representations p(Q,)=Ind(=z(Q,); H(Q)1S,(D), i=1, 2, of S(T),
called standard, and let the corresponding data be

le{(AT, 0%y Xidrers (al(r))re r (Di)re r},

Qz'—‘{(Bm Paiw X2s)sc s (02(5))364, (bza)aeA},
where, in particular, (4,);c, and (B,);c, are partitions of A, and T}, and T,;
are subgroups of 7. For an element { of &,, we call an adjustment of Q,
by ¢ the datum

CQ2={(C(B‘3)’ P';Tw X&)aem (02(5))(354, (bzs)aed}'
Then p(Q,) is equivalent to p(*Q,) in a trivial fashion.

Theorem 2. Assume that two date Q, and Q, satisfy the condition (Q1),
i.e., |[I',|<1, |4,|<1, and that both p(Q,) and p(Q,) are irreducible. Then
they are mutually equivalent if and only if the following conditions hold.

(EQU1) Replacing Q, by its adjustment by an element in S, if neces-
sary, we hove a 1-1 correspondence x of I' onto 4 such that A,=B,,, for
rel’. Further X,=X.q for 1el', and Indf, oy, =Ind7, e}, for vel’, and
o=xr({).
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(EQU2) Forrel.=I\I,, replace =) by 7, and put Ty,=T,NT,,.
Then, for every 1 € I'.,, there exist an IUR p, of Ty and a reference vector
() =(duca Ma € Vo), |0.ll=1, such that for j=1, 2, gy, =Ind(p},,;
T T ), and a 1) is Moore-equivalent to the induced vector Ind(ay(") ; To 1 T )
in the extended sense.

(EQU3) Forrel., put Xpo=>Xy (=X») and

er={An PTTJT’ Lyrs a’j(T)}’ 0=7=2,
and consider IURs I1(Q,;) of H,;=&,(T ;). Then there exists o unit vector
by € VUI(Qy)) for every 1 eI, such that (b,),er., =1, 2, are respectively
Moore-equivalent in the extended sense to (b her, With b 7=Ind(by; Hy1 H,),
with respect to the representations I(Q ) and Ind(II(Qy) ; Hy 1 H ).

Here note that, under the condition (EQU2), the IUR /I(Q,) is equivalent
to the induced one Ind(I1(Qy); Hyt H,) for j=1, 2, by Theorem 1.

3. Fundamental lemmas for the proof. Put G=6,(T), =,=n(Q.,
H,=H(Q,, then p(Q,)=Ind%,z,., In the case where both z, are finite-
dimensional, Theorem 2 can be proved by means of the criterions in Theorem
1lin [1]. However, in the general case, we should appeal to the intertwining
number equality (1) in [1], or more exactly we should study if there exists
an z € G for which d,>0, where d, denotes the dimention of the space of
L e Hom(z,, r,* ; H,N «~'H,x) satisfying the boundedness conditions (B,) and
(C,). It needs heavy calculations but the lemmas used there are rather
elementary. Here we give some fundamental ones.

Let F' be a finite group, S a subgroup, and p an IUR of F. Put V,=
V(p) and let V, be a unitary S-module. Take Hilbert spaces W,, W,, and
congider V,® W, (resp. V,® W,) as an F-module (resp. S-module) trivially.
For an L e Homy(V,®@W,, V,QW,), we put for ue V.QW,,

(1) J(u)=f§\FHLp(f)ullz=lS|"f§FHLP(f)u,IIZ-

Then, detailed evaluations of this kind of sums are crucial for our purpose.

Denote by S the set of equivalence classes of IURs of S. For ye S , put
d(p)=dimy, m(p, p)=I[p|S: y], the multiplicity of 5 in p|S, and

_IF]-dG) ) :
6((0, 77)—m: C(P’ 77)—m if m(Pa 7])>0-

Let V,, be the y-part of V, as S-module and decompose it into irreducibles as
V=29V, where 1<I<m(p, ) for i=1, and 1 <1< my(y)=the multiplicity
of » in V,, for i=2. Further let J,,;,, be a unitary S-isomorphism of V,,
onto V,,,. Then there exist L”"* ¢ B(W,, W,) such that

(2) L=3%%4L, with L,=3>,,J,,,,@L""".
Lemma 3. (i) LetueV.QW, and we W,, then
(3) Sup J0) = Sup (22 0o, ) 2 1L -
(ii) Forye S such that m(o, n)>0 and the y-part L, of L,
(4) sup J(W)=c(p, ) || L, |-

Note that || L||=||L,|| for some 7.
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Lemma 4. For any 5e S such that m(p, ) >0, we have 6(p, 7)=c(o,7)
=1. Further 6(p,p) =1 if and only if IndEn=p; and c(p, ) =1 if and only
if Ind% 5 is equivalent to a multiple of p.

4. Method of proof for Theorem 2. We can reduce the discussions
on (B,) and (C,) to the case x=e.

(1°) We first apply the above lemmas to the following situation. From
the data @, and Q,, we denote T',,=Ty;, p,,=p},, for @ € 4;, Tou="Tss, p2a= 07y
for e e B;, and S,=T,,NT,,, V,.=V(p,.). For a finite subset C of A, put

Ty= [Taee T, 0i0 =& uccPiar Vie=®uecViar Sc= naecsa-
Then, in the sum (1), we take T,; as F', p,; as p, S; as S, V,; as V,, and as
W, the tensor product of V,,, « ¢ C, so as to get V(z,)=V ,®W,. Denote the
corresponding sumJ(u#) in (1) by J,(#). Now assume that L satisfies the
condition (B,). Then we get
J(W) S M ||ulf for we V(x).

Applying mainly the evaluation (4) in Lemma 3 and studying the growth of
Jo(u) as |[C]—>oo, we see the following. For every 7 e[, only the series
(9)aca, With z, € S, such that ¢(p1 1) =1 for almost all « € 4,, can intervene
in the expression (2) of L, as one can expect it to avoid the divergence:
[Tacc ¢(orar ) —00. Also every reference vector a(r) in Q, should be equiva-
lent to someone coming from the subspaces of V,,, « € 4,, given as the sums
of y,-parts of V,, with c(p,., 7.)=1.

(2°) We also apply (C,) for Tu, pyos Vi and S,, and get the similar
assertion for Q,.

(3°) Next we proceed to take into account the condition (B,) for []/.,&,,
and the one (C,) for [[}c,S5. This time we apply, together with (4), the
more exact evaluation (3) of J(«), and thus come to the condition §(p,,, 7.)=1
stronger than c(o,,, 7.)=1. Actually we should follow long calculations and
discussions, to arrive at Theorem 2 finally.

Remark 5. We get in this way an explicit expression of an Le
Hom(x,, =, ; H, N H,) satisfying (B,) and (C,), unique up to scalar multiples,
and hence that of 7 ¢ Hom(p(Q)), p(Q,) ; S,(T)). This explicit form of inter-
twining operators will play important roles in our discussions on the unitary
equivalences among the IURs of the infinite symmetric group ©., which we
construct using the results on IURs of wreath produet groups.
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Note added in proof. It is regrettable that the first part [1] of the
present notes should appear afterward.
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