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(Communicated by Shokichi IYANAGA, M. J. A, Feb. 13, 1990)

1. Let F be a finite extension of a finite algebraic number field % and
denote by C, and C; the ideal class group of % and of F respectively. A
subgroup A of C, is said to capitulate in F' if A is contained in the kernel
of natural homomorphism C,—C,. The principal ideal theorem states that
C, always capitulates in Hilbert’s class field K over k. However, for some
k, C, already capitulates in a proper subfield M of K: k.CMC K. Sucha
field M exists if and only if there is a prime number p such that C, , (=the
p-class group of k) capitulates in a proper subfield F' of Hilbert’s p-class
field K, over k: kCFC K, (cf. [1]). In his paper ([1]), Iwasawa gave sim-
ple examples of k& such that the 2-class group C,,, already capitulates in a
proper subfield F' of Hilbert’s 2-class field K, over k.

Iwasawa’s example. Let p, p,, p, be 3 distinct prime numbers such
that

i) p=p,=p,=1mod. 4 and Legendre symbols

(L) = (JL) =_1
Y21 y2)
ii) the norm of the fundamental unit of the real quadratic field k'=

QW pip.) is 1.
Let

k=QW pmp:), K;=QWD, VD1, VDo),
F=QW/7p, v 0:b:).
Then K, is Hilbert’s 2-class field over &k and C,, capitulates in the proper

subfield F of K,: kCFCK,.

2. Let k and K, be as stated above. Then

F=Q(\/?’ '\/plpz ) F1=Q('\/E’ '\/ Dy ), F2=Q(\/Ey '\/W)

are all proper subfields of K, over k. In the following, we shall congider a
question whether C, , capitulates also in F', or in F,.

Proposition 1. Let K{® denote Hilbert’s 2-class field over K,.

i) If K,=K{®, C,, capitulates also both in F', and in F,.

ii) If K,xK®, C,, capitulates neither in F, nor in F,.

Proof. This is a consequence of Theorem 2 in [2].

Corollary. C,,, capitulates in F,&=C, , capitulates in F,.

Proposition 2. Let h,(F') be the 2-class number of F. Then

) K, =K@ & h(F)=2.

i) K,xKPes4| ).
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Proof. We shall prove ii) from which i) follows. Suppose K,:K.
Since Gal(K,/k) is the four group, there is a (unique) subfield L of K such
that K, S LCK® and Gal(L/k) is a nonabelian group of order 8 (cf. [2]).
Then L/F is an unramified abelian extension of degree 4 whence 4|k,(F).
The converse is obvious.

Remark. Replacing F' by F, or F,, we see that

D hF)=2K,=K{P & h(F)=2,

i) 4|h(F) & K5 KP &S 4| y(Fy)
where h,(F',)=the 2-class number of F', (i=1, 2).

3. Let

K =a real bicyclic biquadratic extension of @,

FE =the unit group of K,

k, t=1,2,3)=the 8 quadratic subextensions of K/Q,

¢;=the fundamental unit of &, (i=1, 2, 3),

h,(K), h,(k;) denote the 2-class numbers of K, k,; (=1, 2, 3).
Let
QER)=[Ex: (&, &, &)]
=the group index of (e, ¢, &)y in By, where (e, e, &) is
the subgroup of E, generated by e, ¢, ¢; and 1.
Then, it is known that Q(K)=1, 2 or 4 and

hz(K)=%Q(K)hz(kohz(kz)hz(/cs).

(WME)=LQER)k)h(k)h(k,) for the class numbers) ([3]). Furthermore, a
system of fundamental units of K is one of the following types ([3])
1) €1y &gy &3
i) e, e, 6 (Ne=1)
Ve, Ve s | (Ney=Ne,=1)
V) veg, & &

V) 4eg, «/_5;’ &

Vi) e, v s Ve (Ney=Neg,=Ne,=1)
Vii) '\/515253 s €2y &3
Vill) ey, e & (Ney=Neg;=Neg;=—1)

where N¢, is the abbreviation of N, () (i=1, 2, 3).
4. Let p, p,, p, be 3 distinct prime numbers satisfying the conditions
i), ii) in Iwasawa’s example and let
]{;:Q(N/ pp1p2)’ K2=Q(\/?, N/—i’—v \/E)’
F=Q(\/D, v DD
as before.

Lemma 1. Let k), «(p) and <(pp,) denote fundamental units of k,
QWD) and Q(/ p.p,) respectively. Then, {e(k), «(p), e(p,py)} i8 o fundamental
system of units of F and Q(F)=1.

Proof. We set g,=¢(k), e,=e(p), &;=e(p,0,). Since Ne=Ne,=—1, Ng,
=1, either {g, &, &} Or {¢}, &, v/ ¢, } is & fundamental system of units of F.
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Suppose /¢, € F, then F=Q(v/ p,p.)(v/s;). Hence, only prime divisors
of Q(vpp;) lying above the rational prime 2 may ramify for F'/Q(y/ p:p,).
But, this is a contradiction because prime divisors of Q(v/ p,p,) lying above
p ramify for F'/Q(v/ p,p;), so the result follows.

In the following, we shall denote by h,(d) the 2-class number of quad-
ratic field Q(v d).

Since 7,(p)=1 and h,(pp,p,) =4, we have the following.

Corollary 1. =(F)="hy(p,p;) (=2).

Corollary 2. i) h(F)=2&=h(p,p,)=2

—(2)(2)-

D 4O A Em () =(£) =1

where (—), denotes the biquadratic residue symbol.
Proof. The 2nd equivalence follows from Proposition 3.3 in [5].
Remark. LetF,=Q(+/D;, v DD;) and F,=Q(y/ D, v PD,) as before, then

hz(Fo=—}I-Qm)hz(ppmz)hz(pohz(ppz)

= 2Q(F)-4-1-2=2Q(F).
Similarly, h,(F,) =2Q(F,).

Now, we may give an answer to our question raised in section 2.

Theorem. Letk, K,, F, F, and F, be such fields as stated in Iwasowa’s
example.

Q) C.. (=the 2-class group of k) capitulates in all F', F, and F,

(&= C,.,; capitulates in F,&C,,, capitulates in F,)
S =2 hpp) =26 (L) (£) =1
g /4 1
S h((F)=2QF ) =1 ((F)=2&=Q(Fy)=1.
@) (.., capitulates in F', but neither in F, nor in F,
— hz<F)¢f,~4lhz(p1pz)¢=>(—”;—)4= (—ii)fl
2 1
A FYES2|QF ) &4 b(F) 2| QFY).

Corollary. Let «(d) denote a fundamental unit of Q(W ).

1) hy(pp) =2&={(pp:Dy), (1), e(pP2)} 18 o fundamental system of units
of F\&={e(pp:py), £(ps), e(pp))} s a fundamental system of units of F,.

i) 4] ky(pip) E{ e@DP)E(D1)e(DDy), (D)), (PP} is @ fundamental sys-
tem of units of F, &= Q(F,) =2&= h,(F',) =4 & similar equivalent conditions
for F,.

Proof. Set ey=c(0p,py), &,=¢(Dy), &;=e(pp,). Since Ney=Ne,=Ne;=—1,
either {e,, &, &} or {4/ 658, &35 &} 18 @ fundamental system of units of F';, so
the results follow for F, (similarly for F,).




64 G. FuJIsAKI [Vol. 66(A),

Example. Let (p,, p,)=(13, 17) and let p=1mod. 4 be any prime
number satisfying (%):(%):—1 (for example, p=5 mod. 4-13-17).
The norm of the fundamental unit of (v 13-17) is 1 and its class number
is 2. In this case

k=Q(W13-17-p), K,=QWp, V13,V 1T)
F=QWp, v13.17), F,=Q(W 13, ¥17-p), F,=QW 17, v 138-p)
and C, . capitulates in all proper subfields F, F, and F), of K,.

Let (py, p,)=(13,53) and let p=1mod. 4 be any prime number satis-
fying (%):(%)=_1 (for instance, p=5mod. 4-13-53). The norm of
the fundamental unit of Q(v' 13-53) is 1 and its class number is 4. In this
case

k=Q(W13-53-p), K,=QW'p, v13, v53),
F=QW7p, v138:53), F,=QW13, v53-p), F,=Q(W5B3, vI3-p)
and C,, capitulates in F', but neither in F', nor in F.,.
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