
170 Proc. Japan Acad., 70, Ser. A (1994) [Vol. 70(A),

39. Einstein Metrics on a Product Manifold

By Joon-Sik PARK

Department of Mathematics, Pusan University of Foreign Studies, Korea
(Communicated by Heisuke HIRONAKA, M. J. A., June 7, 1994)

Abstract: We get that a necessary and sufficient condition for the

product manifold (M, g) of two compact connected irreducible Riemannian

symmetric spaces to be an Einstein manifold is that the metric g is a criti-

cal point for the total scalar curvature function I(g)defined in the set

s(M) of some proper volume preserving Riemannian metrics, and if g is

critical for I(g), then g gives minimum of I(g).

1. Introduction and statement of result. Let us consider the set j//I(M)
of Riemannian metrics g on a given compact orientable C manifold M
such that

LdVg= 1,

where dVg is the volume element of (M, g). It is well known that a metric
g I(M) is an Einstein metric if and only if g is critical for total scalar
curvature

s(g) f.. s (g) d

in I(M), where s(g) is the scalar curvature of (M, g).
In this paper, we treat the case of a product manifold (M, g) (M x

M., g x g2)of two compact connected irreducible Riemannian symmetric
spaces (M, g) and (M2, g2) of dimension ml and m respectively. In gener-
al, the product manifold of two Einstein manifolds is not Einstein. We denote
by N(M), the set of all Riemannian metrics g on the product manifold
(M, g) (M x M, g x g.) satisfying the following conditions:
(C.1) (M, g)and (M, g2)are compact connected irreducible Riemannian
symmetric spaces,
and
(C.2) the volume of product manifold (M, g) (M x M, gl x g) is 1.

We now consider the function

I(g) f, s (g) d

defined on N(M). One can ask for the critical points of the function on
s(M) (cf. [2]). Simultaneously a question then arises that whether a critical
point g gives a minimum of I(g) or not (cf. [2, 3, 4]).

We introduce a well known Lemma.
Lemma A. Let V be an n-dimensional real vector space, F a connected Lie

subgroup of GL(V). Assume qb and b be F-invariant definite quadratic forms on
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V. Then, if (F, V) is an .irreducible representation, q cb for some proper non
zero real constant c.

In this paper, we get the following main result.
Theorem. Let (M, g) be the product manifold of two compact connected

irreducible Riemannian symmetric spaces (Ml, gi) and (M2, g2) such that g
sd (M). Then the metric g s (M) on M is an Einstein metric iff the metric g
is a critical of I(g) in sd (M).

Moreover, if a metric g( (M)) is a critical point of I(g) in sd (M), then
g gives a minimum of I(g) for any deformation g(t) ofg in sd (M).

2. Proof of the main Theorem. An irreducible Riemannian symmetric
space is an Einstein manifold (cf. [1, Corollary 7.74, p. 194]). Hence (M,
g) and (M2, g) are Einstein manifolds. We put gl =" hi and g2 =" h such
that Vol(M, g) Vol(M, g.) 1. Then, h x h "h N(M). We de-
note by s (resp. s.), the scalar curvature of (M1, h) (resp. (M, h)).

Because of isotropy irreducibility, we get the following from Lemma A:
for an arbitrary given metric g g x g belonging to (M), there exist con-
stant positive real numbers c and c. such that gt clht and g c2h. Since
Vol(M, g) 1, dim(M) m and dim(M) m2, we have

_m
(1) c c .
Moreover, (M, h) (resp. (M., h)) has constant scalar curvature sl (resp.

ss.). Hence (M, g) (resp. (M, g)) has constant scalar curvature c- (resp.

c’, s.). For an arbitrary given smooth deformation g(t)- g(t) x g(t)of
g=g x g.= ch x c rushy, in sO(M) such that g(0) =g, we can put

g(t) q(t)hl and g2(t)= q(t)-", h2, where c(t) is a positive valued
smooth function satisfying c (0) c. (M1, g (t)) (resp. (M., g.(t)) has

s ( s2)scalar curvature q(t) resp. ci(t) We immediately obtain

d
(2) d--- dVt O,

d L(--s+m(3) d-- I(g(t)) -Cl(t)z - q(t) m. s2 c(t) dVg(t),

d I(g(t))I f,( sl mt ml-m. ),(4) dt t=0 (q)2
+ m-- c ’ sz ct (0) dVg.

Hence, g is a critical point of I(g) in (M) iff

S1 1 m,-m.
(5)

(ct) m-- c s,

i.e.,

Cl L C2
1 m.2

Thus, g sg(M) is a critical point of I(g) if and only if (M, g) is an Ein-
stein manifold.

Finally, differentiating (:3) again we get
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(6)
2s m (m m) m,-m. )

d r Cl (t)
+

(m)
cl(t) m. S. C (t)

I(g(t) [_
c (t) s,. c;’(t)

c (t)
Now, if g(0) is an Einstein metric, then we have from (5) and (6)

(7)
dZ ((m + rnz)s z)I(g(t))lt==dt ic5 mz

c(O)

Thus, every Einstein metric g in N (M) gives a minimum of I(g).
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