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In the previous paper [3], the author defined
a convolution semigroup {g,},,, of stable dis-
tributions over a simply connected nilpotent Lie
group G in connection with a dilation {7,},s,. It
corresponds to a convolution semigroup of strict-
ly operator-stable distributions in the case
where G is a Euclidean space. In this paper,
motivated by Sharpe [4], we shall characterize
stable distributions over a Lie group as a certain
limit distribution. We show that our definition of
stable distributions coincides with that given in
[3], provided that the distributions are full. Then
we shall discuss the domain of the normal attrac-
tion of stable distributions over a simply con-
nected nilpotent Lie group.

1. Stable distributions and associated con-
volution semigroup. Let G be a Lie group and let
@ be its left invariant Lie algebra. For two (prob-
ability) distributions g# and v over G, their
convolution is defined by

wkv(E) = fcu(a‘lEm(dw.

The #n-times convolution of ¢ is denoted by
u"*. Let ¢ be a continuous map from G (or 9)
into G (or 9). For a distribution ¢ over G (or %),
we define a distribution ¢@u by @u(E) =
(@ ' (E)). Let B be an automorphism of G, i.e.,
B:G— G is a diffeomorphism and satisfies
B(ot) = B(0)B(z) for any o0, T € G. Then we
have the relation S(u* v) = Bu* By for any dis-
tributions ¢ and v over G. A distribution g over
G (or 9) is called full if ¢ is not supported by
any proper subgroup of G (or proper subalgebra
of 9).

Let N= {1,2,...} be the set of all positive
integers. Let {B,},cy be a sequence of automorph-
isms of G. It is called a semigroup if B8, = By,
holds for all k, I € N. A distribution g over G
is called stable if there exists a sequence {8,},en
of automorphisms of G and a distribution v over

G such that ,B,,v"* converges weakly to ¢ as n—
m.

We will give a characterization of stable
distributions in the case where the Lie group is
simply connected and nilpotent. It is known that
if G is a simply connected nilpotent Lie group,
the exponential map: exp: 9 — G is a diffeomor-
phism. Hence G is non-compact. Denote the in-
verse map of exp by log. Then u over G is full if
and only if log ¢ over 9 is full.

Theorem 1.1. Let p be a full distribution over
a simply connected nilpotent Lie group G. Then p is
stable if and only if there exists a sequence {7,},cn
of automorphisms of G such that p** = y,u holds
forallk € N

Before we proceed to the proof of the
theorem, we need two facts. Let 8’ be a linear
map of 9. It is called an automorphism of 9 if it is
a one to one, onto map and satisfies B’'[X, Y] =
[B°X, B’Y] for all X, YE Y Now if B is an
automorphism of G, the differential dB defines an
automorphism of 9. Conversely let 8" be an auto-
morphism of 9. If G is simply connected and
nilpotent, there exists a unique automorphism of
G such that its differential coinsides with 8’. In-
deed, define B: G— G by B(exp X) = exp f'X.
Then, using Champbel-Hausdorff formula we
have

B(expX expY)

=fBlexp(X+ Y+ 1/2[X, Y] + --))

=expB'X+BY+1/2[X,BY] + --)

= exp(B’'X)exp(B’'Y) = B(expX)B(expY).
Therefore 8 is an automorphism of G and satis-
fies dB = B’. The uniqueness will be obvious.

Another fact we need is stated in the follow-
ing lemma.

Lemma (cf. Sharpe [4] and Eurek-Mason [1]).
Let {m™} be a sequence of distributions over the
Lie algebra G converging weakly to a full distribu-
tion m. Suppose that there exists a sequence
(8™} of automorphisms of G such that B(")m(") con-
verges weakly to a full distribution m. Then a cer-
tain subsequence {B ("’)} converges to an automorph-
ism B of 9 such that Bm = .
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Proof. Let V be the linear support of m,
spanned by {Y;,...,Y,}, which generates the Lie
algebra 9. We can show similarly as in [1] Lem-
ma 2.2.2, that the sequence {8™Y} is bounded
for any ¢ = 1,..., 7. Since any element Xj of the
basis {X;, ..., X} of ¢ is written as a linear
sum of the elements of the forms

[v,, [V, [, [¥,,_, (¥, 1] ]
Gy,...,1,€11,... ,r}) the sequence {8 X;} is
also bounded for any j. Consequently, a subsequ-
ence {8™’} of {B™} converges to an endomor-
phism B of ¥. Then the sequence {8”’m™’}
converges weakly to Bm and satisfies Bm = 7.
Since Bm is full, B is an automorphism.

Proof of Theorem 1.1. “If” part is obvious.
We shall prove the “only if” part. Suppose that u«
is stable. Then there exists a sequence {8,},cy of
automorphisms of G and a distribution v over G
such that g = lim,_.B,0"*. Then we have u**
= lim,_..(B,0" ™) for any positive integer k.
Note that (,an"*)k* = B,v™* Then we obtain
,uk* = hmnqm(ﬁnﬁnk)ﬁ,, "* For each k € N, set

=B,V and 7. = ,B,,,Bnk Then we have

(n) k% as #— 00,

ni") — pand 17,70 — 1

(n) (n)

Let dy, be the dlfferentlal of 7, . Then
T;")(eXpX) = exp(drk X), or equivalently,
logr,;";(a))—drk loga Therefore we have

n)_(n n)

logr, n, =dr, log 77,, . Define distributions
over the Lie algebra ¢ by m™ =logn,’, m =
log £ and m = log ,uk* Then we have m™ — m
and dy,”m™ — i as n— . Since m is full, #
is also full. Therefore, there exists an automorph-
ism 7; on 9 such that y;m = m by the above
lemma. We can choose {y;},cy such that 777, =
7w for all k, I € N. Now for each &k € N define
an automorphism 7, of G by 7,(0) = exp(r;
log ). Then {7):ey is a semigroup of auto-
morphisms satisfying 7,u = ,ak* for all kK € N.
The proof is complete.

Let {¢,},5, be a family of distributions over
G. It is called a convolution semigroup if it satis-
fies (a) y, * pu, = g4, for any s, £ > 0, and (b)
u,— 0, as t— 0, where J, is a unit measure at
the point e (identity of G). In particular if each g,
is a stable distribution, it is called a convolution
semigroup of stable distributions.

Let {7,},5, be a family of automorphisms of
G. It is called a one parameter group if 7,(0) is
continuous in (0, ®) X G and satisfies 7,7, =
T7.s for all ¢, s > 0. Further, if 7,(6) — e holds
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uniformly on compact sets of G as t— 0, it is
called a dilation. It is known that if a dilation ex-
ists on a Lie group G, it is simply connected and
nilpotent. See [3]. Given a dilation, the family of
differentials {d7,},5, defines a one parameter
group of automorphisms of 9. Further, there ex-
ists a linear map @ :9— % such that dy, =
exp(log ) Q = t° The linear map Q is called the
exponent of the dilation. Note that real parts of
eigen values of @ are all positive.

Theorem 1.2. Let ¢ be a full stable distribu-
tion over a simply connected wilpotent Lie group G.
Then there exists a unique convolution semigroup
{et} 150 of stable distributions such that p, = p.
Furthermore there exists a dilation {1} 5, such that
Uy = 1.t holds for all t > 0.

Proof. Let {r,}.cy be the sequence of auto-
morphisms defined in Theorem 1.1. We first con-
sider the case where it is a semigroup. For £k,
IE N, we set 7,0 =7: 7. It is well defined
since 7,47m = T+ 7; holds for all m € N. Then
{T,},EQ+ (positive rationals) is a one parameter
group of automorphisms of G. Let £ > 0 be an
arbitrary real number. Then there exists a sequ-
ence of positive rationals {7} such that {7, }
converges to an automorphism 7,. We can prove
that 7, does not depend on the choice of sequ-
ences {7,} converging to f, and {7},,, satisfies
YsYe = 7o for all s, t > 0. Moreover, 7, is con-
tinuous in £

Now for each ¢t > 0, define a distribution g,
by #, = 7.4 Then {p},,, satisfies p, % g =y,
for all s, t > 0. Indeed, if s, f are rationals such
that s = k/n and t = [/n, we have y,,, ¥ ¢;,, =

- - -1 (k+D% __
Tw b XTu U T Tn U = +n/sm Therefore
{te,} 5o satisfies u % u, = p,, for positive ration-
als s,t Since g, is continuous in ¢ > 0, the equal-
ity holds for all positive reals s, £. Therefore
{u,},5, has the convolutlon property. We have
further, u, = r,,,,u , so that g, is stable for all
t > 0. We shall prove y,— &, as t— 0. Let G =
G U {0} be the one point compactification of G.
Then it is a topological semigroup by setting 0o
= 00 g= o and @ = o, For each t > 0, g,
can be considered as a measure on the compact
space G. Now let U, be any accumulation point of
{¢t,} 5o as t— 0. It is a distribution over G and
satisfies ¢, = o, * f, which implies g, = 8, or
Lo = 0,. We have further g, * g, = u,, which ex-
cludes the case ¢, = 0,. This proves y, — 0, as
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t— 0. Now since g,— 0,, we have logu, — 0,
Note the equality log u, = t° log u. Since log p is
a full distribution, t°—>0ast—0or equivalent-
ly 7,(6) — e uniformly on compact sets of G as
t— 0. Therefore {7,},,, is a dilation.

Now in case where {7,},cy is not a semi-
group, let & (or N) be the group generated by
automorphisms B of G such that By = ,uk* for
some kK € N (or B = y¢). Then N is a normal
subgroup of &. Consider the factor group & /N.
Then 7, = 7N, k € N define a semigroup in the
factor group. A certain modification of the above
argument shows that there exists a dilation
{1310 and g, = 7,1, t > 0 defines a convolution
semigroup of stable distributions.

Conversely suppose that we are given a con-
volution semigroup of stable distributions {f,},s,
such that g, = u. Let {r,},5, be the dilation con-
structed above. We will prove that & ,= ru
holds for all £ > 0, which implies the uniqueness
of the convolution semigroup {f,,,, For each
positive integer #, there exists an automorphism
0™ such that 6”4 un =, = p since f,,, is
stable. Then we have 0 u=4,=u" =71
Therefore 7,:6™ € WN. Since N is a normal sub-
group of &, there exists B8 € N such that 6%
= B"r,. This equality implies (8”)' =
TunB™) L Consequently, g, = (6™) 'u=
Ti/mM, Which implies f,,, = 7,4 for any positive
integer k. Since f, is continuous in £ > 0, we get
the equality @, = 7, for all real t> 0. The
proof is complete.

2. Domain of normal attraction of stable dis-
tributions. Let G be a simply connected nilpo-
tent Lie group equipped with a dilation {r,},s,
Let 9 be its Lie algebra, where an inner product
{,> and the associated norm || are defined on
9. Let &,...,&,,... be a sequence of indepen-
dent random variables with values in G with the
identical distribution. Then the products ¢, =
& ---§,n=1,2, .. define a random walk on
the group G. We shall discuss the weak converg-
ence of the sequence {¢,} as #n— o by con-
stricting its spacial scale through the inverse of
{r,}. Namely we consider a sequence of G-valued
random variables @™ = 7,'(¢,). Let 4™ be
their distributions. If the sequence {u™}
converges weakly, the limit distribution g« should
be stable with respect to the dilation {7,} in view
of Theorem 1.1. The identical distribution v of

Stable Limit Distributions 3

the random variables &, is said to belong to the
domain of mormal attraction of the stable distribu-
tion u. We are interested in finding criteria
which makes v to belong to the domain of normal
attraction of a stable distribution.

For the study of the above problem, it is
more convenient to consider a sequence of
G-valued stochastic processes @;" = 7, ({pur)
with continuous time parameter ¢ € [0, ©°), in-
stead of the sequence of G-valued random vari-
ables (p(m‘ If the sequence of the distributions of
random variables (pin) converges weakly for any
t > 0, we say that the distributions of (p:m con-
verge weakly.

In order to introduce an assumption for the
distribution 7 of 1, = log §,, we need a fact on
the exponent @ of the dilation. Let g be the
minimal polynomial of . It is factorized as g =
gl g,',", where g,,..., g, are distinct irreduci-
ble monic polynomials and /; are positive inte-
gers. Set W, = Ker(g,(Q"), j=1,..., p. These
are @Q-invariant subspaces of 9 and admits a
direct sum decomposition ¥ = 2., W, Let
k; = a; £ V— 1B, (a;, B; are reals) be the roots
of g; (= eigen values of @). We set

I={j;a,=1/2},J=1{j;1/2 < a; < o},
Ji=1;1/72<a; <1}

The subspaces of ¥ are defined by W,
= @,.,; W, etc. and projectors to W,, W, etc. are
denoted by Ty, Ty, etc. We define
S={0€%:16|=1,|»%°]|>1 for all » > 1}.
Then every X € ¥ (X # 0) is represented unique-
ly by X=17%, where 6 € S and r € (0, ).
We denote # and 6 by 7(X) and 6(X). We set
S;=SN W,and S, =SSN W,

Condition A. (1) TW,X is square integrable

with respect to 7 and f Ty Xr(dX) = 0. Further,
R = f Ty X (Ty, X)'m(dX) is nondegenerate on

W, and satisfies QR + RQ" = R, where Q' is
the transpose of Q.
(2) TW,lX is integrable with respect to 7 and

[ 14, Xz@x) =o.

(3) There exists a measure A over S supported
by S, such that
(2.1) limt-7w({r°6;0 € F, r > t}) = A(F)

t—o00

holds for any Borel set F in S; such that A(0F)
= 0.
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Theorem 2.1. Assume that real parts of eigen
values of the expoment Q ave all greater than or
equal to 1/2 and are not equal to 1. If Condition A
is satisfied for the distribution T = log v, then the
distributions of ¢," converge weakly. Let {11,},5, be
the family of limit distributions. Then it is a con-
volution semigroup of stable distributions with ve-
spect to the dilation {1}, Let L be the in-
Sfinitesimal genevator of the convolution semigroup.
Then for any f € C* Lf is represented by

22 L® =5 XX S +

L—(o} (f(zexp X) —f() — TW, Xf()MWUX).

Here, {X,, .. .,X,} is a basis of Y, (7;,) is the
matrix representatwn of the covariance R with re-

spect to the basis, and M is the wmeasure over
4 — {0} defined by

(2.3) M(E) = fs 2(d6) j:o XG0 ar,

Proof. Define an array of G-valued random
variables &,,, n, k=1,2,... by §,, = rl/n(Ek)
Then &, , = exp(dr,.N:) = exp((l /m)°n,). For
each fixed #, these are independent identically
distributed random variables. We have (p:n) =
&1 Epmn, because 7,(0) = 1,(@)71,(7) s
satisfied. In order to prove the weak convergence
of distributions of (p:"), we shall apply a result in
Kunita [2]. Let 7, be the distribution of (1/#)%y,
over 9. We denote by M, the restriction of the
measure %7, to the subset ¢ — {0}. For a fixed
0 > 0, we define a linear transformation A,,
over ¢ and a vector B;, = (bj,) as follows.

(2.4) A, = nf X-X'm,(dX),
{r(X)<d}
j
I =n f{ o TyXm,dX,
where {r(X) < ={X€¥9%;r»(X) <8). We

want to prove the following three:

(a) lim,_, lim sup,_., | A;,, — RIl = 0, where || |
is the norm of the linear transformation.

(b) The sequence of measures {M,} converges to
M vaguely in the following sense.

[ reomM@o- [ f@M@x
{r(X)<e} {r(X)<e}

for any 0 < e < o and f € Cy(n). Here Cy(r)
is the set of all continuous functions f over
9 — {0} such that limy_,f(X) = 0, lim,_.f(X)

exists and {f | fF(X) log | F(XO | M,,(dX)] is
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bounded.
(c) The sequence of the vectors {Bj;,} converges
for any 0 > 0.
If these three properties are verified, then the
sequence of the distributions of goi"), n=1,2,...
converges weakly and the family of the limit dis-
tributions is a convolution semigroup by a slight
modification of Theorem 3 in [2]. It is in fact
stable with respect to the given dilation. The rep-
resentation (2.2) of the infinitesimal generator is
shown in [3].

We shall first prove (a). Since
" A.;,n — R “ < ” TW,Ad,nTv,V, - R ” + 2 " TW,Ad,n ",
it is sufficient to prove that each term of the
right hand side converges to O as #— o© and
0— 0. Consider first Ty A;,Ty, — R. The mat-
rix A;, is written by

A,, =1/ ) O~ /21 R,,(1/n y(@- (1/2)1)'

where R;, = f X-X'n(dX).
/2 {r(X)<nd}
Let R be a unique linear symmetric trasforma-

tion on ¥ such that (RV®)?*= R, RV*W, =W,
and R*W,;" =0, where W' is the orthogonal
complement of W, in 9. R™"? is defined similar-
ly. Then we have the equality
TwA;,Ty,— R =

Rl/ZK R—l/z(TWRJnTW R R 1/2K,R1/z
where K, = RV /)T Y?P RV It holds
|K,| <1 for all # Indeed, the property QR + RQ’
—_ R lmplles tQ RtQ' — tR or tQ—(l/Z)I Rt(Q—(l/Z)l)’
= R for any ¢t > 0, so that K,K, = Ty,. See Prop-
osition 4.3.3 in [1]. Now since I|T R,,,,TW R|
— 0 as n— %, we obtain | TWIA,,_,,TW,
0 as n— . We next consider TW, A; .- By (2.4),
we have

I Ty A, < fs o )I Ty,r°0 | G,(dbdr),

where G,(F, X F) = M,({6(X) € F,, nX) € F,)).
Let g be the minimum of &; such that a; > 1/2.
Note that

(2.5)

R|—

IAEDY S %7 (log N* x

jeJ k=0
F"(Q — k)*T,0 + r(Q — k)"T,0),
where T; is the projector to Ker((Q — K ).
Then for ¢ with 0 <e < g—1/2, there is a
positive constant ¢ such that | ijroﬁl < ¢ for
all € S and »<1. Set F,() = G,(S X [t, )).
Then | TWIA(,,,, | is dominated by
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2 2(q—g)
- F <
c j:o o L (dr)

4
@ UF,0) +2(q— o [ £V F, (.
0

Since F,(H) = nx({r(X) > n#}), lim,_,, F,(H) =
A(S)t™" holds for any ¢ > 0 by Condition A (2).
Therefore,

lim sup | Ty A, | <

Nn—oo

¢ /I(S) (52(11 &)—-1 + z(q _ 6) f Z(G—E)—Zdt),

which tends to 0 as § — O because 2(g — &) > 1.
We have thus proved the assertion (a).

We shall next prove (b). For any 6 > 0, we
have
M,{6(X) € S,, »(X) = 1)
< | Ty, X 7, (dX0

5% Jowesran =0

=—;—2Tr(RV2K,,R'”2(R Ty, Ry, o Ty R™KRY).

It tends to 0 as #— oo, Then ff(X)M,,(dX)

— 0 as #— o0 if f is a function of the form

f(X) = f(Ty X). Now let F be a Borel set in S,

satisfying (2.1) and let
E={(:60€F,a<r<b.

Then lim,_ ., M,(E) = M(E). Indeed by Condi-
tion A (3), we have
lim M, (E) = fz(de) (2-3)

= fo(de)f Lar=m).
a y

Then {ffdM,,} converges to ffdM if fe

Co(m) is of the form f(X) = f(Ty X). Conse-
quently, {M,} converges vaguely to M on
4 — {0}.

Finally we shall prove (c). We first consider
the case where a; = 1/2. Since the integral of
Ty X by M, over § is O by Condition A(1), we
have

26) b,=— [  T,XM,dX.
{r(X) =4}

The domain {#(X) = §} of the integral can be
restricted to {0(X) € S;, »(X) = §}. Then by
Schwarz’s inequality,
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85,0 < ([ I TyxM,@0) " x

M,({6(X) € S,, r(X) = o))"
The first term of the right hand side is bounded
in #. The second term converges to 0. Therfore
for any & > 0, lim,_,b;, exists and is equal to 0
if 7 € I. Next consider the case 1/2 < ¢, <1
By Condition A(2), b,,n is written as (2.6). Note
the equality (2.5). Then for N > 0, the truncated
function fy = (Ty, 7’0 A N)V (= N) belongs to
C,(r). Therefore the limit of b}, exists and is

equal to —f STW!r 62(d0)r *dr for any
4 7

0 > 0. In the case where a; > 1, we can show
similarly that lim,_, b5, exists and is equal to

s
f fTW’rQHZ(dO)r_Zdr for any 0 > 0. The
o Js,

proof is complete.

The following corresponds to a central limit
theorem on the Lie group.

Corollary 2.2. Assume that n, = log &, is of
mean O and has a finite nonsingular covariance R
If A = Ty RTy, satisfies QA + AQ" = A, the dis-
tributions of o " converge weakly. Let {tt,},5, be the
Sfamily of limit distributions. Then it is a convolu-
tion semigroup of stable distributions with respect to
the dilation {7,};,. Further its characteristics are

given by (4, 0, 0).
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