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Abstract:

We say that a bounded linear operator T on a Hilbert space H belongs to the class

F if T satisfies the following Fuglede’s property that, for a given isometry W on H, SW*=TS for
some bounded linear operator S on H always implies SW = T*S. Such class is wider than the class
of paranormal contractions, the class of dominant operators and the class ) which was introduced
in [4]. In this paper, we prove that, for the class F contraction T' on H, the positive square root

Arps of the strong limit of T"T*" is the projection from H onto Hé? ) on which the unitary part of

T acts.
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1. Introduction. It is known that, for a
contraction T (i.e., ||T]| < 1) on a Hilbert space
H,

def *
HW e e U T | = o) = T |

forall k=1,2,---}

=X {zeH; T*Trs =z =TFT* 2}
is the maximal reducing subspace on which its re-
striction is unitary and that the projection from H
onto ’Hg) belongs to the centre of R(T'), where R(T')
is the von Neumann algebra generated by 7. The
unitary operator T|H(Tu) is called the unitary part of
T.

If T is a contraction, then ||[T"z| < ||T"z||
for all 2 € H and the sequence {T*"T™} is monoton-
ically decreasing and hence it converges to a positive
contraction Ap? strongly and T*A7%T = Ar?. By
using the unique positive square root Ar of Ar?2, we
can represent ’H% ) as follows:

Hg) ={zeH; |[Arz| = ||[Ap-z| = |||}
={zeH; Ar’z = Ap-*z =z}
:N]—AT lefAT*a

where Mg denotes the null space of the operator B.
It is clear that N, = {z € H : Arz = 0} and

Ni—ap ={zeH: Arx ==z}
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= {eecH: T = af, n=1,2,---}

are invariant under 7" and T'|n;,_,  is an isometry
and

Nap—ar2 =Nap, @Ni_a,.

In [3], C. R. Putnam proved the following.

Proposition. If T is a hyponormal (i.e.,
T*T > TT*) contraction on H, then Ap« is the pro-
jection from H onto ’Héﬁ”.

This result is generalized in the each case where
T is a paranormal (i.e., |Tz||*> < ||T%z|| ||z| for all
x € H) contraction by K. Okubo [2] and where T is
a dominant (i.e., (T — zI)H C (T — zI)*H for all
z € o(T), where o(T) denotes the spectrum of T')
contraction by [6] respectively.

In this paper we shall show that Proposition is
generalized for the more wide class of contractions
defined as follows.

Definition 1. If a bounded linear operator
T on H satisfies the following Fuglede’s property
that, for a given isometry W on H, SW* = TS for
some bounded linear operator S on H always implies
SW = T*S, then we say that T belongs to the class
F and denotes T' € the class F.

It is known that the paranormal contractions
and also the dominant operators belong to the class
F by E. Goya and T. Sait6 [1] and by [5] respectively.

In [4], we defined the following class of opera-
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tors.

Definition 2. For a bounded linear operator
T on H, we say that T belongs to the class ), for
some « > 1 if there is a positive number K, such
that

|T*T — TT*|* < K,2(T — 21)*(T — zI)
for all z € C,

where | B| denotes the absolute value (B*B)z of the
operator B and C denotes the set of all complex
numbers. It is known that, for each a, (3 such as
1< a<fB, Yo CYVs and we say that the operator
in Y = Ua>1Va is the class ) operator.

It is also known that the class ) operators be-
long to the class F by [4]. Each class of operators,
that is, the class of paranormal operators, the class
of dominant operators and the class ) , contains the
hyponormal operators but these classes are mutually
distinct.

2. Preliminaries. Throughout this section,
let T' be a contraction on H. Firstly we shall study
the general properties of Arp.

Lemma 1. For any positive integer n,
|ATT™z|| = ||Arz| > || T*" Arz| for all x € H and
A7T™ is hyponormal.

Proof. For any x € H, we have

|ArT™z||? = (T*" Ap*T"x, x) = (Ap2x, x)
= || Ara|* > |T*" Aga||®. [

Let AT = VpAr be the polar decomposition
of ArT. Then Vr is a partial isometry and Ny, =
Na,.

Lemma 2. [ApH|™ reduces Vp where “~ 7
denotes the closure.  And hence the restriction
Vrliapw)~ is an isometry because Ny, = Na,..

Proof . Since ArT = VirArp, [ArH]™ is invari-
ant under Vr and since Ny, = Na,., Na, is invari-
ant under Vp. Therefore [ArH|™ reduces Vr. L]

Lemma 3. A necessary and sufficient condi-
tion that At is the projection from H onto ’Hg‘) 18
that AT is normal.

Proof . Assume that A7T is normal. Since

A7T is normal

& | T Arz| = [|Arz|
for all x € X (by Lemma 1)
& TT*Arx = Arx
for all x € H (because Tis a contraction)
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& TT*Ar = Arp,
we have
TAr® =TT*Ar°T = Ap°T
and Ar commutes with 7. And then
T"T"Ap® = T*" Ap*T" = Ap®
and Ap* = A7? and hence A7 is a projection.
For any = € 7—[%), x = Ar’z € ArH and ’H%) C

ArH.
For any x € H and for each n =1,2,---,

IT" Arx| = ||[ArT"z|| = ||Arz| by Lemma 1

and
|77 Aga| = |T* AzT*" 2| = | AzT*" |
= 17" AT 2] = | Ar T*" 2|
== | Apz||

and hence ArH C 7—[%). Therefore ’r'-l%) = ArH.

Conversely if Ar is the projection from H onto
'H%), then ApH reduces T and T'| 4,.% is unitary and
hence ||T*Arx| = ||Arz| for all x € H. Therefore
A7T is normal by Lemma 1. []

3. Conclusion.
Proposition as follows.

Theorem. If a contraction T on H belongs to
the class F, then Ap« is the projection from H onto
HY.

Proof . By Lemma 3, we have only to prove
that Ap«T* is normal.

Let Ap-T* = Vp« Ap« is the polar decomposi-
tion of Ap«T*. Then, by Lemma 2, [A7~H]™ reduces
VT* and

Now we can generalize

W = Vre|iap-m~ © L[apem)t
on H= [AT*H]N (&) [14'1“*7'[]L

is an isometry on H, where [j4, ., 41 denotes the
identity operator on [Ar-H]*, and

(1) Ap<T* = Ve Aps = W Ap-.

Since, by (1),

(2) Ap-W?* =T Ap-,

we have, by the assumption that T € the class F,
(3) Ap«W =T* Ap«.

And since

(Ap-WHW* = (TAp-)W* = T(Ar-W*) by (2),
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we have, by the same reason as above,
Ars = (Ap-WHW = T*(Ap- W) = (Ap-W)W™
by (3)
and

Tiarer~ = (Vosliap-20~) (Ve (g 3g~) "] Ar-H
= (I — WW*) A H = {0}

and hence Vi«
Since

[Ap-#]~ 18 unitary.

AT*T* = VT* AT* by (1)

and since

ApT = W*AT* = VT**AT* by (3)7

we have
Ap- Ve = Ape (T* Ape ) = (Ap T*) Ape = Vipe A ?

and Vp« commutes with Ap- and hence Ap-T* =
Vi« A« is normal. 0
Corollary 1. If T is a contraction such that,
for some positive integer n, T™ belongs to the class
F, then Ap« is the projection from H onto 7—[%).
Proof . Since Ap«n = Ap+« and since Apn =
Arp, H%ﬁ? = H% ) and hence the conclusion follows
from Theorem. []
Corollary 2. If T is a contraction such that,
for some positive integer n, T™ belongs to the class
F, then Ap = I,y ® B for some positive contraction
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B onHoHW.

Proof . For any x € H, let x = Ap«ax + (I —
Ar+)x. Then, by Theorem, Ar- is the projection
from H onto H(Tu ) and it commutes with 7’ and hence,
for any positive integer m, we have

1T a|* = |T™ Agez|® + |T™ (I — Ap+)z|®
> ||T™ Ap-a|* = [| A7 |*.

Therefore we have Ap? > Ap-2 and Ay > Ap- by
Heinz’s inequality. Since Ap« commutes with T', Ap«
commutes with Ay and Ar = Iy @ B for some
positive contraction B on H S H™ because Ap < I.
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