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3-manifold groups and property T of Kazhdan
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Abstract: Suppose that M is a compact, orientable three-manifold such that each piece
of the canonical decomposition along embedded spheres, discs and tori admits one of the eight
geometric structures of three-manifolds in the sense of Thurston. Let G be a subgroup of π1(M).
If G has property T in the sense of Kazhdan, then G is finite.
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1. Introduction. A discrete group G has
property FA if when it acts on a simplicial tree by
isometries the action has a (global) fixed point in the
tree, [6]. Kazhdan defined that G has property T if
the trivial representation of G is an isolated point
in the set of equivalent classes of irreducible unitary
representations, equipped with the Fell topology (see
[2]). It is known that property T implies property
FA [1], [4]. An important class of discrete groups
with property T is given by lattices in connected,
simple Lie groups of rank greater than 1, for exam-
ple; SLn(Z), n ≥ 3.

Let M be a compact, orientable 3-manifold.
Suppose that no connected components of ∂M are
homeomorphic to S2. Note that this assumption is
not very restrictive to us since if there exists a bound-
ary component which is homeomorphic to S2, then
we can remove it by gluing a 3-ball to M without
changing the fundamental group.

It is known that there is a canonical way to
decompose M into pieces by cutting M along em-
bedded spheres, discs and tori, which is called the
canonical decomposition of M (see [3],[5]). If each of
the resulting pieces admits one of the eight geometric
structures, then we say that M is geometric [7].

Theorem 1. Let M be a compact, orientable
three-manifold. Suppose that no connected compo-
nents of the boundary of M are homeomorphic to S2.
Assume that M is geometric. Let G be a subgroup in
π1(M). If G has property T , then G is finite.

2. Proof of the Theorem 1.
Lemma 2. Let M be a compact, orientable

three-manifold. Suppose that no connected compo-
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nents of the boundary of M are homeomorphic to
S2. Let G be a subgroup in π1(M). Suppose G has
property FA. Then
(1) there is a piece N in the decomposition of M

such that a conjugate of G is a subgroup of
π1(N).

(2) If we additionally assume that M is geometric,
then the piece N satisfies one of the following.

(i) N is spherical, and G is finite.
(ii) N is hyperbolic.

Proof . (1). Let M = ∪iMi be the canonical
decomposition of M . Then π1(M) admits a decom-
position into π1(Mi)’s in terms of free product of
amalgamation and/or HNN-extension. Since G has
property FA, there must be a piece N in Mi such
that a conjugate of G is in π1(N).

(2). For the simplicity of notation, we denote
the conjugate of G obtained in (1) by G as well. Since
N admits one of the eight geometric structures, one
of the following holds.
(i) The geometry of N is spherical.
(i) N is a Seifert manifold.
(iii) The geometry of N is hyperbolic.
(iv) The geometry of N is Euclidean.
(v) N is a surface bundle over a circle.
We discuss each case. Note that if G is trivial, then
we have nothing to prove.
(i) This is one of our conclusion. Note that π1(N)

is finite.
(ii) There is an exact sequence

0→ Z→ π1(N)→ πorb
1 (Σ)→ 1,

where Σ is the underlying 2-orbifold. Let H be the
image of G in the exact sequence. Then H has prop-
erty FA as well. But a subgroup in πorb

1 (Σ) has



104 K. Fujiwara [Vol. 75(A),

property FA only when it is in Z/nZ which corre-
sponds to one of the singular points of the underlying
2-orbifold. If G is non-trivial, then it follows that G

is isomorphic to Z, which does not satisfy property
FA. Therefore G is trivial.
(iii) This is one of our conclusion.
(iv) In this case π1(N) is amenable. But amenable
groups have property T only when they are finite.
So G is finite. But in this case G has no torsion, so
G is trivial.
(v) There is an exact sequence

1→ π1(Σ)→ π1(N)→ Z→ 0,

where Σ is the fiber. Let H be the image of G in
Z. Since G has property FA, so does H, therefore
H must be trivial. This implies that G is in fact
in π1(Σ). But subgroups in a surface group have
property FA only when they are trivial. Thus G is
trivial.

We now prove the Theorem 1.
Proof . Since we assume that G has property

T , it also has property FA, [1], [4]. We apply the
Lemma 2 to G. To finish the proof, we need to ex-
clude the case that N is hyperbolic in the conclusion
of the Lemma 2. To argue by contradiction we sup-
pose N is hyperbolic and G is not trivial. Then G is
a discrete subgroup in SO(3, 1). It is known that a
countable subgroup in SO(3, 1) has property T only
when it is precompact, [2], [8]. Therefore G is finite,

and in fact trivial since G has no torsion. This is a
contradiction.
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