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A certain expression of the first Painlevé hierarchy
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Abstract: We show that each equation in the first Painlevé hierarchy is equivalent to a
system of nonlinear equations determined by a kind of generating function, and that it admits the
Painlevé property. Our results are derived from the fact that the first Painlevé hierarchy follows
from isomonodromic deformation of certain linear systems with an irregular singular point.
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1. Introduction. Let d,[y] (n =0,1,2,...) 2. Main results. Consider the formal power

be differential polynomials in y determined by the series in &:
recursive relation

Yae mO-Yue

doly] = v>1 v>1
(1) Ddnpaly] = (D* — 8yD — 4y/)d,[y], F(§) =267'Q() (1 + Z16)
n € NU {0} £71Q(6)* — R(§)* 2
+ — Uy,
1-Q(&)

(" = D = d/dt). In what follows, we suppose that
all the integration constants contained in d,[y] are
zero. For example,

dily]/4 = —

daly)/4 = —y" + 617,

dsly]/4 = 4) +20yy” +10(y/)% — 40y°,
daly]/4 = —y'© + 28yy® + 564"y + 42(y")?

- 280(y%y" +y(¥)* — y*).

The first Painlevé hierarchy is a sequence of 2n-th
order differential equations of the form

(PIy,)

(cf. e.g. [2], [3], [4]), which contains the first Painlevé
equation (PIy).

dpt1ly] +4t=0, neN

In this paper, we show that (Ply,) is equiva-
lent to a 2n-dimensional system of nonlinear equa-
tions determined by a kind of generating function,
and that it admits the Painlevé property. These re-
sults are derived from the fact that (Ply,) follows
from isomonodromic deformation of a certain linear
system with an irregular singular point. The special
case n = 2 was treated in [6], and see also [7].
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where ug, Z,, U, (v € N) are variables depending
on t. Then, F(§) is written in the form
5) = Z Fugy
v>0
with
FQ = 2Z1 — U,
Fl/ = 2Z1/+1 + GV(Z

s Uki1<j<v,1<k<v—1) (v € N).

Here G, is a polynomial in Z; and U (1 < j < v,
1<k <wv-—1). For each n € N, the relations

dt(UoJrR(f)) = F(§) +2(t — Zuy1)€" (mod €"+Y),

d

— =2R

2Q(6) = 2R(¢)

define the following system:
Z!, =2U,,

U, =2Zy+1+ Gu(Zj,Uy;1<j<v, 1<k<
(1§V§n—1),

(mod £"*1)

(Sn)
7! = 2U,,
Ul =2t + Gn(Z;

(if n = 1, skip the first two equations). For example,

7! =2,

S
(5 Uj =2t + 323
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and
7, = 2U,
Ul =27, + 322,
(52) 2 —2u 1
2 — 2
Uy =2t 44217, + Z3} — UL.
Theorem 2.1. For each n € N, system (S;,)

is essentially equivalent to (Pla,). Namely,
(1) for every solution (Z,(t),U,(t)) (1 < v <
n) of (Sy), the function y = Z1(t) satisfies

(PI3,)

(2) for every solution y =Y (t) of (PL3,), there
exists a solution (Z,(t),U,(t)) (1 < v < n) of (S,)
such that Z1(t) =Y (t).

Remark 2.1. For the differential monomial
yo(y)r - (y®)e, we define the weight by

P _o(k+2)u,. Since all terms of d,,11[y] have the
same weight 24 2n (cf. the proof of [8, Lemma 2.6]),
by the change of variables y = A2, t = A7!
(A27F3 = 4") | equation (PI3,,) is reduced to (Ply,).

Furthermore, we have

Theorem 2.2. FEvery solution (Z,(t),U,(t))
(1 <wv <n) of (Sy) is meromorphic in C.

dns1y] + 471 = 0;

3. Linear systems and a Schlesinger

transformation. Consider the matrix differential
equation
d= 2n+2
= _ . 4
(E) = A(x)Z, A(x)=-— jZ:O A_jo? — Az

Here = is a 2 by 2 unknown matrix and
A ono=1J, A_op 1 =—ul,
A_on_oyoi = v K —w;J,
(1<i<n),
(I-L)/2

A_op_142i = —w;L
AOZS(J-‘,-K), A =

b9 7=l b))
(D 0

Proposition 3.1. Suppose that t and the en-
tries ug, u;, v; (1 <i <n) are arbitrary parameters,
and write wy11 :=t—s. System (E) admits a formal
matriz solution of the form

(2) E=ZE@x)=Y(x)expT(x),

with

1

J I
T -7 2n+3 _ — 2
(2) 3" tJx 5 logz,
0=y ¥
=0

if and only if the relations

1 v—1 1 v
(3) w,= ) Z(ij,, = VjV—j) 5 Z“jfluvfj
j=1 j=1

(in particular wy = u2/2) hold for 1 <v <n+ 1.

Proof. Suppose that (E) admits formal solu-
tion (2). As was shown in [1, Proposition 2.2 and its
proof], the series Y (x) is decomposed into

Y (x) = F(z)D =Y Fjz ™,
720
=Y Djz, Fy=Dy=I,
Ji=0
Fj = f;L+g;K, Dj;=diag(d},d}) (j>1);
and hence F'(z) + F(x)(D'(x)D(z)~! + T’(x)) =
A(z)F(x). Comparing the coefficients of z¥ (-1 <

k <2n+ 1) on both sides, we have

E A_ 2n— 2+m j—m

(4)  A_onoy; = [F),J] -

for1<j<2n+1, and

Ao = [Fanga, J]
2n+1
- Z A72n72+mF2n+27m + tJa

m=1
(5)
Ay = [Fanys, J]

2n+-2 I
- Z A—Zn—2+mF2n+3—m + tFlj + 5

m=1
Note the relations J? = —K? = L? = I, JK =
~KJ =1L KL =-LK = J, L] = —~JL = —K.
Using (4) and (5), we can verify, by induction on ¢,
f2ic1=0
g2: =0
Then, by (4) with j = 2i (1 <4 < n),

UZK wz _( 2f22 +Zwlf2z 2l>

i—1
- <u092¢1 + Z(Ulgzz;kzz + vzf2¢2z)) J,

=1

(1<i<n+2),
(I1<i<n+1).

which yields
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i—1
(6) fai= ;<Uz + ;wlei—21>a

i1
() wi =uogai1+ Y _(wigai1-21 + vifai-2)

=1
(1 <4 < n), in particular fo = —v1/2, w1 = upg:.
Moreover, by (4) with j =2i—1 (1 <i<n+1),

i1
—ui—1L = (—2921‘—1 + Zw192i—1—2l)L + (),
=1

and hence

i—1

1
(8) 92i—1 = 5 (Uz’—l + ;wlg%—l—Ql)

(1 <i < n+l),in particular g; = ug/2. Analogously,
from (5), we have

1 n
f2n+2 = 5 <5 -+ ; wlf2n+2—2l) )

n

§$=1—uogon+1 — E (wg2n+1—21 + Vi font2—21)
=1

(9)

and

(10)  gonts = %(% —(s+t)g + lz;wzg2n+32z)-
Using (6) through (10), we can check (3). Conversely
suppose that w, are given by (3). By (6), (8), (9)
and (10), we can recursively determine f;, g; (1 <
j < 2n+3) and s. Then, tracing the computation
above, we see that

2n+3
F,(z) = Z Fa™, Fy=1I
=0

satisfies
Fy(2)T'(x)
= (A(x) + (251 5jxj>I>F*(x) +Y Bz

j=—1 i>2

Observing that tr(Fy(z)T"(z)Fy(z)™t) = tr T'(x) =
—x7 1, and that tr A(z) = —tr(Ajz~!) = —2 7,
we have 6; = 0 for —1 < j < 2n + 1. This fact
implies the existence of formal solution (2). [

System (E) possesses an apparent singularity at
x = 0. To remove it, we employ the Schlesinger
transformation
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(11) W = ¥(2)Z, \I/(x):<u01/2 u0/21+x)'

Then (E) is changed into

w 2n+2 )
(Bo) S =B@W, Ba)=-3 B
7=0
Here
B_Qn—Z = ']7
_Unfi 2Zn*"
B72i71 - (Vn—l — 'Un—’H-l Un—i ) )
L, 0
Bii: n—i+1 1<i<n7
2 (_Uni+1 ZniH) ==

(U, 22, (0 0
B‘1_<—Vn—s Un>’ B°_<1/2 0)

Z,=v,+w,, U,=u,+ups,,

12
(12) V, = uou, +uiZ, /2

(0<v<n),vy=w=0.

4. Isomonodromic deformation of (E)
and (Eg). Suppose that u,, v,, w, are functions
of t. The isomonodromic deformation of (E) with
respect to the deformation parameter ¢ is governed
by the completely integrable system

0
dA(x) = —Q(z,t) + [Q(z, 1), A(x)],
)= 500 060 Aw)
Oz, t) = D_1(t)x + Do(t),
where ®_4(t) and ®(t) are one-forms with respect
to t defined by

> @ k)2t =Y (2)(—adt) Y (z)"

k=—o00
(cf. [1, Theorem 1 or 3.3]). It is easy to see that
O_y(t) = —Jdt,

14
( ) ‘bo(f) = —(}/1(] — JYl)dt = —A_Qn_ldt;

the latter equality follows from the relation A(x) =
Y (2)T'(2)Y ()"t +Y'(2)Y (z) . By (14), equation
(13) is written in the form

—dA_9n_2+;j

= ([J,Aon—145] + [Aon_1, A_on_oyj])dt
(1<j<2n+1),
—dAg = (—J + [J, A1] + [A—gp—1, Ao])dt,
—dA1 = —[A_Qn_l,Al]dt.
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These relations imply the following:

Proposition 4.1. The isomonodromic defor-
mation of (E) is governed by the system of equations
(with respect to ug, Uy, v,)

ul,_ =2, v, =2u,+ 2ugw,,
(15) w), = 2ugv, (1 <v<n),
ul, =2s, s =1-2ugps,

where w, and s =t — wy41 are variables defined by
(3).

Remark 4.1. The equations w} = 2ugv; (1 <
i <n)and s’ = 1—2uqs are obtained from the others.
Indeed, by (3), w] = uouj = 2ugvy; and supposing
them for i < v — 1, we have

— v
g wwl,] vvquLEuJ 1Uy—j = 2UgVy.
= =

Note that the isomonodromic property remains
invariant under the Schlesinger transformation (11).
Using (12), from Proposition 4.1 and Remark 4.1, we
derive the following:

Proposition 4.2. The isomonodromic defor-
mation of (Eg) is governed by the system of equations
(with respect to ug, Z,, U,)

uy =271 —u
Z!, =2U,,
U, =2(Zy+1 — wy41)
+ (221 —ud)Z, + 2uoU,
(I1<v<n-1),
Z! =2U,,
U =2(t —wpa1) + (221 — ud) Zy, + 2uoU,.

5. Proof of Theorem 2.2. By Miwa’s the-
orem [5], every solution (ug, Z,,U,) of (16) is mero-
morphic in C. It is sufficient to show that system
(Sn) coincides with a series of equations for Z,,U,
n (16). In addition to Q(¢), R(£), F(£) in Section 2,

set
&)= we, = ng,
v>1 v>1
S
v>0

For convenience, suppose that, by (12) and (3), the
variables Z,, U, and w, are defined for all v € N.
Then,

(p(€)?

p(§) = —q(6)* +¢r(6)?)

N | =

[Vol. 80(A),

= 5 (209 - Q©* + &1 - Q) + R(©)?)
and hence

Q) — £(uo(1 - QE)) + R(E)?
Pl&) =~ 30 -Q0) ’

which expresses w, in terms of Z;, U;, ug. The gen-
erating function for the right-hand side of the third
equation in (16) is given by

2671(Q(E) — p(9)) + (221 — ud)Q(E) + 2ugR(£).

Substituting p(£) into this, we obtain F'(£), which
yields system (S,,).

6. Proof of Theorem 2.1. By the defini-
tion of (S,), the pairs (Z,,U,) are recursively deter-
mined by

1
Zyi1 = = (U, = Gu(Zj, Ups1<j<v,1<k<v—1))s
(17) 2( J VRS SR> )
U, =2/2
(v =1,...,n), with Z,,1; = ¢. By this fact, it is

sufficient to show the following:

Lemma 6.1. For 0 <v <n,

dVJrl[Zl] =

Proof. We show (18) by induction on v. Since
dily] = —4y, (18) is valid for v = 0. Suppose that
(18

(18) —4v T 7z, ..

) is valid for 0 < v < k. Then
(19)  Ddypy2[Z1] = (D? —8Z,D — 4Z})dy11[ 2]
—4F Y 151)1 — 8212}y — A2y Ziia).

By (15) and the first equation of (16),

Vg = 2Ugy + 2uGWhy1 + 2uoW)
= dUpqo + 42 Wy 1 — 2udwr 1 + dudvpa,
Wiy = 2uGUk41 + 2ugVy
=4Z1vk41 — 2ugvk+1 + 4u(2)wk+1 + dugug+1;
and hence
Zl,c/—‘,-l = 4Z1Zk+1 + 2u(2)Zk+1 + 4vg4o + duoUg41-
Substituting this into (19) and using (15), we have

Ddyo[21]) = —4*T2Z] .

By (17) together with the definition of G,, we have
dyi2[Z1] = —4%+27; 15, which implies that (18) is
valid for v = k 4+ 1. This completes the proof. L]
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