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Abstract
We find the minimal number of non-trivial links in an embedgif any
complete k-partite graph on 7 vertices (including(;, which has at least 21
non-trivial links). We give either exact values or upper dader bounds for the
minimal number of non-trivial links for all completk-partite graphs on 8 vertices.
We also look at larger complete bipartite graphs, and stat®rgecture relating
minimal linking embeddings with minimal book embeddings.

1. Introduction

The study of links and knots in spatial graphs began with Gonand Gordon’s
seminal result that every embedding K§ contains a non-trivial link and every em-
bedding of K; contains a non-trivial knot [2]. Their result sparked colesable in-
terest inintrinsically linked and intrinsically knottedgraphs—graphs with the property
that every embedding ifR® contains a pair of linked cycles (respectively, a knotted
cycle). Robertson, Seymour and Thomas [15] gave a Kuratetypk classification of
intrinsically linked graphs, showing that every such grajgmtains one of the graphs
in the Petersen familyas a minor (see Fig. 1).

However, while their result answers the questionndfich graphs are intrinsically
linked, it does not addredsow they are linked, and how complicated the linking must
be. In this paper, we measure the “complexity” of a graphKwispect to intrinsic
linking) by the minimal number of non-trivial links in any drdding of the graph
(denotedmnl(G)).

This is not the only possible measure of complexity. Rath@mtcounting the
number of links, one could focus instead on the complexitythef individual links.
Flapan [6] has given examples of graphs which must contaiks liwith large linking
numbers, and Flapan et al. [7] constructed graphs whose dafimigess must contains
links with many components. Recently, the second authah ®liapan and Naimi, has
generalized these results to show that there are graphsewdmbedding must contain
a link with arbitrarily complexlinking patterns|[8].

In other work, the authors have used the notiorviofual spatial graphsto form
a filtration of graphs based on the presence of virtual linksaaigraph’s virtual dia-
grams ([4]). These various measures of complexity are ddifferent; for example,
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Fig. 1. The Petersen family of graphs.

while all the graphs in the Petersen family havml(G) = 1, in the virtual filtration
they fall into two distinct levels. While botliKg and K; can be embedded with only
Hopf links, mniKg) = 1 while we will show thatmni(K7) = 21.

Our goal in this paper is to count the minimal number of navigt links in small
(7 or 8 vertices) complet&-partite graphs. We obtain complete results for graphs on
7 vertices, and upper and lower bounds fonl(G) for graphs on 8 vertices (see Ta-
ble 1). In the final sections, we look at larger complete hifsagraphs, and conjecture
a relationship between minimal number of non-trivial lirdkksd minimal book embed-
dings of graphs.

2. Preliminary results and definitions

We first make some observations.

Proposition 1. For any n the graphs K 1, Kn 2, Kn3, Kn1,1, Kn21and Ky11.1
have linkless embeddings

Proof. All of these graphs are subgraphs<gfi,1,1. However, any cycle iKn 11,1
must use at least two of the vertices of degree2, so there are no pairs of disjoint
cycles, and hence no links. ]

The next result is due to the fact thKt; is a minor-minimal intrinsically linked
graph [11].

Proposition 2. The only intrinsically linked graph with six or fewer vegg is
Kg, which can be embedded with exactly one non-trivial.link
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DEFINITION 1. Given a graphG, we definemni(G) to be the minimal number
of non-trivial links in any embedding o6 in R3.

Our results are summarized in Table 1. Since we have onlyidemsl graphs
with 8 or fewer vertices, all links have two components (¢hdisjoint cycles requires
at least 9 vertices). And since almost all of our arguments kased on the linking
number modulo 2, we are really counting the number of twojpmment links with
odd linking number. For most of these graphs this is sufficidmit it is known that
some graphs will always have non-trivial links with evenklmg number [3].

We found upper bounds for the minimal number of non-trivink$ by computing
this number for specific examples. This was done usiteghematica by modifying a
program written by Ramin Naimi [13]. The program computes kinking number of
all pairs of cycles. To check for non-trivial links with limlg number 0, such as the
Whitehead link, the program also produced a list of all pafrgycles with more than

Table 1. Minimum number of links for complete partite graphs
on 7 and 8 vertices.

Graphs on7 vertices Graphs on8 vertices

G mnl(G) G mni(G)

Ke,1 0 K71 0

K5,2 0 K6,2 0

K4,3 0 K5,3 0

Ks,1,1 0 Kaa 5

Kaz1 0 Ke,1,1 0

Ksza 1 Ks,2,1 0

K322 0 Kasz1 6

K111 0 Ks 22 5

Ks2,1,1 1 K332 17

K2,2,2,1 0 Ks 111 0

Ks1,1,11 3 Kaz11 6

K22,1,1.1 1 Kss11 25

K21,1,1,11 9 Kz o221 28

K7 21 K2,2,2,2 3
Ks1,1,11 12
K3z 21,11 34 < mnlG) < 43
K2,2,.21,1 30<mnlG) < 42
Ks 111,11 53 < mnl(G) < 82
K221111 | 54<mn(G) < 94
Ko111111] 111<mnl(G) < 172
Ks 217 < mnlG) < 305
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4 crossings, which were checked manually.

NOTATION. In the remainder of this paper, unless otherwise specifiéidk refers
to a non-trivial link.

3. Counting links in complete graphs with 7 vertices

In this section, we will consider complekepartite graphs on 7 vertices. By Propo-
sition 1, we need not considé€s 1, Ks 2, Ka 3, Ks,1,1, Ka210r Ks111 This leaves
us with 8 graphs, shown in Fig. 2.

Proposition 3. The graphs K, , and K2 > 1 have linkless embeddings
Proof. The embeddings shown in Fig. 2 are linkless. ]

Proposition 4. Every embedding of &g 1 contains a non-trivial link consisting
of a 3-cycle linked with a4-cycle Moreovey K3 3 1 can be embedded with exactly one
non-trivial link (so mn(Ks 3 1) = 1).

Proof. Motwani et al. [11] showed that every embeddingkaf; 1 contained a
link with odd linking number. Since every triangle (3-cycie Kz 31 must contain the
vertex of degree 6, we do not have two disjoint triangles. I8® link must consist
of a triangle (containing the preferred vertex) and a squdiee embedding in Fig. 2
contains exactly one non-trivial link. ]

The key idea in the rest our proofs in this section is to look dopies ofK3 31
inside our other graphs.

Proposition 5. mni(Ks 21,7 = 1.

Proof. Kgs 2,11 containsKs 31 as a subgraph, so it must contain at least one non-
trivial link. The embedding in Fig. 2 contains exactly onenttavial link. O

Proposition 6. mni(Ks 1119 = 3.

Proof. Consider an embedding of K3 1111 Label the vertices of degree six
by 1, 2, 3 and 4 (and the other three vertices by 5, 6 and 7). Thaontains an
embedding ofK3 31, using vertex 1 as the preferred vertex. By Propositior4con-
tains a link of a triangle (3-cycle) and square (4-cycle)witdd linking number, in
which vertex 1 is in the triangle. At least one of the verti&s3 and 4 isnot in
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Fig. 2. Complete partite graphs on 7 vertices.
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the triangle—without loss of generality, say vertex 4. THercontains a second em-
bedding ofKj 31 using vertex 4 as the preferred vertex, so there is a secanle-
square link with odd linking number, this time with vertex @ the triangle. Hence,
we have at least two distinct nontrivial triangle-squaredi in F.

Now, let us consider one of these triangle-square links imenutetail; the one in
which vertex 1 is in the triangle. If the triangle containgeth of the four vertices 1,
2, 3, 4, the remaining four vertices &3 31 form a copy of ofKs 1, which has no
cycles. So the triangle cannot contain three of these esrtibut must contain at least
two of them. Without loss of generality, we can assume thatdycles in the link are
125 and 3647. Since vertices 3 and 4 are adjacemtsin1 11 F contains cycles 364
and 473. We now look at these cycles homologically in the dempnt of the triangle
125, as elements ofl;(R® — F(125))= Z. The isomorphism is simply given by the
linking number of the cycle with cycle 125. In homology, [384 [364]+[473]. Since
[3647] is odd, exactly one of [364] and [473] is also odd, dangle 125 must link
one of the triangles 364 or 473 with odd linking number. Baontains at least one
nontrivial triangle-triangle link.

So F must contain at least 3 non-trivial links. But the embeddaigKs 11,1,1in
Fig. 2 has exactly 3 non-trivial links, smni(K3 11,19 = 3. O

Proposition 7. mnKz2119 = 1.

Proof. SinceK; 111 containsKs 31 as a subgraph, it must contain at least one
link. The embedding shown in Fig. 2 has exactly one link. ]

Lemma 1. Let G be a graph which contains a subgraph H isomorphic tp K
and let F be an embedding of.Gf a cycle C in G disjoint from H has odd link-
ing number with a3-cycle in H, then it has odd linking nhumber with cycles in H
Moreovey if C has odd linking number with d-cycle S in H then it has odd linking
number with two4-cycles in H

Proof. Consider the subgraph &f induced byH. This subgraph gives a tetra-
hedron immersed ifR3. Label the faces of this tetrahedrdh, To, Ts, T4. Then [Ty] +
[T2]+[Ta]+[T4] =0 in Hy(R®—[C]). An even number of these homology classes must
be odd; since we are assuming at least one is odd, either 2 bthem must be odd.

If all 4 are odd, we're done; so say that onf4] and [T;] are odd. Then the squares
[T1] +[Ts] and [T1] +[T4] are distinct 4-cycles with odd linking number with. So C
has odd linking number with 4 cycles K.

Moreover, if C has odd linking number with one 4-cycle, then cannot have odd
linking number with all four faces, so by the argument abaveviil link a second
4-cycle. O
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tices 1, 2, 3, 4 and 5. Then removing eitteror b from F leaves us with an em-
bedding ofKg, which contains a triangle-triangle link with odd linkingimber by [2].
So we get two distinct nontrivial triangle-triangle linksre link containinga but not
b, the other containind but nota. Consider the link containing—without loss of
generality, we may assume the link is between cy@&2 and 345. Then the sub-
graph of F induced by the four verticeb, 3, 4, and 5 is the embedded 1-skeleton of
a tetrahedron. By Lemma 112 links 4 cycles in the tetrahedron, including at least
one additional triangle. So there is at least one more naaltrriangle-triangle link,
with a in one triangle and in the other, which is distinct from the previous two. So
F contains at least three nontrivial triangle-triangle fink

Now we will consider triangle-square links. L& be the set of triangles which
containsK3 3 1 as a subgraph with vertexas the preferred vertex (fare S={1, 2, 3,
4,5}, it contains a triangle-square link with vertéxn the triangle, by Proposition 4.
Add this triangle to the seM. Continue until all the vertices it$ are contained in at
least one triangle ilfM—at this point, M contains at leasf5/3] = 2 triangles.

Now consider a vertex € S which is contained in only one triangle M, say
triangle T =ijk. There are two cases to consider.
1) (j,k}n{a, b} =0) In this case, consider a copy 331 in F in which the
vertices are partitionedi Y(abx)(jkx). Then there is another triangle-square link, in
which i is in a triangle distinct froml'. So we can add this triangle tdl.
(2) ({j,k}n{a, b} #0¥) Without loss of generality, say =a. Then consider a copy
of Kz 31 in F in which the vertices are partitioned)(@bK)(x+x). Again, we have
another triangle-square link, in whidhis in a triangle distinct fronir .

So every vertex irS is contained in at least two triangles M, which means that
M contains at leasf10/3] = 4 triangles. Sd~ contains at least 4 triangle-square links.

The remainder of our proof consists of two cases.
(1) (M contains a trianglel' with vertexa) In this case, we will show that links
two squares. Without loss of generality, say tiat al2 links squareb345 with odd
linking number. The vertice§, 3, 4, 5 are all adjacent, so the subgraph they induce
is isomorphic toK4. Then, by Lemma 1,T links a second square with odd linking
number.
(2) (M does not contain a triangle with vertey We know thata is contained in at
least one triangle-triangle link, say in triangle=al2. As in Lemma 1, this means
[345] + [b43] + [b54] + [b35] = 0 in Hi(R® — F(al2)), and either two or four of the
terms are odd. If two are odd, we can combine an odd and eventteget a square
which links T with odd linking number. If all four are odd, then at least taxe the
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same sign—combining these gives a square which liik&ith nonzeroeven linking
number. In either casel links a square.

In both of these cases, we get a new triangle-square link avith the triangle.
Similarly, we can show there will be a new triangle-squard lvith b in the triangle.
So we have at least 6 triangle-square links.

6 triangle-square links, soNK,11119=3+6=09. ]

Theorem 1. mnl(K;) = 21.

Proof. LetF be an embedding oK;. We will show thatF contains at least 21
two-component links with odd linking number. Siné&e contains 7 distinct copies of
Ke (by ignoring each vertex in turn), it contains at least 7 atifint triangle-triangle
links (links where both components are 3-cycles) [2].

Using an argument similar to Proposition 8, we will show ttiere are 7 distinct
triangles which each have odd linking number with a squarey@e). Lemma 1 will
then imply that there are at least 14 triangle-square limksnpleting the proof.

Let M be the set of triangles which we have shown to have odd linkimgnber
with a square (so, initiallyM = @). If there is a vertex in F which has not yet been
used in a triangle irM, then consider a subgraph Bf isomorphic toK3s 3 ;1 which has
i as the preferred vertex (the vertex of degree 6).

By Proposition 4, there is a link in our subgraph with odd ik number, con-
sisting a triangle through verteéxand a square. Add this triangle td. Sincei was
not previously used, this triangle will not yet be an elemeht\.

Continue this process until every vertex has been used stt dege. Sincg7/3] =
3, M will contain at least 3 triangles. Now consider a vertewhich is used irexactly
one triangleT =ijk in M. Consider a subgraph dfs3 31 in F where the vertices are
partitioned {)(jk*)(x*x), so the subgraph does not contain the eglge and so does
not contain the triangld. This subgraph will contain a link with odd linking number,
consisting of a triangle through vertéxand a square. This triangle can be added to
M, since it is notT, which was the only triangle itM containing vertex.

We can continue this process until every vertex is used ireas$tl 2 triangles in
M. At this point, M will contain at least[14/3] = 5 triangles. Now suppose that
vertexi is used inexactlytwo triangles, T; and T,. There are two cases, depending
on whetherT, and T, share an edge, or only a vertex.

(1) T, =ijk and T, =ijl, so the two triangles share an edge. Then we consider the
K331 inside F formed using the partitioni Y(jkI)(x*x), which contains neitheif; nor

T,, but will contain a triangle-square link involving a thirdangle T3 through vertex

i. We can addl; to M.
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(2) T1=ijk and T, =ilm, so the two triangles only share the veriexThen consider
the K3 3,1 inside F formed using the partitioni Y(jk=)(Im=), which contains neithef;
nor T,. Then, as in the last case, we will get a new trian@decontainingi which
we can add toM.

So, ultimately, every vertex will be used in at least 3 tri@sgin M, so the set
will contain at least[21/3] = 7 triangles. So there are at least 7 distinct triangle§ in
which have odd linking number with a square. By Lemma 1, tlvegus at least 14
different triangle-square links. In addition, there ardeaist 7 different triangle-triangle
links, for a total of 21 distinct links.

Fig. 2 shows an embedding &; which contains exactly 21 links, which shows
that mni(K;) = 21. ]

4. Counting links in complete graphs with 8 vertices

Now we turn to complete graphs on 8 vertices. By Propositioavé do not need
to considerKz 1, Kg2, Kss, Ke1,1, Ks210r Ks 111 This leaves us with 15 other
graphs; these are shown in Figs. 3 and 4.

The following lemma will be useful in several of our proofs.

Lemma 2. Given any embedding F of &4 and any edge ,ethere is a non-
trivial link in F containing the edge .e

Proof. Without loss of generality, partition the verticels K, 4 as (1357)(2468),
and lete be the edge 78. If we contraetin F we get an embedding df3 31, which
contains a link of a triangle (passing through the contchetertex 78) and a square.
This lifts to a link in F of two squares, witte in one of the squares, as desired.]

Proposition 9. mni(Ky, 4) = 2.

Proof. By Lemma 2, every edge &, 4 is in a link. The only cycles irK, 4 are
squares, so every link is between 2 squares, and involvegi@&edhere are a total of
16 edges inKy4 4, SO for every edge to be in a link, we must have at least twemifft
square-square links (in the minimal case, no two of thesaregushare an edge). The
embedding shown in Fig. 3 contains exactly two links, nsol(K4 4) = 2. O

Proposition 10. mnl(K4 3 1) = 6.

Proof. Kg 31 contains 4 different subgraphs isomorphicKa 31 (by choosing 3
of the 4 vertices in the first partition), so any embeddingtams at least 4 differ-
ent triangle-square links, by Proposition 4. MoreovKy 3 1 contains a subgraph iso-
morphic to K4 4, SO any embedding contains at least 2 different squarersduks, by
Proposition 9. So any embedding Kf 3 1 contains at least 6 links, and the embedding
shown in Fig. 3 has exactly 6. ]
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Fig. 3. Complete partite graphs on 8 vertices.
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Fig. 4. More complete partite graphs on 8 vertices.
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Fig. 5. The pyramidKy 5 1.
Proposition 11. mniKg 2,2 = 2.

Proof. Ka 22 containsKy4 4, So mnl(K4 22 > 2, by Proposition 9. But the em-
bedding in Fig. 3 has exactly two links, son(Kj 2 o) = 2. ]

Lemma 3. Let G be a graph which contains a subgraph H isomorphic o, K
(the 1-skeleton of a pyramidand let F be an embedding of.Gf a cycle C has odd
linking number with one of the faces of the pyramid in then it has odd linking
number with at leas6 cycles in the embedding of H in,Fand links at least two
pentagong possibly one with even linking number

Proof. Say that the vertices df are (13)(24)4). The faces of the pyramid are
the cyclesal2, al4, a23, a34 and 1234 (see Fig. 5). So id;(R3® — C), the sum
[al2] + [a14] + [a23] + [a34] + [1234] = 0, which means that an even number of the
homology classes are odd. Sin€ehas odd linking number with at least one face, it
must have odd linking number with either 2 or 4 of the faceser&hare several cases
to consider.

Case 1. C has odd linking with one triangular face and the square fadth{
out loss of generality, d12] and [1234]). TherC will also have odd linking with the
cycles obtained by adding each of these to each of the otlees feexceptd12] and
[a34], which are not adjacent), namelgl23], [a412], [a4123], [a1234] and §3412].
So in this caseC links 7 cycles.

CAse 2. C has odd linking with two adjacent triangular faces (sagd] and
[a23]). ThenC also has odd linking withg412], [a234], [a2341] and §3412]. So
C links 6 cycles.

Case 3. C has odd linking with two non-adjacent triangular faces (gy2] and
[a34]). ThenC also has odd linking withgd123], [a412], [a341], [a234], [a2341] and
[a4123]. SoC links 8 cycles.

CaAse 4. C has odd linking with all four triangular faces. Thé&halso links the
four pentagons formed by adding the base square to eachs#d thangles. S& links
a total of 8 cycles.
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Case 5. C has odd linking with three triangular faces and the squace {say
[a12], [a23], [a34] and [1234]). TherC also has odd linking withg1234], [a412]
and [p341] (the results of addingal4] to each of its adjacent faces). Also, since
[al2] + [a23] + [a34] + [1234] = 0, and all four linking numbers are odd, the ére
triangles cannotll equal —[1234]. So there is another pentagon which lir&swith
non-zero (even) linking number. S© links 8 cycles in this case.

In every caseC links at least 6 cycles Kz » 1, including at least two pentagons.

O

Proposition 12. mnl(K3 32 = 17.

Proof. First of all, observe that the embedding Kf s, in Fig. 3 has 17 links
(1 triangle-triangle, 6 triangle-square, 6 triangle-pgain and 4 square-square), so we
know thatmni(K3 32 < 17.

Let F be an embedding oK3 3, Say the the vertices oK3 3, are partitioned
(135)(246)ab). Then there are two copies &3 3 ; inside K3 3 >—o0ne using vertex,
and the other using vertdx So, by Proposition 4, there are two triangle-square links
in F with odd linking number, each involving one of the vertiG®r b (in the trian-
gle) and the six vertices 1, 2, 3, 4, 5, and 6. Without loss afegality, say that one
of these links is between the triangle=al2 and the squar& = 3456. Johnson and
Johnson [10] showed that will also link at least one of the four pentagoh8456,
3b456, 3456, or 34H6. Similarly, the other triangle-square link (n the triangle)
will induce a triangle-pentagon link with in the pentagon. Without loss of general-
ity, assumeT links the pentagorP = b3456.

The subgraph oK3 3 2 induced by the vertices d? is the 1-skeleton of a pyramid
in F, with faces 3456043, b54, b65 andb36. By Lemma 3,T links at least 6 cycles
in this pyramid. Moreover, sinc& links the square face, we are in either Case 1 or
Case 5 of Lemma 3, s® links at least 7 cycles (including and P). In Case 1,T
links one triangle, two additional squares and two add#@iqgrentagons. In Case 5,
links three triangles, two additional squares and one madit pentagon.

So in either case we have at least 5 new links. Similarly, ttengle-square link
coming from K3 31 with b in the triangle also gives at least 5 new links, and these
two sets of links can overlap in at most one triangle-triangik. So there are at least
4+9 =13 links—at least 1 triangle-triangle, 6 triangle-amg) 4 triangle-pentagon and
2 others (either triangle-triangle or triangle-pentagon)

In fact, F must contain at least 6 triangle-pentagon links. If the 2et@dnined
links are triangle-triangle links, then there are two addil triangles involved in links.
By Lemma 3, each of these must link a pentagon (in fact, twahéecomplementary
pyramid. SoF has at least 4 + 2 = 6 triangle-pentagon links.

Finally, we consider square-square links. Sirgs » contains a subgraph iso-
morphic to K4 s-edge (by partitioning the vertices (18%246a0)), it contains at least
one square-square link, with and b in different squares. Then we can get a second
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subgraph isomorphic t&4 s-edge by groupin@ with 2, 4, 6 andb with 1, 3, 5, giving
a different square-square link. 3o contains at least 2 square-square links.

So far, we know thaF contains at least 1 triangle-triangle link, at least 6 ian
square links, at least 6 triangle-pentagon links and at Rasjuare-square links, for a
total of 15 links.

Once again, let's consider the link df = a12 with S= 3456. Does 3456 link
alb2 as well? Sincedlb2] = [a12]+[b21] in Hy(R® - 9), if [alb2] = 0, then p21] =
—[al12] # 0. By Lemma 3,b21 will also link a triangle. Theral2 andb21 areeach
involved in a triangle-triangle link, and since they caiirtkl each other, this forcek
to have at least two triangle-triangle links. And, as abdweking at the other triangle
in each of these triangle-triangle links will force two nesahgle-pentagon links. This
adds at least three links to the 15 we have, for a total of 1&etathan the known
minimum.

So, in a minimal case, 3456 must lirklb2. Similarly, the triangle-square link
with b in the triangle (which now cannot blel2 with 3456) will give another new
square-square link witl andb in the same square. So a minimal diagram must have
at least 17 links, completing the proof. ]

Proposition 13. mnlKj 2,17 = 6.

Proof. SinceK, 21,1 contains Ky 31, it contains at least 6 non-trivial links by
Proposition 10. The embedding in Fig. 3 has exactly 6 nasetriinks. O

Proposition 14. mnl(Kz 31 7 = 25.

Proof. We first observe that the diagram K311 in Fig. 3 has 25 links (1
triangle-triangle, 10 triangle-square, 6 triangle-pgota and 8 square-square), SO
mnI(K3,3,1,J) < 25.

We will partition the vertices ofK3 311 as (135)(246¥)(b). Then, by Proposi-
tion 12, there are at least 17 links, none of which involve ¢dgeab.

As in the proof of Proposition 12, we assume without loss afegality that we
have a link between triangl@l2 and square 3456. We observed in the proof of Propo-
sition 12 that a minimal diagram fdK3 3 » must contain a square-square link between
cyclesalb2 and 3456. We will show that if this doesot occur in our diagram of
K331, then there must be more than 25 links, so the diagram is noimal.

Assume that we dmot have a link between squaredb2 and 3456; at this point,
the embedding oK3 32 has at least 15 links. Then, as in Proposition 12, we have a
link between cycle12 and 3456, and each @fl2 andbl2 must be involved in a
(now distinct) triangle-triangle link with new trianglesp there are at least 16 links.
Say thatal? is linked withbxy. If we look at the “complementary pyramid” toxy,
Lemma 3 shows that trianglexy must link at least 5 other cycles in addition ad2.
This is also true for the trianglawz linked with b12; this adds 10 new links, for a



COUNTING LINKS IN COMPLETE GRAPHS 187

total of 26 in the embedde&s 3, But this is larger than the known minimum for
Ks.3,1,5 SO this case can be ignored.

So we may now assume wap have a link between squaredb2 and 3456. In
Ks,3,1,1 Where we have the edgs, this means thagither ald or ab2 (but not both)
have odd linking number with 3456, bringing our total numbédinks to 18.

Also, we mustnot have a link betwee12 and 3456 (since 3456 already links
al2), so the triangle-square link iK3 3 > which is induced byKs 31 as in Proposi-
tion 12 involves some other trianglexy and a new squar& # 3456. If eitherx or
y are the vertices 1 or 2, thdmxy andal2 cannot be linked, meaning that they give
rise to distinct triangle-triangle links with two other arigles. As before (whealb2
and 3456 were not linked), this will lead to more than 25 linksour diagram. So,
without loss of generality, we can assume that our othengt@asquare link is between
b34 and 1256, and thdi34 andal2 are linked.

By the same argument as before, this gives a square-squireflisquarea3b4
with 1256, and hence a new triangle-square link with eithle8 or ab4 linking 1256.
So our total number of links is now 19.

Without loss of generality, say thatbl has odd linking with 3456. Notice that in
H1(R® —abl), [3456] = [3452]+[3256], s@bl must also have odd linking with either
3452 or 3256, giving us a new triangle-square link. Simylasve will get another
triangle-square link involvingab3 or ab4. This gives us a total of 21 links.

So we have at least 4 links where a 3-cyalex is linked with a 4-cycleS; call
the remaining vertexy. Thena, b, x andy form a tetrahedron; by Lemma F links
4 cycles in this tetrahedron. In each case, one of thesescgdles a link we have not
previously counted (we leave the details to the reader)s T¢aves us with at least 4
new links, for a grand total of 25. Smnl(K3 3,19 = 25. O

Lemma 4. Let G be a graph which contains,K ; 1 as a subgraph and let F
be an embedding of GIf a cycle C has odd linking number with a triangle of Ki 1
in F, then it has odd linking number with at lea8tcycles in E

Proof. Notice thaK; 3 ;1 1is the 1-skeleton of two tetrahedra joined along one face.
This gives a two-cycle trivial itH1(R% — C), so the sum of the faces is homologically
trivial. This is shown in Fig. 6 (hera andd are the vertices of degree 3). This 2-cycle
has six triangular facesabc, ace aely dcb, dbe anddec Homologically, we have
that [abd +[acd +[aelj +[dch +[dbd+[ded = 0. SinceC links at least one of these
faces with odd linking number, it must link 2, 4 or 6 of the faceith odd linking
number.

There are 9 squares K21 1,5, each formed by joining two adjacent faces. Three
of these contaira but notd: [abcgd =[abd+[acd, [acel] =[acd+[ael] and [aebd =
[aed +[abd. Three contaird but nota: [dbcgd =[dbd+[dcd, [dcelj =[dcd+[del
and debd =[delJ+[dbd. Finally, three contain botla andd: [abdd =[abd+[bdd,
[acdqg = [acd + [cdg and [aed{ = [ael +[ed1.
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There are also 6 pentagons Ky ;13 each formed by joining three triangular
faces:

[abcdg = [abd + [acd + [ded = [abd + [dbd +[del,
[abdcd = [abd + [dch] + [acd = [dcq + [abd + [del,
[abded = [abg + [del + [aed = [abd + [ded + [dch],
[abedd = [abd + [dcd + [aed = [abd + [dbd +[dch],
[acbdg =[ach] + [abd + [deld = [acd + [ded + [dch],
[acdbg = [ach] + [abd + [dbd = [acd + [ded + [dbd.

There are several cases to consider:
(1) (C links 2 faces sharing a 3-valent vertex) Without loss of gality, assume that
[abd and [acq are odd; thenC has odd linking with 4 squares and 4 pentagons, for
a total of 10 links.
(2) (C links 2 facesnot sharing a 3-valent vertex, but sharing an edge) Without loss
of generality, assume thatlpd and [bcd] are odd; thenC has odd linking with 4
squares and 2 pentagons, for a total of 8 links.
(3) (C links 2 faces not sharing an edge) Without loss of generalissume that
[abd and [dbg are odd; thenC has odd linking with 6 squares and 4 pentagons, for
a total of 12 links.
(4) (C links 4 faces, with three sharing a 3-valent vertex) Withimss of generality,
assume thatgbd, [acd, [abg and [ded are odd; thenC has odd linking with 4
squares and 2 pentagons, for a total of 10 links.
(5) (C links 4 faces, all sharing a 4-valent vertex) Without losgyeherality, assume
that [abd, [acd, [bcd] and [ded are odd (the four faces sharing verte)x thenC has
odd linking with 4 squares and 4 pentagons, for a total of hRsli
(6) (C links 4 faces, with two sharing vertea, two sharing vertexd, and not all
sharing a 4-valent vertex) Without loss of generality, assuhat pbd, [acd, [dch]
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and ded are odd; thenC has odd linking with 6 squares and 2 pentagons, for a total
of 12 links.
(7) (C links 6 faces) In this caseC has odd linking with all the 3-cycles, none of
the 4-cycles, and all of the 5-cycles, for a total of 12 links.

So C links at least 8 cycles i35 2 1. OJ

Proposition 15. mnl(K3 229 = 28.

Proof. The diagram foKs » 2 1 shown in Fig. 3 has 28 links (2 triangle-triangle,
10 triangle-square, 10 triangle-pentagon and 6 squararsjju so we know that
mnI(K3,2,2,]) < 28.

Assume the vertices oKz 5 1 are partitioned (123)(45)(67)(8). First, let's con-
sider the square-square links. There are several subgispm®rphic toK, 4 — edge,
which always contains at least one square-square link [Eitt, partition the vertices
(1234)(5678) to get a square-square link (where 5 is adfaceft, 2 or 3), and then
repartition them (1235)(4678) to get another (where 5 isadjacent to 1, 2 or 3). In
both of these, 6 and 7 are each adjacent to at least one ofesiti 2, or 3. So we
can partition the vertices (1236)(4578) and (1237)(4568ydt two new square-square
links. In all of the links we have found so far, vertex 8 wasaagjnt to at least one of
1, 2, or 3 in one of the squares. If we consider the partitid?88,(4567) we have a
subgraph isomorphic t&4 4 in which 8 is not adjacent to 1, 2, or 3. By Proposition 9
this subgraph contains two new square-square links. So we aaotal of at least 6
square-square links in any embeddingkof 2 1.

Now we observe thaKs, , 1 contains two subgraphs isomorphic Ky 3 >—one
obtained by partitioning the vertices (123)(458)(67), dhd other by partitioning the
vertices (123)(678)(45). Each of these subgraphs conttisast 13 triangle-triangle,
triangle-square and triangle-pentagon links (involvimgp tdifferent triangles) by the
proof of Proposition 12; the question is the extent to whiclse overlap.

We know that the copy oKj 3, determined by the partition (123)(458)(67) con-
tains two different triangles involved in links (and podgibthers); denote thesg and
T, (vertex 6 is inTy, vertex 7 is inT,). We first consider the case that neithfigrnor
T, contain vertex 8 (the unique 7-valent vertexKn , 2 7). Without loss of generality,
say thatT; = 146 andT, = 257, soT; links the squareS, = 2538 andT, links the
squareS; = 1438. But since our graph contains edges 58 and 48, this snibanT,
must link either 258 or 358, andl, must link either 148 or 348. Call the new trian-
gles Tz and T4. Each of these triangles has a complementary pyramigsin » —since
each links one face, they must each link at least 5 additiopeles in their respective
pyramids (by Lemma 3), giving at least 10 new links. This nsear have at least
6 + 13+ 10 =29 links, which is larger than the known minimum &f 2

So eitherT; or T, must contain vertex 8. Without loss of generality, shy= 146
and T, = 287. But thenT, is not a cycle in the copy oKj3 32 determined by the
partition (123)(678)(45) (althougf is). So this graph must contain another triangle
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T3 passing through vertex 8 (buabt vertex 7) which is involved in links, by the same
argument as before. By the argument in the proof of Propositi2, T, and T; are
each contained in one triangle-triangle link (which mustdiigerent, sinceT, and T3
are not disjoint cycles), 3 triangle-square links and 3ngla-pentagon links. So we
have a total of 6 +7 +7 =20 links.

It remains to count the links involving triangl&. The subgraph induced by the
other vertices is isomorphic t&, 111 (i.e. Ks —edge). By Lemma 4T; links at least
8 cycles in this subgraph. However, to avoid introducing rteangles (which would
force more than 28 links), it will link the face$§, and T3, which donot share any of
the edges 78, 58 or 57; so if we look at the cases in the proofeafrha 4, we see
that T, must link at least 10 cycles. At most two of these are the gftriangle links
we have already counted, leaving us with 8 new links. Thisidgsiour total to 28.
Since we have an example with exactly 28 links, we know thai(K3 ., ) =28. [

Proposition 16. mniKz222 = 3.

Proof. Say the vertices oK, 2 2 2 are partitioned (12)(34)(56)(78). Then there is
a subgraph isomorphic t,4 4 by grouping the vertices (1234)(5678); by Proposition 9,
this subgraph has at least 2 square-square links. With@st &b generality, say that
one of these links uses edge 15; then we can get a differegragi isomorphic to
K44 by grouping vertices (1256)(3478), which does not conthi@ ¢dge 15. This
subgraphalso has at least two square-square links, and at least one of thest be
new. SoKj, 22 must have at least 3 square-square links. The embeddinggindFi
has exactly 3 square-square links, oKz 222 = 3. ]

Proposition 17. mnkKa,1,1,1,9 = 12.

Proof. Say that the vertices &4 1 1 11 are partitioned (1234)(5)(6)(7)(8). Then,
by grouping the vertices (1234)(5678), we have a subgrapmasphic to K4 4; SO
Kg4,1,1,1 has at least 2 square-square links by Proposition 9.

There are also several subgraphs isomorphi&4a ;. For example, if we remove
vertex 4, we can group the remaining vertices (123)(567)§) Proposition 4, this
subgraph will have a triangle-square link. Without loss eherality, say this link is
between cycles 158 and 2637. But then we can also look at thgraph induced
by the same seven vertices using the partition (123)(588)(his subgraph does not
contain the edge 58, so it gives us a second triangle-squdeewith a new triangle.
Similarly, we get two new triangle-square links by removieach of vertices 1, 2 and
3, so we have a total of at least 8 triangle-square links.

Finally, consider once again the link between cycles 1582687. InK4 1,111 we
also have the edge 67, so, by our usual homology argumentmis8link either trian-
gle 267 or 367. Moreover, if we now look in the subgraph indubgd234)(567)(8),
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we get another triangle-triangle link which does not ineokertex 1. So we have at
least 2 triangle-triangle links.

So an embedding oK, 1 1,11 must contain at least 2+ 8+ 2 =12 links. The em-
bedding shown in Fig. 4 has exactly 12 links (2 trianglerigi@, 8 triangle-square and
2 square-square), sonl(Ks 11,19 = 12. O

Proposition 18. 34 <mni(K3 2119 < 43.

Proof. The embedding shown in Fig. 4 has exactly 43 links {@gle-triangle
links, 16 triangle-square links, 10 square-square link$ & triangle-pentagon links),
somnl(Ks 2,119 < 43.

The graphKs 21,11 hasKs 221 as a subgraph, and hence every embedding con-
tains at least 28 non-split links, by Proposition 15 (2 tgi@atriangle, 10 triangle-
square, 10 triangle-pentagon and 6 square-square). Suppos11.1 IS partitioned
(123)(45)(6)(7)(8), and the subgraph isomorphickegs » 1 is (123)(45)(67)(8). Then
any link using edge 67 will be new. We can find a subgraph of thenfK, 4 by parti-
tioning (1236)(4578), and by Lemma 2, there is a squarefsgiirik using edge 67, in
which 7 is adjacent to 1, 2 or 3. Partitioning (1237)(4568) fimel anotherK, 4 con-
taining edge 67, but in the square-square link that usesetig®, 7 is not adjacent to
1, 2 or 3. Thus, we have found two new square-square linksappgar in every em-
bedding ofK3, 1.1 1in addition to those arising froniKz » 2.1, S0 the lower bound for
mnl(Ks 2,119 is at least 30. Sinc&3, 2 1 has at least 6 square-square links 2111
has at least 8 such links.

Now we consider subgraphs &fs » 1 1 1isomorphic toK3 3 . There are four such
subgraphs, induced by the partitions (123)(456)(78), \5¥)(68), (123)(458)(67) and
(123)(678)(45). Each of these subgraphs contains a painkéd triangles, by Propo-
sition 12. However, there is no triangle which appears indabubgraphs, so these
links require at least 4 distinct triangles Ky 2 11,1 (3 triangles would require one of
the triangles to appear in all four subgraphs, since themeoiset of three mutually
disjoint triangles among the four subgraphs). By Propmsitl2, each of these trian-
gles is involved in at least 7 links, at least three of whicl firangle-square links. So
Ks21,11has at least 12 triangle-square links. Moreover, each okth@angles either
links 3 pentagons, or one pentagon and a new triangle wheglf iinks a pentagon,
inducing an additional 34 =12 links. Together with the eight square-square linkss th
means that an embedding &%, 111 has at least 2+ 12 +12 + 8 = 34 links. O

Proposition 19. 30 <mni(Kz,2.21,9 < 42.

Proof. Say that the vertices df; 2, 11 are partitioned (12)(34)(56)(7)(8); then
there is a subgraph isomorphic ko » 2 1 obtained from the partition (127)(34)(56)(8).
By Proposition 15, we will have at least 28 links Ky 221,14 none of which involve
edges 17 or 27.
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There is also a subgraph isomorphicKq 4, using the partition (1234)(5678). By
Lemma 2, there are square-square links involving edges @72@n If these are differ-
ent, we have two new links. If these are the same link, theretiea square-square
link between square 1%2and another squar8, wherex € {3,4,5,6, 8. Since vertices
7 andx are adjacent irK; 2213 S will also link either 1% or 27x, and neither of
these triangles are i3, 21 SO, once again, we have at least two links which were
not in K3’2'2’1.

This gives a lower bound of 30 links iK2 2211 The embedding shown in Fig. 4
has 42 links (3 triangle-triangle, 15 triangle-square, l&ngle-pentagon and 9 square-
square). ]

vvvvv

Proof. Partition the vertices df31.1.1.1.1as (123)(4)(5)(6)(7)(8). There are three

subgraphs of the forniK, 11111 obtained by deleting one dfl, 2, 3. Each of these
subgraphs contains at least 3 triangle-triangle links.ulfhsa link is contained in two
of these subgraphs, then it cannot be contained in the thittus we have at least
[9/2] =5 triangle-triangle links.

To count triangle-square links, we delete vertices one aina.t Deleting one of

square links. Since there are three such graphs, this givé&idiggle-square links.
Deleting one of vertices 4 through 8 leaves a copyKafi 1,11 Which contains at least

form (123)(xx#x). Each copy ofK,4 4 contains at least two square-square links. Notice
that as vertices 1 through 3 must be in the same partitiorh eathese square-square
links is contained in only one of th&, 4 subgraphs above, so we have 10 distinct
square-square links.

We now examine subgraphs of the foridg 3, We may choose to partition the
vertices such that any vertex frofd ... 8} is in the partition of size 2. Thus, these
vertices are contained in at least one triangle that is usedtiiangle-pentagon link, by
Proposition 12. Suppose it igk. Then partition the verticesj((x*=)(123). This con-
tains a new triangle-pentagon link, withused in the triangle. So vertices 4 through 8
are used in at least two such triangles. However, one veffteach triangle is taken
from the partition (123). Thus there are /BO=5 such triangles involved in triangle-
pentagon links. Since one ¢1, 2, 3 is used in the triangle, the vertices of the penta-
gon form aKs\e. Thus each of the triangles links at least 2 pentagons (bynhae ),
for a total of 10 distinct triangle-pentagon links.

This gives a lower bound of 5+28+10+10 = 53 links. The embsgldihown in
Fig. 4 has 82 links (10 triangle-triangle, 34 triangle-sgua24 triangle-pentagon and
14 square-square), so 38mniKsz 111,19 < 82. O
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Lemma 5. Let G be a graph which containsskas a subgraphlet F be an em-
bedding of G and let P be &b-cycle in this k. If a cycle C has odd linking number
with P in F, then it has odd linking number with at least thréeycles in E

Proof. Notice thatks —edge =K 1 1,1 Say thatP =abcde Consider theKs 11,1
formed by removing edged from the Kz induced by the vertices oP, as in Fig. 6.
This gives the homology elemenP] =[abcdg = [abd +[acd +[ded = [abd+[dbd+
[deld. Since [P] is odd, so are an odd number efchset of three triangles, s€@
links at least one of the faces.

By Lemma 4, this mean€ links at least 8 cycles irK, 1 13, including at least
one other pentagon. This pentagon shares at most 3 edgefwihd so has at least
two edges whichP does not. We can form a neW; ; 11 by restoring edgead and
removing one of these two edge€. will then link another pentagon on the boundary
of this new 2-cycle, distinct from the other two. $blinks at least 3 pentagons[]

xxx

Proof. Say the vertices are partitioned (12)(34)(5)(§R)) An embedding of

Each of these contains 6 distinct triangle-square links hgp@sition 8. Eliminating
one of vertices 5 through 8 leaves a graph of the fdtgy 11,5, each of which con-
tains at least one triangle-square link by Proposition 7is dives a minimum of 28

of K3 2,1.1,1by Proposition 18. In addition, any square-square links tis® edges 18
or 28 will be distinct from these. Form ld4 4 by the partition (1234)(5678). There is a
square-square link in this graph that uses edge 18. If it do¢slso use edge 28, we
have two new square-square links. So, suppose that thisdtiels use edge 28. Then
without loss of generality, the link is 1825-3647. Form tlaatjtion (1256)(3478). This
copy of K4 4 contains edge 18 but does not contain the square 1825, so rinest be
some other square-square link using this edge. This alss dgivo new square-square
links for a total of at least 10 in every embedding.

We count triangle-pentagon links by studying subgraphshefform K3 3 2. Any
vertex can be placed in the partition of size 2, so every xeidecontained in a tri-
angle that is part of such a link. Suppose vertex 1 is condaingriangle 1ljk. Then
form the subgraph (12)k=)(x*x) to get a second triangle-pentagon link. A similar ar-
gument can be made for eacte {1, 2, 3, 4, thus each of these vertices is contained
in at least 2 distinct triangles, while vertices 5, 6, 7 andr8 @ach contained in at
least one. This gives a total of 8 + 4 = 12 triangles (not altiniis). So, we have
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at least[12/3] = 4 distinct triangles used in triangle-pentagon links. Hére are only
four triangles, then each trianglE contains one vertex from (12) and one from (34).
Thus, the complement of these triangleKis so eachT links at least 3 pentagons by
Lemma 5. If some triangle contains only one {df, 2, 3, 4, then the complement of
that triangle isKs\ e, so it links with only 2 pentagons, but then, as eacliloR, 3,4
is contained in two triangles, there is at least one moragdte&pentagon link. In either
case, we have at least 12 triangle-pentagon links.

This gives a lower bound of 4 +28 +10+ 12 = 54 links. The emhagldihown in
Fig. 4 has 94 links (8 triangle-triangle, 34 triangle-sead4 triangle-pentagon and 18
square-square), so 54mni(Kz 11119 < 94. O

yyyyy
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contains 3 triangle-triangle links by Proposition 8. Clgathese triangles use vertices
1 through 7. There are 1Kg subgraphs that contain vertex 8, formed by omitting one
of {1, 2} and one of{3...7}, and one formed by vertices 3 through 8. Each of these
contains a triangle-triangle link using vertex 8, so them at least 3+ 11 = 14 triangle-
triangle links.

Omitting vertices one at time, we obtain two distinct copiésK;, and six copies

has at least 64 triangle-square links.

To find subgraphs of the forniK, 4, we will choose two of{3...8} and group
them with (12). This gives@ = 15 copies ofK4 4. Each copy ofK,4 4 contains two
square-square links, but once again, each such link coulcbht&ined in two distinct
Ka,4's. Thus, we have at least 15 distinct square-square links.

Look at graphs of the fornK; 3 . We may choose partitions so that every vertex
is in the partition of size two for some subgraph. Thus evesitex is in a triangle
that is used in a triangle-pentagon link. Suppose vertéx in such a triangle, and
that triangle isijk. Then we can look at the partitioms)(jk«)(xx*) to get a second
triangle-pentagon link with in the triangle. Ifi = 1, 2, then we can get a third tri-
angle as follows. If the first two triangles containing verte are of the form 1k and
1kl, form (12)(jk1)(x#x). If they are of the form jk and Im form (12)(kx)(Imx).
Thus, vertices 1 and 2 must be contained in at least thremdtigtiangles that are
used in triangle-pentagon links, and these triangles @omtaly 1 or only 2. Now we
have 183 = 6 distinct triangles used in triangle-pentagon linksg durthermore each
of them must contain either vertex 1 or vertex 2. Thus, the gement of one of

yyyyyy

pentagons. This gives a total of 18 triangle-pentagon links
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This gives us a lower bound of 14+64+15+18 =111 links. The edding shown
in Fig. 4 has 172 links (16 triangle-triangle, 64 triangtptare, 60 triangle-pentagon
and 32 square-square), so 1&Inn(Ksz 111,19 <172. L]

yyyyy

Theorem 2. 217 < mnl(Kg) < 305.

Proof. Kg contains(g) = 28 different copies oKg, so at least 28 different triangle-
triangle links. It also contain@) = 8 different copies ofK7, so at least 814 =112
different triangle-square links (by Theorem 1).

To find square-square links, we look at copieskaf, in Kg. There are (12)(3) =
35 ways to partition the 8 vertices dfg into two sets of 4, so there are 35 distinct
copies of K44 in Kg. Each copy ofK4 4 will contribute at least two square-square
links to an embedding oKg, by Proposition 9. However, each link will be contained
in two different copies ofK, ,—for example, a link between squares 1234 and 5678
would be in theK, 4's arising from the partition{1, 3, 5, {2, 4, 6, § and from the
partition {1, 3, 6, §{2, 4,5, 4. So there will be at least 35 different square-square links
in Ksg.

To count triangle-pentagon links, we look at copieskafs » inside Kg. By Propo-
sition 12, an embedding d3 32 wherea andb are the vertices of degree 6, contains
at least one triangle-pentagon link within the triangle andb in the pentagon, and
another withb in the triangle anda in the pentagon. LetM be the set of triangles
we know are involved in triangle-pentagon links (so inljiaM = @). Leti be a vertex
which does not appear in a triangle bf. Then we can choose a subgraphkyf iso-
morphic toK3 32 in which i has degree 6, so there is a triangle containinghich is
part of a triangle-pentagon link. Continuing until everyrteg is used, we get at least
[8/3] = 3 triangles.

These triangles have a total of 9 vertices, so some verticesused only once.
Say vertexi is only in triangleijk. Then we can choose a partitions)( jk)(x#x) of
the vertices ofKg to get another copy oKjz 32 which does not contain the eddgé.
Soi will be in a different triangle in another triangle-pentaglink, and we can add
this new triangle toM. We can continue in this way until every vertex is used attleas
twice, giving at leastf16/3] = 6 triangles.

These triangles have a total of 18 vertices, so some verticesused only twice.
Say thati is in trianglesT; =ijk and T, =ilm. There are two cases, depending on
whetherT; and T, share an edge, or only a vertex.

(1) T, =ijk and T, =ijl, so the two triangles share an edge. Then we consider the
K332 inside Kg formed using the partitioni £)(jkl)(xsx), which contains neithel;

nor T,, but will contain a triangle-pentagon link involving a thitriangle T3 through
vertexi. We can addl; to M.

(2) Ty =ijk andT, =ilm, so the two triangles only share the veriexThen consider

the K3 3 7 inside Kg formed using the partitioni £)(jk*)(Im=), which contains neither
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T, nor T,. Then, as in the last case, we will get a new triangdecontainingi which
we can add toM.

Continuing until every vertex is used three times, we geteasi[24/3] = 8 triangles
in M.

These triangles have a total of 24 vertices, so some verdoesused only three
times. Say vertex is in trianglesT; =ijk, T, =ilm and T3 =ino. We have several
cases.

(1) Ty =ijk, T, =ijm and Tz = ijo, so all three triangles share an edge Then
use the partitioni{)(xx)(*xx) to form a newKs 3> In this subgraph, there will be

a triangle-pentagon link wherieis in the triangle and is in the pentagon, so the link
does not contain edgg. This gives us a new triangle favl.

(2) Ty=ijk, T, =ijm and T3 =imk, so each pair of triangles shares an edge. Then
use the partitioni)(jmKk) ().

(3) Ty =ijk, T, =ijm and T3 = imo, so two pairs of triangles share an edge. Then
use the partitioni{)(mok)(xx:x).

(4) Ty=ijk, T,=ijm and T3 =ino, so just one pair of triangles share an edge. Then
use the partitioni{)(mks«)(nox).

(5) T1 =ijk, T, =ilm and Tz =ino, so no triangles share an edge. Then use the
partition (j)(Ims)(nox).

So we can continue until every vertex is used 4 times, yigldih least[32/3] = 11
triangles inM.

These triangles have a total of 33 vertices, so some vergicesised only 4 times.
Say vertexi is in trianglesTy =ijk, T, =ilm, T3 =ino and T, =ipg. The vertices
i,j,k 1, m/n, o, p,q cannot all be distinct; the “worst case” is when only two dre t
same, sayj andl. In this case, use the partitionj J(nox)(pg+) to get a new triangle
with vertexi. Any other case can be dealt with more easily. So we can amntimtil
every vertex is used 5 times, yielding at le§40/3] = 14 triangles inM.

Now we need to determine how many pentagons each of thesgleggamust link.
Consider a triangle-pentagon link with triangle and pentagorP. The vertices ofP
induce a subgraph oKg isomorphic toKs; so by Lemma 5T links at least 3 pen-
tagons (includingP). So there are at least 18 = 42 triangle-pentagon links.

Adding this up, we have at least 28+ 112 + 35+42 = 217 linkK The exam-
ple shown in Fig. 4 (motivated by a minimal crossing diagramanid by Guy [9]) has
305 links (28 triangle-triangle, 112 triangle-square, Hiave-square and 109 triangle-
pentagon). So 21% mnl(Kg) < 305. ]

5. Counting links in complete bipartite graphs

In this section we will consider completapartite graphs. In this case, there is a
relatively natural spatial embedding of the graph which wwaejecture gives the mini-
mal number of non-trivial links. We prove this result for theaphsKyp.
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Fig. 7. Fan embedding of4 4.

We will call this thefan embedding. As an example, the fan embeddingKaf,
is shown in Fig. 7.

For a general complete bipartite graphy,n, we can describe the embedding by
describing its projection in the plane, as follows. Dendte two sets of independent
vertices byay,...,an andby, ..., b,. Place the verte® along thex-axis at (, 0) and
the vertexb; along they-axis at (0,j). Draw the line segmentsib;. Consider two
segmentsyb; andacb, wherek > i. Then these segments cross if and only i I,
and in this caseb; crossesover acby.

Theorem 3. mni(K4,) = 2(3), and the minimum is realized by the fan embedding

Proof. Label the two sets of independent verticesKin, by a;, ay, as, a4 and
b1,...,bn. The four verticesay, ay, az, a4 together with any subsét;,, b;,, bj,, bj, of the
bj’s induce a subgraph oK4n, isomorphic toK, 4. By Proposition 9, this subgraph
contains at least 2 square-square links. Since each of fhdseuse all 8 vertices
in the subgraph, a different subgraph will give differemtk. There arg}) ways to
choose the verticebj,, bj,, bj,, bj,, S0 K4, must contain at least(2) links.

However, in the fan embedding df.,, the embedding of any such subgraph is
isotopic to the fan embedding df4 4 in Fig. 7, which is isotopic to the embedding
of Ky 4 in Fig. 3, and hence has exactly 2 links. Moreover, any linkKip, must
involve all thea;’s and four of theb;’s, and so is contained in one of these subgraphs.
Therefore, the fan embedding has exact(f})dinks. Somni(Ky4,) = 2(3), realized by
the fan embedding. ]

This result inspires the following conjecture:
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Conjecture 1. The fan embedding of ¥, realizes mnlK, n).

However, it is not so easy even to compute the number of rieiadttinks in the
fan embedding. It clearly suffices to consider the cas&of, since any link inKm p,
m > n, is contained in a subgraph isomorphic K@ n.

QUESTION 1. How many non-trivial links are in the fan embedding Kf ,?

We know that there are two non-trivial links in the fan emhbieddof K44, and a
computer calculation shows that there are 150 non-triutidsl in the fan embedding of
Ks, 5 (50 square-square links and 100 square-hexagon links).ntitvder of non-trivial
links is increasing very rapidly, so computer calculatiausckly become infeasible.

6. Minimal book embeddings

We define am-book B as the subset dR® consisting of a lineL (the spine) and
n distinct half-planesS;, $, ..., S (the pages) withL as their common boundary.

DEFINITION 2. Let G be a graph. Am-book embeddingf G is a tame em-
bedding f : G — B, c R3 such that:
1) f(v(G)) cL.
(2) For each edge € E(G), there is exactly one she& such thatf(e) C S.

A minimal book embeddingf a graphG is a book embedding which minimizes
the the number of pages; thEagenumberof G is the number of pages in a minimal
book embedding. Book embeddings, and particularly minibzadk embeddings, mini-
mize the entanglement among the edges of the graph (for égamprook embedding
of a graph cannot contain any local knots along the edges).it 8 reasonable to
think that minimal book embeddings will also minimize thakiing or knotting in an
embedding.

Otsuki [14] gave the first results along these lines. Sinceaway and Gordon
[2] showed that every embedding &fs contains a pair of linked triangles, and ev-
ery embedding oK; contains a knotted 7-cycle, it is immediate that every erdbeq
of K, contains at leasf;) pairs of linked triangles, an¢j) knotted 7-cycles. Otsuki
constructed a particular minimal book embeddingkof called thecanonical book rep-
resentation which has the property that removing any vertex gives a migab book
representation oK, _1. He used this property to show that the canonical book repre-
sentation ofK,, containedexactly (§) pairs of linked triangles an€)) knotted 7-cycles,
attaining the minimum possible.

In fact, the embedding oK; shown in Fig. 2 is a canonical book representation
of K7 ([14], Lemma 3.1). So we can use Theorem 1 to extend Otsugsslt:
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Fig. 8. Canonical book representation fidg.

Corollary 1. A canonical book representation of Kcontains exactly14(9)
triangle-square links attaining the minimum possible

Proof. EveryK;-subgraph of a canonical book representationKgfis a canonical
book representation oKz, and is therefore ambient isotopic to the embeddingef
shown in Fig. 2 (by [14], Theorem 1.2). Therefore, each sudbhgsaph contains 14
triangle-square links, and the embeddingkaf contains 1@) triangle-square links. By
Theorem 1, this is minimal. O

We can also look at a canonical book representationkigr as shown in Fig. 8.
We can compute that this embedding contains exactly 305maal links—28 triangle-
triangle links, 112 triangle-square links, 112 triangntagon links and 53 square-
square links. This is the same total number of links as theeelsihg shown in Fig. 4,
which leads us to conjecture:

Conjecture 2. For any graph G there is a minimal book embedding of G which
realizes mn(G).

However, notice that the embeddings 6§ in Figs. 4 and 8, while they have the
same total number of non-trivial links, doeot have the same number of non-trivial
links of each type; so an embedding which minimizes the totahber of non-trivial
links may not minimize the number of non-trivial links of d&atype.

QUESTION 2. Given integerk andl, is there an embedding d, (n > k +1)
which minimizes both the total number of non-trivial linkedathe number of non-
trivial links between &-cycle and an-cycle?
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s

Fig. 9. An embedding oKg with only Hopf links.

Our discussion of complete bipartite graphs in Section % alovides some ev-
idence in favor of Conjecture 2. The fan embeddings disclitsere are easily seen
to be book embeddings, although not minimal (the fan embegddf K,, , has a page-
number ofn, while Enomoto et al. [5] have shown that the pagenumber imast
[2n/3] +1). So once again, it seems reasonable to focus on book elinigsd and if
possible on minimal book embeddings, when trying to minanike total number of
non-trivial links in a graph embedding.

There are also issues about the interplay between differeatsures of the com-
plexity of the linking in a graph embedding. For example, levlthe embeddings okg
in Figs. 4 and 8 each have 305 non-trivial links (the smalieshber we have found),
they also each contain a link with linking number 2. On theeothand, there is an
embedding with only Hopf links (all links have linking numbg-1), shown in Fig. 9,
but this embedding contains 330 non-trivial links. So itraeehere may be a tradeoff
between the number of non-trivial links and the complexifyth® individual links.
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