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1. Introduction

Sp(n) is the group of the quaternionic linear automorphisms acting from the
left on a right quaternionic n-dimensional vector space preserving a positive definite
Hermitian form on it. Sp(n) - Sp(1) is the group Sp(n) x Sp(1)/{(1,1),(-1,-1)}.
If we identify H" with R*", the following left action on a right quaternionic n-
dimensional space H"

(A, a)v=Ava, A€ Sp(n),a e Sp(1),

where & is the quaternionic conjugate to «, induces an inclusion Sp(n) - Sp(1) —
SO(4n).

Let £ be an oriented real vector bundle of dimension 4n. We will say that &
has an Sp(n) - Sp(1)-structure iff its structure group SO(4n) can be reduced to
Sp(n) - Sp(1). Such a structure was treated i.e. in [2], [13], [16]. In the case of the
tangent bundle of a smooth manifold it is common to talk about almost quater-
nionic structure. (See [1], [13].) The prototype of a manifold with such an almost
quaternionic structure is the quaternionic projective space HP™. Examples of man-
ifolds with almost quaternionic structure are quaternionic-Kéhler manifolds whose
holonomy group is by definition a subgroup of Sp(n) - Sp(1) ([1], [18], [13]).

This paper is devoted to Sp(n) - Sp(1) for n = 2. (The case n = 1 is not
interesting since the group Sp(1)-Sp(1) is isomorphic to SO(4).) Our aim is to find
nontrivial sufficient and in some cases also necessary conditions for the existence
of an Sp(2) - Sp(1)-structure in oriented 8-dimensional vector bundles over oriented
8-manifolds in terms of characteristic classes and cohomology of the base manifold.
Analogous results for the almost complex structure in dimensions 8 and 10 were
obtained in [15] and [20]. One of the corollaries of our main results in Section 7
reads as

Theorem 1.1. Let M be an oriented closed connected smooth manifold of
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dimension 8. If
(A) wp(M)=0
(B) wg(M)=0
(C) 4pa(M) —p3(M) —8e(M) =0
(D) {p?(M) + 4e(M)}[M] = 0 mod 16,
then M has an almost quaternionic structure.

The starting point for our considerations is the following proposition proved
in [9] (see Theorem 3.2).

Proposition 1.2. Let X be a CW-complex and let £ be an oriented 8-
dimensional vector bundle over X. Then £ has an Sp(2) - Sp(1)-structure if and
only if it has a spinor structure & and the vector bundle ,(k)).(£), where kKX is a
certain outer automorphism of Spin(8) and 7 : Spin(8) — SO(8) is a standard
double covering, has an oriented 3-dimensional subbundle.

What is known in this respect are the results of Crabb and Steer [10] which
answer the question whether a given 3-dimensional vector bundle 7 can be a sub-
bundle of a given 4k-dimensional vector bundle ¢ over a 4k-manifold. The necessary
and sufficient conditions are given in terms of characteristic classes of  and . How-
ever, what we need in order to apply Proposition 1.2, is the answer to the question
whether a given 8-dimensional vector bundle has a 3-dimensional subbundle. To
reach this purpose we carry out the following steps:

(i) In Section 3 we describe those cohomology classes which can appear as charac-
teristic classes of a 3-dimensional spin vector bundle over a given CW-complex
of dimension 8. Here a certain tertiary cohomology operation ® and a secon-
dary operation ¥ appear.

(i1) Next we compute the operations ® and . For this aim we derive necessary and
sufficient conditions for the existence of 3 linearly independent sections in an
8-dimensional spin vector bundle over a CW-complex of the same dimension
in terms of characteristic classes and the higher order cohomology operations
Y and ® (Section 4). Comparing this result with the known results in [10]
and [11] derived by different methods, we get a formula for ® and ¥ on spin
manifolds (Section 5).

(iii) Now, using [10] we can answer the question whether an 8-dimensional vector
bundle has a 3-dimensional spin subbundle (Section 6) and apply Proposition
1.2 to obtain nontrivial sufficient conditions for the existence of an Sp(2) -
Sp(1)-structure (Section 7).

The reason why our conditions for manifolds satisfying H?(M;Zs) # 0 are
only sufficient ones consists in the fact that we are not able describe characteristic
classes of all 3-dimensional vector bundles over M, but only the spin ones.
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We do not know either how to avoid the usage of higher order cohomology
operations and obtain our results only by the methods of the index theory used in
{107 and [11].

2. Notation and preliminaries

In this section we introduce notation and recall also some facts about the
singular cohomology of classifying spaces.

We suppose that all manifolds and vector bundles are oriented. We will use
W (€) for the m-th Stiefel-Whitney class of the vector bundle &, p,,(£) for the m-th
Pontrjagin class, and e(§) for the Euler class. For a complex vector bundle ¢ the
symbol ¢, (§) denotes the m-th Chern class. The letters wy,, pm, € and c,, will stand
for the characteristic classes of the universal vector bundles over the classifying spaces
BSO(n), and BU(n), respectively. The pullbacks of the Stiefel-Whitney, Pontrjagin
and Euler classes in H*(BSpin(n)) will be denoted by the same letters.

The mapping 6 : H*(X;Z2) — H*(X;Z) is the Bockstein homomorphism asso-
ciated with the exact sequence 0 — Z — Z — Zy — 0. Mappings i, : H*(X,Zs) —
H*(X,Z4) and p,, : H*(X,Z) —» H*(X,Z,,) are induced from the inclusion
Zo — 7Z4 and the reduction mod m, respectively. We will also use the Steenrod
operations Sq* : H™(X;Z2) — H""(X;Z3) and Pi : H*(X;Z3) — H"™(X;Z3).

We say that z € H*(X;Z) is an element of order n (n = 2,3,4,...) if and only
if z # 0 and n is the least positive integer such that nz = 0 (if it exists).

The Eilenberg—MacLane space with the n-th homotopy group G will be denoted
K(G,n), and ,, will stand for the fundamental class in H"(K (G, n); G). Writing
the fundamental class, it will be always clear which group G we have in mind.

Now we summarize some results on the cohomologies of BSpin(n). We consider
always the group Spin(n) in the standard way as a subgroup of the Clifford algebra
C,_1. Using the standard forms of the Clifford algebras, we have Co = H, Cy =
H(2), and the inclusion v : Cy — C4 of the form

v(a) = (3 2) for a € H.

For the later use we shall introduce one more monomorphism of groups x : Sp(1) —
Sp(2) by

p(a):((g (1)) fora€eH, |of=1

Using the above form of the Clifford algebras we can immediately see that
Spin(3) = Sp(1) C H, Spin(5) = Sp(2) C H(2), and v, p define monomor-
phisms v, p : Spin(3) — Spin(5). Let us notice that the factor Spin(5)/v(Spin(3))
is the Stiefel manifold Vs o while Spin(5)/u(Spin(3)) is the sphere S7. Both these
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monomorphisms induce fibrations of classifying spaces

V5.2 — BSpin(3) — BSpin(5), ST — BSpin(3) — BSpin(5).

Let us recall now the cohomology rings of BSpin(3) and BSpin(5).

Lemma 2.1. The cohomology ring of BSpin(3) is
H*(BSpin(3);Z) = Zr]
where
p1 = 4r.
The cohomology ring of BSpin(5) is
H*(BSpin(5); Z) = Z|qy, g2]
where q1 and qo are defined by the relations
P1=2q, p2=q +4q.
Moreover

P21 = Wa.

REMARK 2.2. Let us mention here that r = e;, where e; € H*(BSpin(3);Z)
is the first symplectic Pontrjagin class of the universal H-vector bundle over the
classifying space BSpin(3) = BSp(1). Similarly, ¢y = e; and g2 = —ey, where
e1 € H*(BSpin(5);Z) and e; € H®(BSpin(5);Z) is the first and the second
symplectic Pontrjagin class of the universal H-vector bundle over the classifying
space BSpin(5) = BSp(2), respectively.

Using the classical result by Borel and Hirzebruch (see [3], Theorem 10.3), we
get easily the following lemma.

Lemma 2.3. For the cohomology homomorphisms v*, u* : H*(BSpin(5); Z) —
H*(BSpin(3);Z) there is
2

v =2r, Viq=-r* p'qu=r, p'g=0.

Let v : BSpin(5) — BSpin(8) be the fibration induced by the canonical
inclusion Spin(5) — Spin(8).
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Lemma 24. The cohomology rings of BSpin(8) are
H*(BSpin(8); Z2) = Zz[wy, we, wr, ws, €]

and

H*(BSpin(8); Z) = Z[q1, gz, e, Swe] / (26ws)
where q1, g2 and € are defined by the relations

P1=2q1, P2=¢;+2e+4g, p2q2=c¢.
Moreover,

P291 = W4, pP2€=Wg

and

v (q1) = q1, v*(g2) =q2, v*(e)=0.

Proof. See [17] and [8]. O

Let £ be an oriented 8-dimensional vector bundle over a CW-complex X given
by the homotopy class of some mapping £ : X — BSO(8). £ has a spinor structure iff
wo(€) = 0. If some lifting £ : X — BSpin(8) is fixed we can define spin characteristic
classes

a)=8q, @€ =E¢.

The first spin characteristic class is always independent of the choice of &.
Moreover, if H*(X;Z) has no element of order 4, then it is uniquely determined by
the relations

2q1(€) = p1(§), P2aq1(§) = wa(§).

The second spin characteristic class is independent of the spinor structure ¢ if
X is simply connected or H8(X;Z) = Z. In the case of an 8-dimensional manifold
g2(€) is uniquely determined by the relation

16g2(£) = 4p2(€) — p3 (€) — 8e(é).

See [8].
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3. Higher order cohomology operations

We shall introduce four special higher order cohomology operations X, ¥, ®
and © which will appear when building the Postnikov towers for the fibrations
r : BSpin(3) — K(Z,4) and ¢; : BSpin(5) — K(Z,4) corresponding to the
elements 7 € H*(BSpin(3);Z) and ¢ € H*(BSpin(5);Z). (See [19] and [21].)

Consider the fibration K (Zg,S)LYl LK (Z,4) induced from the path
fibration PK(Z3,6) — K(Z,6) by the mapping Sq?paty : K(Z,4) — K(Z2,6).
The Serre exact sequence for this fibration implies that H7(Yy;Zs) = Zo. Its
generator o satisfies

7i(0) = S¢’is.

DerFmniTiON 3.1.  Let ¥ denote the secondary cohomology operation associated
with the relation

Sq® 0 Sq°p2 =0
in dimension 4.

Let X be a CW-complex. The operation X is defined on the set Def(2, X) =
{z € H*(X;Z); Sq®>p2x = 0}. Its value X(z) is the subset of H"(X;Z;) with the
indeterminacy Indet(X, X) = Sq? H%(X;Z,). Moreover, it can be shown that

Iz +y) =X(z) + X(y)

for all z,y € Def (X, X).

From the Serre exact sequence for the fibration m; we get easily that the group
H8(Y1;Zs) & Zy @ Z2 © Zs has the three generators 7} p2t3, Sq*o and v, the last
one with the property

i) = S¢°Sq'is.

Unfortunately, the last requirement does not determine 3 uniquely. To fix it, we
build the Postnikov tower for the fibration 7 : BSpin(3) — K(Z,4). Using the long
homotopy sequence we find easily that its fibre F' is 4-connected and 75(F) = Zo,
76(F) = Zy and 77(F) = Z3 ® Z4. Hence, the first Postnikov invariant is Sq?pat4 €
HS(K(Z,4);Z2) and the first stage of the Postnikov tower is just ¥;. Thus, we get
the following commutative diagram.
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i) F K(Z,5)
J J1
i) BSpin(3) —1—v;
\ i§
K(Z,4) ———= K(Z,4) _ Sdpua K(Zs,6)

Since H”(BSpin(3);Zz) = 0, the next invariant is 0 € H'(Y1;Z,). In dimension
8 we have H®(BSpin(3);Zz2) = Z, with generator por? and 77} p2t2 = per? and
r$Sq'o = 0. This shows that there is a unique element 1) € H®(Y1;Z2) such that
gt =8¢*Sq*ts and ri() =0

These considerations justify the following definition.

DEerFINITION 3.2.  Denote ¥ the secondary cohomology operation associated
with the relation

S¢*Sq" o Sq’py =0
in dimension 4 uniquely determined by the property
U(r)y=0
in H*(BSpin(3)).

The operation ¥ is defined on Def(¥, X) = Def(X, X). The value ¥(z) is a
subset of H8(X;Zs) with the indeterminacy Indet(¥, X) = Sq?Sq' H®(X; Z3).

Lemma 33. Let X be a CW-complex. Then
U(z+y) =V(z) + ¥(y) + p2(zy)
for all z,y € Def (¥, X), and
U(2z) = poz? + Indet (¥, X)
for all x € H*(X;Z).

Proof.  Since 7} (Sq%pats) ® 1+ 1®@ 7} (Sq?pats) = 0 in HE(Y; x Y1;7Zs), there
is a mapping f1 : Y1 X Y7 — Y; such that the following diagram is commutative
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YixYy ——7—7=~ B -n
T1 X Y1 T X T T
T X uR®1+1®. Sq%poL
x T2 (2, 4) x K (2, 4 L K(z,4) — 2 K (Z,,6)

where the mappings = and y represent z,y € H*(X;Z)and z, : X - Y1,y: X - Y;
their liftings in the fibration ;. Hence we get

fiv=ayp ®1+ bl Q¢ + ] pata ® 71 pata +ad7lpi®1
+ V1@ nip22+d"S¢tc ®1+b"1® S¢to

for some a,b,b’,b",c,c/, " € {0,1} and consequently

(o +y) = al(z) + bU(y) + cpa(ay) + a'pa(a?) +
+b'p2(y°) + a”5¢' 5 (z) + b Sq T(y).

Taking X = Y3, ¢ = 7w}y and y = 0, having in mind that Indet(3,Y;) =
Indet(¥,Y;) = 0, we get

¢ = U(n}us) = ap + a’ pomip2t] + a”'Sq'o,
which implies @ = 1 and @’ = a” = 0. Similarly we get b =1 and ¥’ = b” = 0.
Following Brown and Peterson (see [6], Lemma 2.2), we can show that 1 is not
primitive. This implies that ¢ = 1, which finishes the proof. 0

Lemma 3.4. For q; € H*(BSpin(5);Z) we have

U(q1) = p2qe-

Proof.  Since Indet(¥, BSpin(5)) = 0, we have

U(q1) = apaqs + bpag;

where a,b € {0,1}. If we apply p* on both sides, we get according to Lemma 2.3
and Definition 3.2

0="0(r) = ¥(u*q1) = p*¥(q1) = u*(ap2ga + bpag}) = bpar®
and hence b = 0. Next apply v*. Using Lemma 3.3 we have

par® = U(2r) = U(v*qy) = v*¥(q1) = v* (ap2gz) = apar?,
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which implies a = 1. O

The Serre spectral sequence for the fibration m; gives that H%(Y7;Z,) = Z, with
the generator Sq'+¢ = Sq?0 since j;Sq%c = Sq®Sq'ts = jiSq*+ # 0. Finally, con-
sidering the cohomology exact sequence corresponding to 0 — Zy — Zy — Zy —>
0, we find that H8(Y1;Zy) = Zy  Zy ® Zo with the generators 7} pgt2, psbo and i,1).

Consider the fibration K (Z,,6) 22, ¥, "% ¥, induced from the path fibration
PK(Z3,7) — K(Z,7) by the mapping o : Y; — K(Z3,7). The transgression of the
element i,Sq%s € H8(K (Z2,6);Z4) is

T(i*SQQLG) = i*Sq2a' = z*Sqldj =0.
Hence there is an element ¢ € H8(Y3;Z4) such that
Jap = iSq%t6.

But this property does not determine the element ¢ uniquely. In order to compute
H®(Y3;Z4) we apply the Serre exact sequence for the fibration K (Z3,6) — Y, —
Y, with the coefficients Z4.

H(K(Z2,6); Zy) — H®(Y1;Z4) — H®(Ya; Z4)
— H®(K(Z»,6); Zs) — H®(Y1;Z4)

Let us mention first that H'(K(Z2,6);Zs) = Zo with the generator pséig, and
H8(K(Z3,6);Z4) = Z, with the generator i.Sq%w. Further, 7(psét6) = pado,
7(ixSq%t6) = 0. This shows that H8(Y2;Z,) fits into the exact sequence

0—>Z4@ZQ———>H8(}/2;Z4)—)ZZ —)O

This gives us for the group H8(Y>;Z,) the possibilities Zy ®Zy ®Z4 and Z4 B Zy. But
anyhow the group H8(Y>;Z,) has 16 elements. Returning now back to the Postnikov
tower for r : BSpin(3) — K(Z,4), we see that Y3 is its second stage.

F2 T F1 K(ZQ,G)
' ljz
. T2
F, BSpin(3) Y

T

Yl e —————— Yl

K(Zy,7)
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From the Serre exact sequence for the fibration F;, — BSpin(3) — Y2 we get
immediately that H®(Y,;Z,) fits also into the exact sequence

0—Zy — Hs(Yg;Z4) — Z4 — 0.

This shows that the only possibility is H®(Ys;Z4) = Zy ® Zy.

Reconsidering with this information the Serre exact sequence for the fibration
K(Z3,6) — Y, — Y, we can see that H8(Y5;7Z,) has generators w37} ps2 and o,
where ¢ can be chosen in such a way that

Jao =1.5¢%,, T30 =0.
Moreover, for such ¢ it holds
20 = ium3,  pa = 3.

Unfortunately, the above conditions still do not determine ¢ uniquely. (But there is
only one more element with the same properties, namely —¢.)

Let s : BSpin(3) — K(Z,4) be a mapping representing the element 2r €
H*(BSpin(3);Z). Since Sq?p22r = 0 and X(2r) = 0, this mapping can be lifted to
s1 : BSpin(3) — Y; and sp : BSpin(3) — Y,. Both these mappings are uniquely
determined up to homotopy. According to Lemma 3.3 we have

pas3(¢) = 3(4) = W(2r) = por®.

Hence s3(¢) = +p4r?. This shows that there is a unique element ¢ € H8(Yz2;Z4)
such that

];QO = i*Sq2L67 T;(p =0, S;QO = —.047"2-

DEFINITION 3.5. Let ® be the tertiary cohomology operation associated with
the relation

1,520 X =0

in dimension 4, and uniquely determined by the properties

for r € H*(BSpin(3);Z).

The tertiary cohomology operation ® is defined on Def(®,X) = {z €
H*(X;Z); S¢’paz = 0,%(x) > 0}. Now, we will deal with the indeterminacy of
the operation ® on a CW-complex X.
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Consider the fibration K(Z,6) LK (Zy,5) induced from the path
fibration over K(Zy,7) by the mapping Sq?.5. Notice that this fibration is a
restriction of the fibration 73 : Y — Y3 induced by the inclusion j; : K(Z3,5) — Y3
so that the diagram

K(Z,,6)—1 E K (Z,,5)
K(Z,,6) —L2 Ys =y,

commutes. From the Serre exact sequence and the commutativity of the diagram we
get that H8(FE;Z,) & Z, with generator w = I*p. Moreover, j*w = ,S¢%1 and
2w = 1,5¢%Sq¢ 5.

DEerFINITION 3.6.  Let 2 be the secondary cohomology operation associated
with the relation

ixS¢* 0S¢ =0

in dimension 5.

Let X be a CW-complex. The operation 2 is defined on the set Def(92, X) =
{z € H®(X;Z,); Sq*x = 0} with the indeterminacy Indet(Q2, X) = i, Sq*H5(X; Z5).
It is not substantial, whether Q is defined by w or —w since 2w = i,5¢?Sq'7*15 €
.S H%(E; Zs).

Lemma 3.7. The indeterminacy of the operation ® is Indet(®,X) =
QDef (22, X).

Proof. Let A1 : K(Z2,5) x Y7 — Y7 and Az : K(Zs,6) x Y2 — Y be the usual
multiplications given by the composition of paths. It can be shown that there is a
new multiplication X : E X Y2 — Y5 such that the diagram

A
K(Z3,6) X Yy 2 Y,
7 xid H

ExY, Y,

™ X 7!'2[ tﬂ'z
M

K(ZZ)S) X Yl Y,
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commutes. This implies that
M) =10p+w®l.
Let 3 and Z5 : X — Y3 be two liftings of a mapping z : X — K(Z,4). Put

Ty = Mg 0T, &1 = Mg 0 £y. Since 7 0 zy = x = my 0 Z; there is y; : X — K(Zy,5)
such that

%1 = A1 0 (y1,21).

Hence }(0) = z}(0) + y; Sq?s. Moreover, %} (o) = z}(0) = 0 because both maps
have liftings. Consequently, y;(Sq%t5)=0 and y; can be lifted to y : X — E. Now,

o Xo (y,x2) = A1 o (y1,21) = &1 = M 0 Ta.
Hence there is yo : X — K(Z3,6) such that
Ao (y,x2) = Az 0 (y2, Z2)-
Applying the maps on both sides on ¢ € H®(Y3;Z,) we get
z3() + ¥ (w) = T5(p) + ixSq”y3 (16).
That is why Z5(p) — z3(¢) € Q(y7(t5))-
On the contrary, having z : X — K(Z,4), its lifting 23 : X — Y3, y3 : X —

K(Z2,5) and an element z € Q(y}(t5)) we can easily find Z; such that &5(p) —
z3(0) = 0

Lemma 3.8. For gy € H*(BSpin(5);Z) there is

‘I’(lh) = Pa9q2-

Proof.  Since Indet(®, BSpin(5)) = 0,

®(q1) = apaqz + bpag;

where a,b € {0,1,2,3}. First, apply u* on both sides. According to Lemma 2.3 and
Definition 3.5

0=&(r) = ®(u*q1) = u*®(q1) = p*(apagz + bpagi) = bpar®
and consequently b = 0. Next apply v*.

—par? = ®(2r) = B(v*qy) = v*®(q1) = v*(apage) = —apar?.
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Hence a = 1. |
Lemma 3.9. Let X be a CW-complex. Then
O(z +y) = @(z) + 2(y) — pa(ay)
for all z,y € Def(®, X).
Proof. Consider f; : Y7 x Y7 — Y; from the proof of Lemma 3.3. Since

(mg X m2)* fi(0) = 0 in H (Y, x Ya;Zy), there is a mapping fo : Y3 x Y — Y3 such
that we get the commutative diagram

f
Yax Yy —----- =T > Y
T2 X Y2 lWZXWz lﬂz
T3 XY f o

! : YIXY1 - Yl K(Z%7)

XYy T X 1 Jﬂ'l

Lu®l1+1. Sq?pat

K(Z,4) x K(Z,4— L k(24— k(7,,6)

where the mappings z and y represent z,y € H4(X;Z), 1 X-Y,y: X - Y
their liftings in the fibration m; such that zj(c) = 0, z5(c) = 0 and z2 : X — Yo,
y2 : X — Y5 the liftings of z; and y; in the fibration 72, respectively. Hence we get

f3(p) =ap®1+b1® ¢ + cmymi(pats) ® 3y (pats)

Ik _x 2

+a'mymipa; ®1+61® W;W;PMZ
for some a,a’, b, c, € {0, 1,2,3}. Consequently
®(z +y) = a®(x) + b®(y) + cpalzy) + d'pax® + b psy?.

Taking X = Y,, © = m37}t4, y = 0 and having in mind that Indet(®,Y>2) = 0, we
have

¢ = ®(m3miea) = a®(mimiea) + w3l pars,

which implies @ = 1 and o’ = 0. Similarly, we get b =1 and ¥’ = 0. Finally, we take
X = BSpin(3), z = y = r. Since Indet(®, BSpin(3)) = 0, we get

—par? = ®(2r) = ®(r) + B(r) + cpar?® = cpar?,

which gives ¢ = —1. U
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From Lemma 2.1 we can see that the first Pontrjagin class of a 3-dimensional
spin vector bundle is divisible by 4. A kind of converse to this assertion is the
following theorem which will play an important role in deriving of sufficient
conditions for the existence of an Sp(2) - Sp(1)-structure.

Theorem 3.10. Let X be an 8-dimensional CW-complex, and let a €
H*(X;Z). Then there exists an oriented 3-dimensional vector bundle n over X with
wa(n) = 0 and p1(n) = 4a if and only if the following conditions are satisfied
(i) Sq¢%pa =0,

(i) 0e (a),
(iii) Plpsa+ psa® =0,
(iv) 0¢€ ®(a).

Proof. We shall use the fibration FF — BSpin(3) —T—>K(Z,4), which has
already appeared before. The element a € H*(X;Z) can be considered as a mapping
a:X — K(Z,4), and it is obvious that there exists a 3-dimensional spin vector
bundle n with the desired properties if and only if the mapping a can be lifted in
the fibration 7.

_~BSpin(3)
e
n -~ r
// a
X K(Z,4)

We shall investigate the existence of the lifting n by constructing the Postnikov
tower for the fibration r. We already know that the first invariant of this tower is
Sq?paty € H9(K (Z,4);Zs). It determines the first stage Y; with the second invariant
S H7(Y1;Z2). So the next stage is Y3 (see the diagram before Definition 3.5).
From the knowledge of H®(Y2;Z,4) we get that the Z4-invariant is ¢.

It suffices to determine the Zs-invarint in H*(Y>2; Zs3). For this purpose we shall
investigate the Serre exact sequence for the fibration F; — BSpin(3) — Y2 with the
coefficients Zs.

0 = H"(BSpin(3); Z3) — H (Fy; Z3) — H®(Yy; Zs) — H®(BSpin(3); Zs),

where H(Fy;Z3) = 73, the generator being the fundamental class. We can use
the Serre exact sequence for the fibration K(Z;,5) — Y1 — K(Z,4) with co-
efficients Zs. Let us remark that H8(K(Z,4);Z3) = Z3 & Z3 with the generators
psti and Pjpsis. From this sequence, having in mind that H"(K(Z,6);Z;) =
H8(K(Zs,6);Z3) = 0, we get H8(Y1;Z3) = Z3 ® Z3 with the generators 7} p3i?
and 7} P} p3eq. Next, from the Serre sequence for the fibration K (Z3,6) — Y, — Y;
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with the coefficients Zs, we get H8(Y,;Zs) & Zs @ Z3 with the generators 737} pai2
and 737} P] p3t4. Finally, let us mention that H8(BSpin(3); Z3) = Zs, the generator
being p3r%. We have

*__k % 2,2 *__%__*% pl _ pl _ 2
ToMaMi1P3ly =T°, ToMamy Pypats = Py psr = 2r°.

For the last result see [4]. Therefore the Serre sequence for the fibration Fp —
BSpin(3) — Y; gives us the invariant w37} p3t2 + 73w} Pipsty.

This shows that a can be lifted to the third stage Y3 of the Postnikov tower if
and only if the conditions (i) — (iv) are satisfied. But because dim X < 8, we can
see that (i) — (iv) are necessary and sufficient conditions for the existence of a lift
of a to BSpin(3) in the fibration r. O

4. Existence of 3-fields

In this section we will use the tertiary cohomology operation ® and the
secondary operation X to find necessary and sufficient conditions for the existence of
three linearly independent sections in an oriented 8-dimensional spin vector bundle
over a CW-complex X of the same dimension. However, first of all the following
theorem will serve us as an important tool for the computation of ® and ¥ in the
next section.

Theorem 4.1. Let £ be an 8-dimensional oriented vector bundle over a CW-
complex of dimension < 8 with wy(€£) = 0. Then £ has three linearly independent
sections if and only if the following conditions are satisfied

(1) we(§) =0,
(2) 0¢€X(q(f))
(3) e(§) =0,

(@) p4q2(8) € 2(q1(6))-

REMARK 4.2. Both operations ¥ and ® on a closed connected smooth spin
manifold M will be computed in the next Section.

Proof. We shall build the Postnikov tower for the fibration Vg3 —
BSpin(5) = BSpin(8). The Stiefel manifold Vs 3 is 4-connected, m5(Vs 3) = Zo,
76(Vs,3) = Zg, and m7(Vs 3) = Z @ Z4. The Serre exact sequence for this fibration
shows immediately that the first Postnikov invariant is we € H®(BSpin(8);Zs;).
Thus we get the first stage of the tower in the following form.
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Vi — Va3 > K(Zs,5)
i1
4 BSpin(s) — 22— B
v v1
BSpin(8) =——— Bs,;m(g) Y s K(Z,6)

The fibre V; is 5-connected, 76(V1) = Z; and 77(V1) = Z @ Z4. Moreover, the Serre
exact sequence for the fibration vy shows that H"(E; Zy) = Z,. We shall denote the
unique generator by k. Taking into account the universal example for the operation
3., we have the following commutative diagram.

K(ZQ, 5) ______ _’K(Zz, 5)
(51 J1
E-——-- Lo Y
S 2
BSpin(8) —2—r K(Z,4) —2 P2, K(Z,,6)

The mapping f; exists due to the fact that Sq%poviq; = 0. Since itk = Sq?5, there
is ffo = k, or equivalently k = X(v}q1).

The Serre exact sequence for the fibration y; implies that the second Postnikov
invariant is k. Consequently, the second stage of the Postnikov tower has the
following form.

7, -V > K(Z5,6)
| X
14 BSpin(5) —2— E,
['Yl 'Uz
E—————F, i K(Z,7)

Further invariants lie in H3(E5;Z) and H8(Ey;Z4). The cohomology of E» can
be computed from the Serre exact sequence for the fibration

K(Zs,6) -2 By, -2 .
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But for this sake we must know the cohomologies of E; first. We have
H8(Ey;Zs) = (Z3)® with the generators viws, viw?, vie, Sq'k and I,
H3(Ey;Z) = (Z)® ® Z, with the generators vie, viq?, vigy and 6k,
H3(E1;Z4) = (Z4)® @ (Z2)? with the generators pyvig?, psviqe, psvte, psbk
and i/,
where | = f{1 = ¥(viq:) (see the last but one diagram above). Moreover, there is
i1l = S¢*Sqles.
Further, we obtain
H8(Ey; Zy) = (Z2)* with the generators viviw?, vivie, viviws, vil,
H8(E,; Z) = (Z)® with the generators v3v}q?, vivige, vivte,
HB8(E3; Z4) = (Z4)* with the generators v3v}psq?, v3v}page, vivipae, m,
where m = f3p = ®(viviq1) (see the diagram below).

K(Zs,6)-————- ~K(Z,6)
Ey-———- oo, Y,
ng l?‘rg
E h Y g K(Z2,7)

The fibre V5, is 6-connected, and 77(V2) = Z & Z4. This means that on this stage
we have two Postnikov invariants. The Serre exact sequence with the coefficients Z
shows that the first of them is vjvie € H8(E»;Z). The Serre exact sequence with
the coefficients Z4 has the form

0 — H(Va; Za) — HS(E2; Z4) 22+ HS(BSpin(5); Za).

Using Lemma 3.8, it is easy to see that ker v = Z, ®Z,4 with the generators psvjvie
and m — p4v3vTge. This shows that for the second of the two Postnikov invariants
we can take ®(viviq:) — pav3viqy € HP(Ez; Za).

Now, because dimX < 8, we can immediately see that the vector bundle
¢ : X — BSpin(8) has three linearly independent sections if and only if the
conditions of the theorem are satisfied. ]

5. Computation of ® and X

This section is devoted to the computation of the cohomology operations ®
and ¥ on closed connected smooth spin manifolds of dimension 8. Briefly said, it is
carried out by comparing the theorems on the existence of three linearly independent
sections in vector bundles proved in [10] and [11] with our Theorem 4.1.

Let m = 0 mod 4 and let £ be an oriented m-dimensional vector bundle over
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an oriented closed connected smooth manifold M of dimension m. In [10] Crabb
and Steer defined

S(€) = {22 A(M)B(¢)} [ M]
where A is the A-genus given by Hsm=/12 ys(sinh(1/2)ys)~', B is given by
H:n:/f cosh(1/2)ys and the Pontrjagin classes are the elementary symmetric poly-
nomials in the squares y2.
The signature defined in this way plays the role of an obstruction when we deal
with the existence of 2 or 3 linearly independent sections of £ as well as in the case

of tangent bundles.

Proposition 5.1 ([10, Theorem 4.10 and 4.4. (iii)]). Let m = 0 mod 4. Let
& be an oriented m-dimensional vector bundle over an oriented closed connected
smooth m-manifold M, and n an oriented vector bundle of dimension 3 over M with
wa(n) = wy(§) +wa(M). Suppose that n is a subbundle of £ over the (m —1)-skeleton
of M. Then the obstructions for n to be a subbundle of £ over the whole manifold
are

(a) e(§)=0
(b) S(€—mn)=0mod 8.

It is only a matter of computation (see [9]) to show that for m = 8 and a closed
connected smooth spin manifold M

S(€) = —— {60p2(€) + 15p3(€) — 30py (M)py (€)}[M] =

45-8
1
(5.2) = g{tﬁ(f) — q1(M)q1(§) + 2g2(€) }[M] mod 8.
Since for z € H*(M;Z)
p2(2q1(M) — 2°) = wa(M)paz — p22° = Sq*paz — pa2® =0

and H3(M;Z) = Z, there is just one y € H®(M;Z) such that 2y = z¢; (M) — 22. So,
we will use notation (1/2)(zq, (M) — 22) for this y.

Theorem 5.3. Let M be a closed connected smooth spin manifold of dimension
8. Then Indet(®, M) = 0 and

8(2) = puy (201 (M) ~ 2%}

for every z € Def(®, M).
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Proof. Let z € Def(®, M). Choose any element y € ®(z). Since H3(M;Z) = Z
and (3,4) = 1, there is z € H8(M;Z) such that

P4 =Y
and
pax = Pjp3z + p3z’.

According to Theorem 2 in [7] there is an 8-dimensional oriented vector bundle £
over M with wy(§) =0, ¢1(€) = 2z, e(§) = 0 and g2(¢) = x. Moreover, for such a
vector bundle wg(€) = Sq?pzz = 0 and 0 € X(2).

Then Theorem 4.1 claims that the vector bundle £ has three linearly independent
sections. Using formula (5.2), Proposition 5.1 for 7 trivial implies that

1 1
y = paz = paga2(§) = pag{a(©a(M) — @ (6)} = pazizai(M) — 2%}
which completes the proof. O

In a similar way we can compute the secondary operation . For this purpose
we need the following proposition.

Proposition 5.4 (See the last remark in [11] and [9, Proposition 5.2]). Let¢
be an oriented m-dimensional vector bundle over a closed connected smooth manifold
M of the same dimension m = 0 mod 4, and let wy(§) = wo(M). If € has three
linearly independent sections over the (m — 2)-skeleton of M then the obstruction
to deforming them (relative to the (m — 3)-skeleton of M) into sections which have
three linearly independent extensions over (m — 1)-skeleton of M is zero.

Theorem 5.5. Let M be a closed connected smooth spin manifold of dimension
8. Then

Y(z) = S¢*H®(M; Zs)
for every z € Def(X, M).

Proof. Let z € Def(X, M). Since H¥(M;Z) = Z, there is = € H3(M;Z) such
that

p3T = P31p3z + p3z.

According to Theorem 2 in [7] there is an 8-dimensional oriented vector bundle £
over M with wy(€) =0, q1(€) = 2, e(§) = 0 and g2(§) = x. Moreover, for such a
vector bundle wg(§) = Sq?pez = 0.
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Then according to Proposition 5.4 the vector bundle £ has three linearly inde-
pendent sections over 7-skeleton. Then Theorem 4.1 implies that

0 € X(q1(8)) = E(2).
Consequently, ¥(z) = Indet(X, M) = S¢?H®(M; Zs). O

6. Existence of 3-dimensional subbundles

The following theorem on the existence of 3-dimensional subbundles in oriented
8-dimensional spin vector bundles is the last but one step to complete the proof of
our main results on the existence of an Sp(2) - Sp(1)-structure.

Theorem 6.1. Let ( be an oriented 8-dimensional vector bundle over a closed
connected smooth spin 8-manifold M with wy(¢) = 0 and let R € H*(M;Z). Then
¢ has an oriented 3-dimensional subbundle n with wo(n) = 0 and p;(n) = 4R if and
only if
(i) S¢’pR=0
(i) PlpsR+ psR2 =0
(iii) {Rq;(M) — R?}[M] =0 mod 8
(iv) we(¢) =0
(v) e@)=0
i) {af(Q) — aa(M)q1(C) + 2g2(C) + 2R? + 2Rq1 (¢) + 2Rq1 (M) }[M] = 0 mod 8.

Proof. According to Theorem 5.3 the condition (iii) is equivalent to ®(R) = 0.
Then Theorem 3.10 and 5.5 say that the conditions (i) — (iii) are necessary and
sufficient for the existence of an oriented 3-dimensional vector bundle n over M
with ws(n) = 0 and p;(n) = 4R.

Now we show that the conditions (i) and (iv) are necessary and sufficient for 7 to
be a subbundle of ¢ over a 7-skeleton of M. This can be done by constructing the first
stage of the Postnikov tower for the fibration 6 : B(Spin(5) x Spin(3)) — BSpin(8)
determined by the homomorphism Spin(5) x Spin(3) — Spin(8) induced from the
standart inclusion SO(5) x SO(3) — SO(8). We will not go into details which are
similar to the procedure used in the proof of Theorem 4.1. We note only that there
are two obstructions in H®(M;Z,) and two in H"(M;Zs) and that

H*(B(Spin(5) x Spin(3)); Z) = Z|r, q1, g2)
with the properties
S¢’par =0, S¢’p2q1 =0, X(r)=0, Z(a)=0,
and

0*q1 = q1 + 2r.
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This yields the conditions (i) and (iv) on the manifold M.
Finally, we show that in the given case the condition (b) in Proposition 5.1
reads as (vi). Since

p1(¢ =) =p1(¢) — p1(n)
p2(¢ —m) = p2(¢) — p1(Op1(n) + pi(n),

formula (5.2) gives

S(¢ =) = 3z~ {6092() + 1593(C) ~ 30p(M)p1 (0

+ 75p(n) — 90p1 ()p1(n) + 30p1 (M)ps (n) }[M]
= 2O ~ 2 (M Q) + 4pa(C)
+ 5p% (1) — 6p1(n)p1(¢) + 2p1 (M)p1(n)}[M] mod 8.

Substituting p1(¢) = 2¢1(¢), p2(¢) = ¢F(¢) + 4¢2(¢) (we suppose that e(¢) = 0,
which is simultaneously the condition (v) of Theorem 6.1 and the condition (a) of

Proposition 5.1) and p;(n) = 4R, we get that (a) and (b) of Proposition 5.1 are
equivalent to (v) and (vi). O

8. Existence of almost quaternionic structure

Now we state our main result on the existence of an Sp(2) - Sp(1)-structure in
8-dimensional vector bundles over 8-manifolds.

Theorem 8.1.  Let ¢ be an oriented 8-dimensional vector bundle over a closed
connected smooth spin manifold M. If there is R € H*(M;Z) such that the condi-
tions
(1) S¢*p,R=0
(2) {Rpi(M)—2R?}[M] =0 mod 16
(3) wa(§) =0
4 we(§)=0
(5)  4p2(§) — pi(€) — 8e(§) =0
(6)  {pi(€) — p1(M)p1(€) — 8e(€) + 8R? + 4Rp: () + 4Rp: (M)}[M] = 0 mod 32
are satisfied, then the structure group of & can be reduced to Sp(2) - Sp(1). If
H?(M;Zs) = 0, then all the previous conditions are also necessary.

REMARK 8.2. The conditions (3) and (5) are necessary even if H2(M;Zs) # 0.

Proof.  Proposition 1.2 asserts that a vector bundle £ has an Sp(2) - Sp(1)-
structure if and only if it has a spinor structure £ € [M, BSpin(8)] and the vector
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bundle

C = W*(K)‘)*(é)

has an oriented 3-dimensional subbundle. According to Lemma 4.2 in [9]

0(€) =a(§), e(Q)=-q(), @) =—e®).

So, the existence of a three dimensional subbundle n with p;(n) = 4R for some
R € H*(M;Z) in the vector bundle ( is sufficient for the existence of an Sp(2)-Sp(1)-
structure in the vector bundle £. Hence we show that our conditions imply the
conditions (i) — (vi) of Theorem 6.1 for { and some R.

The condition (i) is the same as (1). (iii) is equivalent to (2). (4) of Theorem 7.1
yields wy(¢) = wa(€) = 0. Since q;(¢) = q1(£), (iv) is equivalent to (4). (5) means
g2(£) = 0, which reads as (v) of Theorem 6.1. Rewriting (6) in terms of ¢, we get
(vi).

It remains to prove the condition (ii) of Theorem 6.1. It need not be satisfied
for a given R but it is certainly satisfied for R = —15R. Moreover, if R satisfies the
conditions (i), (iii) and (vi) of Theorem 6.1, then R satisfies them as well since

—~15= (-15)2 = 1 mod 16.
This completes the proof. O

The application of Theorem 7.1 to tangent bundles yields

Corollary 8.3. Let M be a an oriented closed connected smooth manifold of
dimension 8. If
(a) w2(M)=0
(b) we(M)=0
(©)  4pz(M) — p}(M) — 8e(M) =0
and there is R € H*(M;Z) such that
(d) S¢*p2R=0
(e) {Rpi(M)—2R?}[M] =0 mod 16
() {R?+ Rpi(M) —e(M)}[M] =0 mod 4,
then M has an almost quaternionic structure. Conditions (a) and (c) are always
necessary for the existence of this structure while the remaining ones are necessary
l'fHZ(M;ZQ) =0.

Proof. The conditions in Theorem 7.1 correspond with the conditions (a) —
(f) of this corollary. O

We can give also nontrivial sufficient conditions for the existence of an almost
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quaternionic structure only in terms of characteristic classes without any reference
to an element R € H*(M;Z). See Theorem 1.1.

Proof of Theorem 1.1.  Let the assumptions of Theorem 1.1 be satisfied. The
first three conditions of Corollary 7.3 are the same as the corresponding conditions
of Theorem 1.1. Put R = gq;(M). Then the condition (d) follows from (B), (e) is
obviously satisfied, and (f) is a consequence of (D). So the assumptions of Corollary
7.3 are satisfied. O

REMARK 8.4. If we put R =0 in Corollary 7.3 we get (A), (B), (C) and
(D) e(M)[M]=0mod 4
as sufficient conditions for the existence of an almost quaternionic structure.
According to Corollary 5.5 in [9], these are necessary and sufficient conditions
for the existence of an Sp(2)-structure.

9. Examples

Now we will demonstrate the above statements on several examples.
ExampLE 9.1. The quaternionic projective space HP? is known to be a
quaternion-Kéahler manifold so it must have an almost quaternionic structure. We

will show that all the assumptions of Theorem 1.1 are satisfied. It can be seen from
the following characteristic classes computed in [3] :

p1(HP?) = 2u, po(HP?) =7u?, e(HP?) = 3u?
where u € H*(HP?;Z) and H*(HP?;Z) = Z[u]/{u®).
EXAMPLE 9.2. The complex Grassmann manifold G4 2(C) is also a quaternion-
Kahler manifold. From [3] we know that
H*(G42(C);Z) = Z[u,v]/(u® — 2uv, v — u?v)
where u € H?(G4,2(C);Z) and v € H*(G4,2(C); Z) and

c1(G42(C)) = —4u c2(G42(C)) = Tu?
c3(G42(C); Z) = —12uv c4(G42(C)) = 6u?v,

which yields p;(Ga,2(C)) = 2u?, p2(Ga2(C)) = 14u?v, e(G4,2(C)) = 6u’v. Hence
all the conditions of Theorem 1.1 are satisfied.

ExAMPLE 9.3.  G3/SO(4) is the third 8-dimensional homogeneous space which
is a quaternion-Kahler manifold. So it has an almost quaternionic structure. But
in [3] it is proved that wg(G3/SO(4)) # 0, which shows that the condition (b) in
Corollary 7.3 is not necessary.
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ExampLE 9.4. The complex projective surfaces
VdZ {(20,21,...,25) ECP5,23+Z‘1i++Zg=O}

considered as closed oriented smooth manifolds of real dimension 8 satisfy the
necessary condition (C) of Theorem 1.1 only for d = 2, 6. (See [9].) Since V2 =
G4,2(C), we will deal only with d = 6. We get

p1(Vs) = —30c2, pa (Vi) = 1095¢%, (Vi) = 435¢%, 1 (Ve) = 0, c3(Vs) = —70¢%,

where ¢ € H2(V;Z) and ¢*[V5] = 6. Hence all the assumptions of Theorem 1.1 are
satisfied and Vg has an almost quaternionic structure.

ExampLE 9.5. Let M; and M; be two closed simply connected smooth 4-
manifolds with we(M7) = 0, wa(M3z) = 0. According to the remark after Rochlin
Theorem in [12] the condition w2(M;) = 0 is equivalent to the fact that the inter-
section form w, of M, is even. Then Rochlin Theorem ([12, Theorem 1.2]) asserts
that the signature of both forms is divisible by 16 and Donaldson Theorem ([12,
Theorem 1.3]) says that w; is indefinite. Using the classification of indefinite forms
over Z we get

01
Ws = _2nsE8€Bms [1 O]

where m, € N, n, € Z, Eg being described in [12], rankEg = 8, sign(Eg) = 8. Then
the signature of M is S(M,) = —16n, and the Euler characteristic is 16n,+2ms+2.
Moreover, the Signature Theorem yields

p1(M;)[Ms] = 3S(Ms) = —48n,
for s =1, 2. Next

e(M1 X Mz)[Ml X Mz] = (1677,1 +2my +2)(16n2 + 2mo + 2)
p%(Ml X M2)[M1 X Mz] =2 482711712
p2(M1 X Mz)[Ml X Mz] = 482n1n2.

The nontrivial sufficient condition for the existence of an almost quaternionic struc-
ture on M; X My is

144ning = (8ny + my + 1)(8nz + m2 + 1).

This is the condition (C) of Theorem 1.1. The remaining conditions (A), (B) and
(D) are satisfied.
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