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In [6, Theorem 6], arbitrarily many 2-bridge knots sharing the same Jones
polynomial are constructed. The construction is as follows (See Example
2.): Two 2-bridge knots 10,, and 104 [15, Table] are obtained as symmetric
skew unions [11] of 5, They have the same Jones polynomial [4] but have
distinct genera, and so have distinct Alexander polynomials [3,14]. From these
knots, we get four 2-bridge knots as symmetric skew unions. Continuing this
construction, we have 2% distinct 2-bridge knots with the same Jones polynomial
for any positive integer N. The question is whether the Alexander polynomi-
als, or genera, of these 2-bridge knots are mutually distinct or not.

In [7, Theorem 5], we constructed a pair of 2-bridge knots which have the
same Kauffman polynomial and so have the same Jones polynomial, but have
distinct Alexander polynomials. In fact, in the set of all the 2-bridge knots
through 22 crossings, there are 239 pairs sharing the same Kauffman polynomial,
among which 58 pairs also share the same homfly polynomial and the rest have
distinct Alexander polynomials [9]. Also in [8], we constructed arbitrarily many
skein equivalent 2-bridge knots with the same Kauffman polynomial, and so
they have the same homfly, Jones and Alexander polynomials. We refer [13] for
the definition of the skein equivalence and the homfly polynomial, and [10] for
the Kauffman and L polynomials and the writhe. In this paper, we prove:

Theorem, For any positive integer N, there exist N 2-bridge knots with
the same Kauffman polynomial but distinct genera.

Also for 2-bridge links, we can construct a similar example. In Section
1, we give a geometric algorithm ((8) and Proposition 2) deforming a 2-bridge
knot or link in the form of a 4-plat or Conway’s normal form C(a,, a,, -+, a,,)
[2] into the special form D(b,, b,, -++, by,,u_,), Where g is the genus and 4 the num-
ber of the components. Throughout the deformation, the 2-bridge knot or link
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is kept in a 4-plat. In Section 2, we prove the theorem using this algorithm
and the method to construct many 2-bridge knots sharing the same Kauffman
polynomial given in [8].

1. Genus of a 2-bridge link

Let S, and S, be the elementary braids generating the 3-braid group as shown
in Fig. 1. We denote by C(a,, a, **+, a,) the unoriented 2-bridge knot or link
(or diagram, according to the context) as shown in Fig. 2 [2]. There P and
Q are the 3-braids S5 S7% S%-.-S7% and S% S7% Sgs-.-S4n, respectively, de-
pending as whether 7 is even or odd. However, allowing the augmentation

C(y, %3y oo+, 2, )=~ C(%;, X, +++, x,—E, E), E=-+F1,

we may fix the parity of z.

Y
———
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\—/

Fig. 1

)
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n even n odd

Fig. 2

We shall use the following without mention: If ¢;=0, then

C(a.'h *% an)’ i= la
C(alv Ay **°, an) - C(ab R ai—1+ai+l) Ty an)a zﬁiﬁn—l,
C(al’ ) an-z), i = n,

We get the coprime integers p(>>0) and ¢ from the continued fraction
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which we shall denote by [a,, ;, -*-, a,]. Then the following is well-known (cf.
1, Chap. 12]): The 2-fold covering space of S* branched over C(a,, a;, +++, a,)
is the lens space L(p, q). C(a,, a3, ***, a,) is a knot iff p is odd. C(ay, ay, +*+, a,)
is ambient isotopic to the 2-bridge knot or link in the Schubert’s normal form
S(p, ¢') [16] as an unoriented knot or link, where ¢'=¢ mod p with ¢’ odd and
lg' | <p.

These integers p, g are also calculated as follows: For integers a,, a,, -+,
a,, let E[ay, ay, *++, a,] be the function defined by E[@]=E[ ]=1, E[a]=a, and

(2) E[al’ Ayt an] = E[ala Agy ***y an—z]"l‘anE[al’ Azy an—l] )

which is called the Euler bracket function in [12] and is denoted by py,., in
[17]. Then the following hold:

@) a1, 0] = o ol

(4) Ela, a3, -+, a,] = Efay, -+, @y, a]] ;

) El—a, —ay -, —a,] = (—1/Elay a5, -+, 8]
o DG D6 DG DG Y

— (E[alr T an] E[al’ Ty au—l]
E[a21 AR} an] E[ab "ty an—l] ’

GG 96 96 -6 9
~(Fle o B o), miota

Since a 2-bridge knot or link is invertible (cf. [1, Proposition 12.5]), if
C(ay, ay, **+, a,) is endowed with any orientation, it is ambient isotopic to either

n is even;

P «— .
C(a, ay, +*+, a,) or C(a,, ay, *-+, a,) as shown in Fig. 3.

Proposition 1. For an oriented 2-bridge knot é(al, ay, -+, a,) with (1), q is
even, and for 5(a1, ag, +++, a,) with (1), g is odd.

Proof. We prove for the case n is even. Let &; be the symmetric group
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C(ay,a,,...,a,)
Fig. 3
on 3 letters. There is a homomorphism ®: B;—&; defined by &(S;)=(ii+1),

1=1,2. Let SL(2,2) be the group of all 2X2 matrices of integer (mod 2) of
determinant 1. Then the map ¥: &;—SL(2, 2) given by

w0 a-( 7). ven-( 1),

vasn=(} ). vaza=( ). vao-( )

is an isomorphism. Consider the equation (6) in SL(2, 2), we have
YH(P) = (Po ro) ,
90 So
where py=p, go=q mod 2. If p is odd and g is even (resp. odd), then &(P)=1
or (2 3) (resp. (1 2) or (1 3 2)), and so C(ay, a,, *++, a,) is oriented as C_:(al, as, ++,
a,) (resp. 5(a1, a, +++, a,)). See Fig. 4. This completes the proof.
Let us consider the ambient isotopy:
(8) é(x]’ Koy *°°y xk) ~ 6('""8’ E_x]’ —Xgy "y _xlc) ’

where &=4-1. Fig. 5 illustrates the case where x,=3, x,=4, £&=1, and R and
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Fig. 4

R are the 3-braids S3S7%---S5-1S7#% and S73S7%---S§-1S7%, respectively,
with & even. Note that if &=ux,/|x,|, then this isotopy does not change the
crossing number of the diagram.

Let us consider another ambient isotopy:

9 (-f(xl, ooy Xy €, —(b4-E)y, — Y1y o0y —3))
~ C(xl, ety Xy 4, &, b’yla "':yl) )
where €=--1. Fig. 6 illustrates the case where a=3, b=2, £&=1, and P, @, and
Q are the 3-braids S5:Si%---S7%, S{1S7%2..-S{s, and S#1.S7%2---S¥, respectively.
Using (9) twice, we obtain
C_:(xly S Xe — YV 2t — Vi B 2’,,,)
C(yy -+ Xpory Xy—E, & Y1—26, & 21—E, Zpy -+, 2) i I=1;

{ C(xh 0ty Xp-1> xk—ey 5:_’}’1—5,_’}’2, V-1 yl—er 8’ 2’1’*8, gttty 2’,,,)
if1>2,
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where &=4-1. In particular, if /=1 and y,=2¢, then
(10) Cgc(""lr ey Xy —28, 3y, 00, Zm)

~ C(xh *00y Xg-1y xk"‘ea 26; 21_‘8; Rttty z,,,) .

Lemma 1. The following isotopies are realized by a finite sequence of the
deformation (9).

(1) Cw, v %, 3 30+, 31)

~ C(ay, -+, x40, [lall, (—1)*(y+a), (1) s -+, (1))
(12) é(xl, oy Xy, Xy Q) A 5(xl, ey Xy X4ty ||all),
where a|al =a=+0 and ||a|]|=(—2a, 2, " (—1)"2a).

la]~1

Proof. We only prove (11) for a>0. Using (10), we have

C(yy -+, Xay % @ Yy Y1y **» V1)
~ é(xl, e Xy %, 2,0,8—2, 9,3y, 0, M)
~ 5’(x1, e Xy 21, —2,1,a—2, 9,9, -+, 1)
~ 5’(x1, vy X, o+1, —2,1,2,0,a—4, 5,9y, 5, Y1)
~~ 5(x1, v x, o+1, —2,2, =21, a—4,9, 91, -, Y1)

If a is even, then we have

6(.76'1, 0ty Xpy Xy Ay Yy Y1y "'7yl)
~ 5('”11 20ty Xy x+1: '—2: 2) "ty _'2, 1; Oyy,yp "',yl)
~—————

a-1

i é(xb sty Xpy x+1’ ”a”)y+1)y1, ‘")yl)-
If a is odd, then by (9), we have

5(‘”19 ey Xpy X, Ay Yy V1 "'7yl)
~ é(xb 2ty Xpy x+1, '—Zv 21 ) "—2) la lyy,yn "')yl)
~——————

a=2

I é(xb *tty Xpy x+1: ”a”, —y—l, —Yn _yl),
and this completes the proof.
We denote by D(b, by, +++, b,,) the oriented 2-bridge knot or link 5(2171, 2b,,

-, 2b,). This is of genus (m—pu+1)/2, u is the number of the components,
if b;%0 for any ¢ [17].
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Proposition 2. An oriented 2-bridge knot or link é(al, ay, *++, a,) can be de-
formed into D(by, by, +++, b,) by a finite sequence of the deformation (9).

Proof. If each 4; is even, then we have nothing to do. Suppose that
ay, @y, **+, a,_; are even and a, is odd. If we deform é(al, a, ***, a,) Into C_"(e,,
e, ***, ¢;) such that e;,e;,-++,e,_, are even and e, is odd, and n—p>I—gq, then the
proof is complete by induction.

Considering the orientation, we see p=n. If p=n—1, then by (12),
(F(al, a,, -+, a,) is deformed into 5(a,, gy ***y Ayegy Gy, ||a,]]), Where a,=
a,/la,|. Thus l=n—p>l—¢=0. If 1<p<n—2, then by (11), é(al, @y, v,

a,) is deformed into é(“n @y s Apeyy Ayt pi, |[@pialls (—1)*241(@p 0+ 1),
(—1)%+1ayyq, ++, (—1)°2+1a,), where @pry=a,1,/|@pyy|. Thus n—p—1>I—g, and
the proof is complete.

REMARK. In a similar way, we can prove: A 2-bridge knot or link diagram
C(ay, a5, +*+, a,) can be deformed into an alternating diagram C(e,, e, **-, e,),
e,>0, by a finite sequence of the ambient isotopy:

C(xly 2ty Xy 4, ¢, b)ylv "'vyl)
~ C(xl» *0y Xy a+8’ '_(b+6)» —Y1 _yl)’

which is an unoriented version of (9).

Proposition 3. (i) If [x,, x;, «--, %, ]=p/q, then

[_6: E_xl: Xyt —‘—xk] =P/(q__ep) .

(ll) [xh *tty Xy, 4, 8: b:yl: "‘;J’:]=[x1, ©oty Xy d+8, —"(b+E), —Y1 s _yl]-

Proof. (i) By using (2), (4) and (5), we have

E[e—xl’ %ty _xk] = (_l)k(E[xl’ ) xk]—EE[xZ) ) xk]) ’
and
E[—S’ E—%y, —Xp +o0, _'xk] = (_1)k+18E[x1’ ) xlc] .

Then by (3), the proof is complete.
(i) We can prove the following formula [12, Lemma 9] by induction

onl:

E[xlv sty Xpy 4, 1’ b)yl: ""yl]
= (—1)""E[xy, -+, %4, a-+1, —(b+1), =y, =+, 3] -

Using this and (3), (5), we obtain the result.
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Suppose that a 2-bridge knot or link L is given in the form 5(a1, a,
a,) or é(al, ay, *++, a,) with (1), from Propositions 1, 2 and 3, we have:

Proposition 4. Let
(e F L= Gl a)
q if L=C(a,a:,a,),
mod 2p, with |q'|<p. Then
L ~ D(b,, by, +++, by),

where
P/q’ = [2bl’ 2b2: °tty me] .
ExampLE 1. We apply (8) and Propositions 2 and 4:
@ €1, —1,23)~ CO, lI—1ll, —2—1), =3) = €(0, —1, =3) (11)
~ C(0, —2, ||—3|]) = C(0, —2,2, —2) (12)
~ C(2, —2) = D(1, —1).
On the other hand, [1, —1, 2, 3]=3/(—4)=[0, —2, 2, —2].
@ €123~ C(-1,0,-2-3)=C(-3,-3) (8)
~ C(—4, |-3|) = C(—4,2, —2) = D(—2,1, —1).
On the other hand, [1, 2, 3]=10/7, and 10/(—3)=[—4, 2, —2].
For
A= (2(11, Zbly 2“2) 2b2’ R Zd,,, an)
and E=--1, let
A= (_me —zam °tty _ZbZa —2az, —Zbly —Zdl)
and
A(e) =

(”2%“, 2b1+a1+a2) “202”, S} 2bn—1+an—l+am ”2‘1;:“7 2b,,+a,,—|—8,
Zb,,—l-a,,—E, ”2(1,,“, 2bn-1+an—-1+am HR) “2“2”’ 2b1+a1+a2) Hzalll)’

where a;=a;/|a;|. Then we have:
Lemma 2. C(4, €, A™)~C(A(¢)).

Proof. By (8),
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C(4, &, A
~ C(—aty, ay—2a,, —2b,, —2a, —2b,, -+, —2a,, —2b,, —&,
2b,, 2a,, ++, 2by, 2az, 2b,, 2a;).
Using (9), (11), and (12), we deform this as follows:

C(—2a,, lla,—2ayll, 2b,+at,, 205, 2b,, -+, 2a,, 2b,, &,
_'me _"zam "ty —2b2, -—2(12, —Zbl’ —2(11)

~ C(|12ayl, 2b+a,+ay, 112a,]l, 2b,+aty, 2as, 26y, -++, 2a,, 2b,, &,
"‘me —2(1,,, % -—sz’ —202» —th ——2(11)

=~ é(llzallla 2b, o+, |2ay]l, 2b, -0ty |24l <+,
2bn—l+an—1+am Ilzan”: Zb,,—i—a,,, 8:
'—'me —2(1,,, R} _sz, _2a2) —Zbl’ ~2d1)

~ C(I12al, 26,4+, |12a,l, 28,4t 12l -+,
26,14 Aoy +a, |20, 26,42, 4,
2b,—¢, 2a,, 2b,_,, 2a,_,, ++*, 2by, 2a,, 2b,, 2a,)
~ C(I12ayl, 26,+ 0t 1245, 28,4+ ats, [12a4]], -+,
2b,_,+a,,+a,, l12a,ll, 20,4+, 46,
2b,+at,—¢, |12a,l, 2b,-,+t,, 2a,,, -+, 2b,, 285, 2b,, 2a,)

~ C(l2ai]l, 2b,+ay+a, |124a4]l, 2.+ttt |25l -+,
2byta,itay, (124, 26,40, +8, 26,40, —¢, |24,
2b, 1 ta,ta, |20, |, -0, 26yt |24, 28+, 2ay)
~ C(A(€)).
This completes the proof.

ExaMpLE 2. Let K be a 2-bridge knot D(ay, by, az, by, -+, ay, b,)=C(4) of
genus 7. Then C(4, &, A~Y)and C(AY, &, A), E=--1, have the same Jones poly-
nomial [6, Lemma 6.2], which are symmetric skew union [11] of K. Let g, and
2, be the genera of these knots. Then by Lemma 2, we have

23} o] 20 +1<8<2 3] lal,
and
230 16| —2n+1<g<231 |51
Let
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X= (xv Xy *°*y xb) ’
Y=y M)
—Y= (—yl,—yz, ) _yl) .
Lemma 3. If =41, then
C(X, &, 4,6, A7, 8, Y) ~ C(X, a,+&, A&), t,—&, —Y).
Proof. Using (9) and (11), we calculate as follows:
é(X) ela A, 621 A—l’ 63, Y)
~ C(X, &+ay, |12, 2b,+ay, 2a,, 2by, -+, 2a,, 2b,, &, A7, &, V)

~ C(X, &+ay, |12a)]|, 2b,+-at,+aty, 112a5]l, 2b,+cts, 25, 2bg, -,
2(1”, me 82’ A-ly 83’ Y)

~ 6(X, & +ay, |12a)l, 2,40+, |24, 26,4, o3, <+,
||2an”’ 2bn+am 82’ A—l’ 837 Y)

-

~ C(X,&+a,, [12a,||, 26,4ty 4o, ||2a5]], 26,+a,+-, a3, -+,
12a,]l, 26,0ty +E3, 26,—Er, 28, 25,3, 20,1, -+,
2b,, 24y, —&;, —Y)
~ C(X, &+ay, |2al, 26,4, +as, |12a0]], 26,4+, -+,
1122,]1, 2b,+y 482 26,y —Es, (12,1, 26, +ly 20,5, -+,
2b,, 2a,, —&;, —Y)

~ C(X, oy, +&, A(&), a,—&, —Y).
This completes the proof.
Using this lemma twice, we get:
Corollary. If &§=41, then
C(X, &, A7, 6, A, 8, A7, 6, A, &, A7, &, Y)
~ C(X, &—Bm (A7) (&), —E— By — A7, —&—aty, (—A)(—&5), &—ay, Y).

ExampLE 3. The oriented 2-bridge link LA=C'_(2a1, 2by, +++, 2a,, 2b,, 2a,.,)

is obtained from the 2-bridge link L=5(2a1, 2b,,+++, 2a,, 2b,, 2a,.,) of genus g by
reversing the orientation of one of the two components. As in Example 2, let
us compute g/, the genus of L:
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LN ~ C(—a,, —2a,+aty, —2by, -, —2a,, —2b,, —2a,.,)

~ C(|[2ay]l, 2b,+cty, 25, 2by, -+, 2a,, 2b,, 2a,.,)

~ C(I12al, 2b,+at,+aty, |12l 2b,+ctptats, -+,
12a,]], 2b,+a,, 2a,+,)

~ C(I12al, 26, 4o, +aty, 12451, 28+ tp+-atg, -+,
12a,ll, 25,4y +a g, 11285nll)s

where a;=a;/|a;|. Let I=#{i|2b,+a;+a;,,=0}. Then gN=3%t]|a;| —I—1.
Since 0<I < g, we obtain

8 <3] la| —1<g+g".

Note that 33¢%1 |a;| —1 is just the ¢-degree (=t,-degree) of the Alexander poly-
nomial of L Aj(¢, t,), that is, (maximum #,-power of any term of A.(t,, £;)) minus
(minimum #,-power of any term of A,(#,,%,)). Cf. [5, Corollary 2].

2. Proof of Theorem

For A=(2ay, 2a,,2a,,2a,_,, -+, 2a,, 2a,), a;+0, we define (2g—1)(k+1)—1-
tuple of integers

Al&,, &, ++, &] = (4, &,— A, &, -+, (—1)*"'4, &, (—1)*4),
where §;=+-1 and
—A =A™ = (—2a,, —2a,, —2a,, —2a,._,, ---, —2a,, —2a,).

Then C(A4[&,, &, -+, &,]) is a 2-bridge knot iff k=0,1 mod 3, which we may
orient as follows:

C(A[&,, &, -+, &])  if k=0 mod 3;
C(A[e, &, -+, &])  if k=1mod 3.
We define 4,=A<py, p1y ***» Pu-r» pi=-1+1, as follows:

A, = 4;
Ai+1 = (Aiipi_Ai’pi) AHP.‘_A,',P,', A,-), i= 0, 1, LEE (X

For j=0 mod 5 and j=0 omd 5%, put
. {p,. if j/5'=1, 2, 3,4 mod 10;
%=1 —p, if j/5=6,7,8,9 mod 10.
Then A,=A[q, ¢ **, gn), m=5"—1. We shall consider the oriented 2-bridge
knots C(4,) (n is even) and C(4,) (n is odd).
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We divide the proof of Theorem into:
Assertion 1. Al the 2-bridge knots
6(A<P0’PU "')Pn-1>)’ P,=:t1
share the same Kauffman polynomial.

Assertion 2. Suppose that n is odd and a,>2. Let g,=g<po,P1, ***> Pn-1>
be the genus of C(A<po, p1, =+, Pu-r>). Then

8o = 22+ T (et pit 42,00,

where h is the genus of C(A(1)).

Let n be an odd integer with >N and K, be one of the 2-bridge knots

5(A Po> P1s *** Pu-r) With p=p,+p;+--+p,_;. Then by these assertions,
{K_,s K_p42 s K_,1an-2+ 1s the desired set of the 2-bridge knots for Theorem.
We use the following notation:

Um = {la 2a AR 5”_1}’

whence U™tV is the disjoint union [Ti.o{x+k-5"|x€U™}]]{5"% 2-.5" 3.5",
4:5%};
TP = {x&€U™|x=1mod 6},
¢, = TN 5'Z,

whence T=T DTV D+ DTV DTV =0;
SE = TO—TH.
Lemma 4. The set S}V is equal to the disjoint union
4
Jg[(}{x—l—k-S”leS‘,"}.,, 4>
where r=0, 1, .-, n—1, and e=(—1)**.

Proof. Suppose that yeS{";". Then ye UV, y=i mod 6, y=0 mod 5,
and y==0 mod 5*'. Thus for some &, 0<k<4, y=x+k-5", x€ U™, and so x=
y—k-5"=i—k-(—1)"=i+&k mod 6, x=0 mod 5 and x30 mod 5+, that is,
xS ,. The converse can be seen similarly. The proof is complete.

Lemma 5. If nis odd, then

0 if i=0, 5;
E 9 = .y o
xESM P, ifi=1,2,3,4,
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and if n is even, then

_ {0 if i=0, 1;
"r)q‘ B P Zfi=2, 3’ 4: 5’

where 0<r<n—1.
Proof. We prove by induction on #. Since

S&‘%:T&”:{q’ ifi=0, 5;
' G} ifi=1,2,3,4,

the lemma is true for n=1.
Suppose that the lemma is true for n=/. By Lemma 4,

=Z“|( 20 Gerrs')s

csim T T 2 e s,
where 6=(—1)"%. If x& S}, then
{Pr if x/5°=1, 2, 3, 4 mod 10;
%=1 —p, ifx/5=6,7,8,9 mod 10.

Put x=j-5, where j=1,2,3,4,6,7, 8,9 mod 10. Then x+4k-5'=5"(j+k-5'"),
whence j+k-5""=j+5k mod 10. Thus

q rz{_q:: if k=1. 3;
*Hks q.  if k=2, 4.

Therefore we obtain

=3 ¢+ X (—¢)+ = ¢+ Es%) (—g)+ 2 ¢..

9
xESHEL zES) xS, €S0, % €584,

We consider for z=0. If /is even, then &=—1 and

r = x =t z E % %
MR e P T L P IS
= 0—P7+P7_Pr+Pr

=0,
where we use inductive hypothesis. If /is odd, then &=1 and

2 = Z T 2 «t T z x
xeS&f;“)q xeS&f}q xES{f,’,q xezs};{;q xezsgfzq +xEZS§qu
= O—Pf+p'—Pf+Pl
=0,
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For i=1, 2, 3,4, 5, we can prove similarly. This completes the proof.
Proof of Assertion 1. This is divided into two lemmas:

Lemma 6. Let A s, 5, ,_,> be the L polynomial of the unoriented 2-bridge
knot diagram C(A<po, P1, ***s Pu-)=C(4,). Then

AA(po.pl’....p’._....p”_1) = AA(Po,P;.---.—P,'."-.P.—1> .
Lemma 7. The writhes of C(4,) (n 0dd) and 5(A,,) (n even) are zero.

Proof of Lemma 6. First we note

A(Po; ot Pi-v Pis "°7Pn—]> = (A<P0) "',Pi-1>) <Pi; "';Pn—l> .

By [8, Proposition 3], the 2-bridge knot diagrams C(A4[q, ¢, ***, ¢w]) and
C(A[—4m) ***» —g2» —q1]) have the same L polynomials. Thus we have

AA(’O-’I."'vﬁn—l> = AA(—ﬁo,"ﬁl,'",—p,.—1> *
In the same way, we can prove
A(A(Po,ﬁl,---.ﬁ,-‘l)) [E T T R A(A@o.ﬁl."'.i’i-))) IS PR W
So we have
Aty pp-> = DA, 01213) <=11,= By 11,0, Py
= A(A(Po,'",ﬁ,'_l,—ﬂ,‘>) {=Pi g1,y =Py

= Ao, 541, 2) By by

= AA(i’o."'.Pi—1."f’i-1’i+x-"'-’u—1> ’
and the proof is complete.

ReMARK. This proof of Lemma 6 is essentially the same as that of [8,
Theorem 1].
Proof of Lemma 7. We only prove when 7 is odd . It is easy to see that

the writhe of 6(A[81, & s Eqpna) 18

k .
51‘!";1 (— 1) (—&g-1tE5+E541)
Thus the writhe of C(4,) is

q q
TP UTPUTY 2eTPUTPUTS

Since T =]1"=0S¢"), we obtain the result from Lemma 5.
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Proof of Assertion 2. Suppose that # is odd. Then m=5"—1=(—1)"—

1=4 mod 6. Since a,>2, using (8) and Corollary, we have

é(Au) = 6(Av 4D —A4, 92 A’ ***y m> A)

A~ 5(—1, 1—2a,, —2a,, -+, —2a,, —2a;,, —q,, A, —q,,
_—A» —gs Aa T Gms _A)
=~ 6(A(41), —42+1,
—Aa —q3 A: —44 "'A) —Gs A; — s _Ay — 4 A’ — s

_A, _qek-a) A: — k-2 —A’ —Gok-1, Ar — ek _A) —Jk+1 -Ay —Jek+2>
'—Av —qm-1 A7 —qm -“A)

~ C(A(q), —¢+1,
—4, —gs+1, A(—4q4), ¢s+1, — 4, gs+1, A(g7), —gs+1,

—A, —qer-3t1, A(—Gss-2) or-1+1,— A4, gx+1, A(gor+1)> —er+2+1,

_A» _q'n-1+ 1’ A(_Qm))

Since a,>2, the genus of 5(/1( —1)) equals 4, the genus of 5(A(1)).

Thus we have

g="let P (2 - 3 g,

x
x€TPUTY  xeTPUTE

We obtain the desired formula by Lemma 5.
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