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1. Introduction

Recently, in the case of R? with the standard flat metric, Schrodinger ope-
rator with magnetic fields has been studied by many authors, e.g., B. Simon
and A. Iwatsuka. 'The semi-group generated by this operator can be represent-
ed in terms of stochastic oscillatory integrals (see [12] and [20]). Hence pro-
babilistic methods play an important role in the study of this operator and its
spectral properties are closely related to results in the stochastic analysis. The
purpose of this paper is to study the spectral properties of Schrédinger operator
of magnetic fields on R? with a rotationally invariant Riemannian metric g.
It is well known that if g is the standard flat metric, then Schrédinger operator
of magnetic fields can have a wide variety of spectral porperties, (see, for example,
[3]). In our case, the above variety still remains. In fact, we will show several
similar facts to the results obtained by K. Miller-B. Simon, [14], A. Iwatsuka
[81,[91,[10], etc.

Let M be a complete Riemannian manifold with a Riemannian metric g,
a be a real valued differential 1-form on M and A be the Laplace-Beltrami op-
erator on M, We consider a differential operator L(a) on M with the domain
C7(M)¢ defined by

Li@)f = —(Af+2V =1, &> —(v = Toa-+{lal)f)

where <+, -> and ||+|| denote the Hermitian inner product and the norm in
complexified cotangent bundle T*(M)¢ which are defined from g respectively,
and C§(M)C is the space of all complex valued C*-functions with compact sup-
port in M. In the case of M=R* with the standard flat metric g, the operator
L(«) is usually called the Schrodinger operator with the magnetic field da (see
[3]). Under some mild conditions, L() is essentially self-adjoint on C5(M)°¢
(see Section 3). Then L(a) can be uniquely extended to a self-adjoint operator
H(a) on L%(M; dm), the Hilbert space of all complex valued functions on M
which are square integrable with respect to the Riemannian volume dm. We
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now consider a diffusion process (X(¢), P,) on M starting at x generated by A/2
and S(¢, @) be the stochastic line integral of « along the path of the diffusion
process {X(s); 0=s=t} i.e.

S(t, @) = S: a(X(5))odX(s)

where o stands for the Stratonovich symmetric stochastic integral (see [6]).
It is known that the semi-group {Q,},» generated by H(a) can be written in the
following form:

L) (QN@ = ELXW)eTsww]  for fELYM; dm)

where E,[-] is the expectation with respect to P, and that {Q,},s, is symmetric
with respect to dm (see [5], [19]).

Throughout this paper, we always assume that M=R? and the Rieman-
nian metric g is given by

1 0
1.2 = Qi r, O =
(12) e~ = () o)
in polar coordinates (r, §) where g(r) is a positive C?-function on (0, o) satisfy-
ing the condition (2.1) stated in Section 2. We also assume that the differential
1-form can be written in the form

a(r, 0) = k(r)df
where k(r) is a positive smooth real valued function on (0, o) with lim k(r)=0.
r>0

It is easily seen that ||e||(r, 0)=Fk(r)/g(r) and ||dal|(r, )= |k'(r)| [g(r) for (r, O)<
(0, 00)x S'.  Then we can show that L(«) is essentially self-adjoint on C§(R?)°.
In this paper, we will concern with the spectral properties of H(a) in this case.
We will first show that if 11:2 lldetl|(r, 0):122 |k'(r)| [g(r)=0, H(c) has spectrum

[0, o). Furthermore, we can describe a fine structure of this spectrum in terms
of the limit lim [|a||(r, @)=Ilim k(r)/g(r). These are analogous to the results by

K. Miller and B. Simon [14] (see also A. Iwatsuka [9]), (for details, see Theorem
2.1 in Section 2). We will next show by combining results in the functional
analysis and probabilistic methods that if lim ||del|(r, 0)=lim |k'(r)| [g(r)= oo,

the spectrum of H(a) is discrete (see Theorem 2.2). We will also give a remark
in the case of lim ||del|(r, §)=lim | k'(r)| /g(r)=X>0. In this case, H(c) has

point spectrum. Furthermore, in the case of k(r)=X\, [ g(&)dE, Ay>0, it holds
that a is harmonic and the multiplicity of the least eigenvalue of H(«) is infinity,
(For details, see Remark 2.1). Finally we assume that there exist constant 7,>0
and p>a,+1 such that
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k(ry=1r"  for r=r,

where a, is the constant given by (2.1) below. Then it is clear that lim||de||(r, 9)
=oo, In this case, we will give a result on the asymptotic distribution of
eigenvalues of H(a). In the case of M=R? with the standard flat metric g,
this problem was discussed by Colin de Verdiere [2] (also see Tamura [21]),
and our result is easily obtained from their results.

The organization of this paper is as follows: In Section 2, we will sum-
marize our main results. In Section 3, we will prove that the operator L(«)
is essentially self-adjoint on C§(R?)€. Section 4 will be devoted to the proof
of Theorem 2.1. In Section 5, we will give the proof of Theorem 2.2. The
proof of Theorem 2.3 will be given in Section 6.

2. The problems and the results

As we stated in the introduction, throughout this paper we always assume
that the Riemannian metric g on R? is given by

.0) (1 0 )

p—i P r, =

g (glj ) 0 g(r)z

where g(r) is a positive continuous function on (0, o) such that there exist
K>0, a;, ;=1 and 0<r,<r, satisfying

(2.1) gry=ru for O<r=r, g(r) = Kr*2 for rzr,.

and g has derivatives of every order on (0, ). Then the Laplace-Beltrami
operator A with respect to the Riemannian metric g can be written in the form

= i’((r')) 2 g(lr)z P for (n0)E(0,)xS".
In addition, we consider a differential 1-form « on R? given by

a(r, §) = k(r)do
where k(r) is a positive smooth real valued function on (0, o) with 1'12)1 k(r)=0.

Then L(a) can be written in the form

__1(8 g 8 , 1 8\ —qk) 8 1 k@)
L) = 2(8r2+ ) or 0y 392) V1w 90 T2 g0y

in polar coordinates (r, #). We obtain the following lemma.

Lemma 2.1. (1) L() is essentially self-adjoint on C(R?)C.
(2) L(a) can be uniquely extended to a self-adjoint operator H(ct) defined on
L%(R?; dm).
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The proof of Lemma 2.1 will be given in Section 3.
We also consider a Sturm-Liouville operator 4 on (0, o) given by

_ 1/ g 8 0o
2.2) A_?<5;2—+ £ ar) re(0, ).

Then the boundaries 0 and oo are entrance and natural with respect to the ope-
rator A in the sense of Feller [13] respectively. Hence there exists a unique
diffusion process (X(#), P,) on R? generated by A/2 (cf. [7]).

We now consider the stochastic line intergral S(¢, &) of a along the path
of the diffusion process {X(s); 0=s<#}. Then there exists a symmetric conti-
nuous semigroup {Q,} 5, on L%(R?; dm) such that

(2.3) (Q:f) (%) = E[f(X(@)e"1swm]  for fELe(R?; dm).

Furthermore, the generator of the semi-group {Q,},s, on Lz(R?; dm) coincides
with —H(a). We now state our results.

Theorem 2.1. Suppose that lim k'(r)/g(r)=0. Then H(a) has spectrum
[0, o). Furthermore,

(1) If lim k(r)/g(r)= oo, then the spectrum of H(ct) is a dense point spectrum
in [0, o) and there is a complete set of eigenfunctions.

(2) If lim k(r)/g(r)=c=0, then the spectrum of H(a) is a dense point spe-
ctrum in [0, 3c%] and absolutely continuous in [%c?, oo).

(3) If lim k(r)/g(r)=0, then the spectrum of H(a) is absolutely continuous
in [0, o).

Theorem 2.2. If lim k'(r)/g(r)=co, then the spectrum of H(a) is discrete,
and the least eigenvalue of H(a) is positive.

RemMARK 2.1. We now consider the case of lim &'(r)/g(r)=X,>0. Let H,
be the operator defined by (4.4). Since lim k(r)/g(r)=co, and so lim V(r)=oo,

where V(r) is given by (3.2) below. Hence H,, has only discrete spectrum {\%},
n=1,2, ... Let @,(r) be the normalized eigenfunction corresponding to Aj.
Then, as in Section 4, @}(r)e”" =T is an eigenfunction of H(a) corresponding
to An.  We consider the special case, k(r)=Xx, 7 g(£)dE, Ao>0. Then
da =0, da(r,0) = ng(r)drNAdb,
and so
Aa=0,

where d is the exterior differential operator, § is the dual operator of d and
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A=—(d8+38d). Hence a is harmonic.
Let us set

,(7) = exp {S: m;(*l;)(f) d’g‘}

and
um(rv 6) = ‘Z)m(f) e—\/__yno’ m = 0’ +1, £2, ..

Then u,, € L;(R?; dm), and it is easy to see
H(a) un(r, 0) = % ua(r, 6) .

Hence u,(r, 8) is an eigenfunction of H(a) with respect to eigenvalue Ay/2.
Moreover, we set, for p € C5(R?)C.

P(r, 0) = 3 P(m,r) = Ine

where @(m, r) is a Fourier coefficient of 8- ¢(r, 8), i.e.

1 (= —
P(m,r) = — S o(r, 0) e =" 4@ .
2 0

Y3

Then we have
A 1 & 9 , -

(H@-2) p.9) = 3 [ 12 (03r) pim, )Pl alr) 1?8(r) dr 4020
Hence the least eigenvalue of H(a) is \o/2 and the eigenfunctions corresponding
to No/2 are:

Up(r, ), m = 0, 41, +2, --- .

Furthermore, the multiplicity of Ay/2 is co. In this case, if g is the standard
flat metric, then

a(x,y) = ydx—xdy (x,y)ER?.

Therefore o is the vector potential of a constant magnetic filed on R?% Itisa
classical result that the multiplicity of all eigenvalues is infinity in this case, (see
[3], [19]). For the spectral property of H(a) with perturbed constant magne-
tic fields, (see [1], [8]).

In the case of li_fg lldall(r, 9):123 E'(r)/g(r)= o0, let 0<A;<N,<--- be the

eigenvalues of H(a). Then we set, for >0
(2.4) N =31.

An<A
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Now we are in a position to state a final result.

Theorem 2.3. Suppose that there exist r,>0 and p>>o;,-+1 such that

(2.5) k(ry=1r"  for every r=1,.
Then, as A—> oo

26) N ~ [ waco(3) m(d)
with

neo() = 4D 51 (a—@nt1) X9). ), 0sr<es,

b(x) = ||dal| (r,0)  for x=(r,0)E(0, =)xS*

2.7)

where 0°=0 and f, denotes the positive part of a function f.

RemaRrk 2.2. If g is the standard flat metric, then Theorems 2.1 and 2.2
mentioned above can be obtained as special examples of general facts. The
details can be found in K. Miller-B. Simon [14], A. Iwatsuka [9], [10], H.L.
Cycon, G.H. Froese, W. Kirsch and B. Simon [3] and references therein. As
we stated in Section 1, if g is the standard flat metric, Theorem 2.3 is a special
example of a result of Colin de Verdiere [2]. In R? Tamura [21] has also dis-
cussed the asymptotic distribution of eigenvalues of H(e).

3. Essential self-adjointness

Before proving the main theorem, we will show Lemma 2.1 by using the
same idea as the case of the standard flat metric g (see [4], [16]). We first note
that the Riemannian volume dm can be written in the form

dm = g(r)drdf .

For all u L%(R?; dm), the L?-norm of u is given by

Il = S: (S:‘ \u(r, 0) 2 do) o(r) dr .

We consider a subspace D of L%(R?; dm) spanned by finite linear combina-

tions of products v, (r) e~ m=0, +1, 42, -+ where v,(r)ECF((0, o)) if
2

m=*0, and v,,(r) = S u(r, 0) dO for some function € C7(R)¢ if m=0. Here
0

C3((0, o)) is the space of all C~-functions on (0, o) with compact supports.
Then D is dense in L%(R?; dm) since

C5(0, 0)QL(SY)c D L¥(0, ), g(r) dr)QL%(S?, d§) = Li(R?; dm) ,

where L(S") is a space generated by finite linear combinations of S'= {e~*-1"¢;
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m=0, +1, +2, .., 0<60<2x}, and L%(S", d6) is the Hilbert space of complex
valued square-integrable functions on S* with respect to df. For this proof, it
is sufficient to show that L(«) is essentially self-adjoint on D. We also note that
for a fixed integer m, L(t) acts on functions of the form v(r) e~"=1" by

L(a) (v(r) e7=1") = (L v(r)) e™* =1
where
1[ 82 ‘'r) 0 m——k(r))z:l
3.1 Ly=—1[Z4+£0) 0 _(n=kO))],
3-1) 2 Lar + g(r) or g(r)
So we only need to prove that L, is essentially self-adjoint with domain Dom(L,,),
2n
where Dom(L,,) is {v(r):s u(r, 0) d0; us Cy (R} if m=0, and on C5((0, «))
0

if m=0.

We first consider the case of m==0. To do this, let U be a unitary operator
from L¥((0, o), g(r) dr) into L*((0, o), dr) defined by U: @(r)—/g(r)(r). U
takes C'5((0, o0)) into itself and

UL, U~ = —L & Ly
2 0

where

L)1 gOP, 1 (mek)Y
(32) v = s i ()

Then V(r) is in the limit point case at infinity since V(r)g——gir2 (see [16],

Theorem X. 8), and V/(r) is in the limit point case at zero since V(r)g& near

zero. (see [16], Theorem X.10). Hence —% g{+ V(r) is essentially self-adjoint
on C§((0, o)) (cf. [16]) and so is L,, on CF((0, o°)).

Next, we consider the case of m=0. If p EDom(L,), then there exists u&
2%
C7(R?° with q)(r):S u(r cos 6, rsin @) df. Clearly
0

(3.3) #(0) = (0, 0),
and
(3.4) @'(r) = =r A u(0, 0)+O(r?)

which implies that lim ¢'(r)/r=nAu(0,0). Furthermore it is easy to see by
r>0
(3.4) that

(@5 Lo¥r)L2 = (Lo @, ¥r) L2,
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where L?2=L*(0, o), g(r) dr), which means that L, is symmetric. Now we
show that L, is essentially self-adjoint. Let L be the adjoint operator of L, and
Dom(L¥) be the domain of L§([27]). Since L, is a real operator, we need only
prove that if (Ly+1)* =0 and ¢ is a real function in Dom(Lf), then @=0.
Since (Ly+1)*@=0 implies that (@, (Ly+1) 4r) £2=0 for every y» &€ Dom(L,), we
can show that (L,+1) =0 in the sense of distribution. By the hypoellipticity
of Ly-+1, we obtain that @ €C=((0, o)), where C=((0, o)) is the space of infi-
pitely differentiable functions on (0, o). Therefore (Ly+1) =0. Using the
formula for integration by parts, we get

(3.5)

0= 9/(6) 2(6) 80) ' R) o) s(R)+ [ 17+ (50 41) e 80
We set
¢ = lim {p'(€) () 26) + || {¢'<r)2+(’§({})§+ 1) plr)} £0) dr}

(this limit may be infinite). To prove ¢=0, we first assume that ¢=0.
If ¢>0, then there exists a positive number R,=max{r,, 1} such that

(3.6)

#'©) p(&)26)+ | 1+ (B,

g(ry?

+ 1) o(r)% g(r) drg—; for every R=R,.

Therefore, by (3.5) and (3.6),
2 ((Ry g(R) Zc-+(RYg'(R) for every RZR,

which implies
R
P(RY: (R)—p(Ro) g(R)Zc(R—R)+ (| o(r)g'(r)dr
Taking the limit as R— oo, we have

lim (R)? g(R) = o

which contradicts the fact that Sw PA(r) g(r) dr<<oo .
0

Similarly, if ¢<<0, then there also exists a positive number R,=max {r,, 1}
such that

2'(6) p(€) g(&)+$f{¢'(r)2+(§((?;+l>¢(r)2} §r) dr=% for every RZR,

and then we have
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?(R)? g(R)—p(R,)? g(R)) < c(R—Ry)+ § @(r)?g'(r)dr for every R=R,.
Hence, we have

lim p(RY? 2(R) = —

which contradicts the fact that S @*(r) g(r) dr>0. Combining above results,
we have

- lim p(R) ¢'(R) g(R) = 0

#(6) '€ g6+ 10 07+ (()) +1) @)} g()dr = 0 for every £>0.

We now take a p&Dom(L,). Since (L,+1)* =0, it holds that

g WOV e+ o0 <r>+(k(( ))2+ 1) o) F0)} 2 dr}
= 2(p, (Lot 1) )2 = 0

and for every £>0,

(39) 0= e &) +] PP O+(

Combining (3.6) and (3.7), we have

(3.10) lim {p(€) (6 8(6)— /() ¥(E) 8E)} = 0.

Since by (3.3) and (3.4), there exists a function J»& Dom(L,) such that lim r(€)
and hm\[;- (€)/€ exist and are not zero, it follows from (3.10) that e

k(r)?
g(ry?

+1) 1) P} 8(r) dr .

(3.11) lim p(€)g() € = 0 and lim 9'(€) g(€) = 0.

Moreover, in view of (3.7) we know that @'(€) p(€) g(§)=<0. First, we consider
the case where for some £€>0, @'(€) @(€) g(€)=0. Then we have, by (3.7),

S w {¢'(’)z+<%+ 1) ()%} g(r) dr =

Hence by suing (Ly+1) ¢(r)=0, we obtain @ = 0 on [0, o).

We next consider the case where @'(€) p(€) g(€)<0 for every €>0. With-
out loss of generality, we may assume that >0, »’<<0, and then @ is a mono-
tone decreasing real valued smooth function. Now choose a function ¢, E C*(R)
satisying 0=¢; =<1 with
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x if x=n

bu(x) = {H% if x=n+1

and set @,(¥)=¢,(® (x)). Then we have
0 = —9'(8) 2u(€) 8(6) +9'(R) Pu(R) &(R)

~[" o0 ¢:<r>+(%+ 1) (r) a1} 807) dr

Since lim 9'(R) @,(R) g(R)=0 and lim ¢'(€) ,(¢) £(6)=0 by (3.11), we have
00 230

© oy , k(r)?
0= 40 ¢n<r)+(g(())2 +1) o) pu(r)} 20 dr

=, w7 sioeN+ (A1) 00) .02 ) -

(3.12)

Taking n— oo in (3.12), we get

S: {tp,(r)z‘}‘(%—f— 1) (1)} g(r)dr =0

and therefore =0 on [0, o). So L, is essentially self-adjoint.

4. The point spectrum and the absolute continuous spectrum

In this Section, we first follow the method of Miller-Simon (see [14]) to
assert that if lim &'(r)/g(r)=0, then H(a) has the spectrum [0, o). To prove

this we first recall Weyl’s criterion for the spectrum, i.e., A is a spectrum of
H(a) if and only if there exists a sequence {@,}-1 with [|p,/|=1 and

lim [|(H (@) —) gull = 0

where ||+|| denotes the norm on L&(R?; dm) (see cf. [15]). Since ltim k'(r)/g(r)=
0, we can find a positive increasing sequence {r,}».; with r;'=o0(n"") as n—>oo

and

(4.1) mg—l—“ for every r=r, .
g(r) n-2

Take a fixed smooth function ¢ with ||$||=1, vanishing outside the interval
(0, 1). For a fixed real number v, we define a sequence of functions {@,}r.: in
Ly(R?; dm) by

Pu(r, 0) = (%’i) B i COm DT <t¥—”)”
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where [-] denotes Gauss’s symbol, i.e. [k(r)] is the greatest integer which is less
than or equal to k(). Then it is not difficult to show that

1 62¢ (”_rn>e-"——1[k(fn>]0+‘/-—2“’
1 P\ n

2 i (=)

(2 vV—2v_ g'(r)) 0 (r—f., ) o~V TiLk(ra10+Y T3vr

n ng(r) n

_ 1
2 HM%}M
1 (R —RO)? /20
2{ ) }%(r,ﬁ) 2 40 Pu(r, 0) .

(H(a) =) @41, 6) =

Hence we have

;%fC")W 12 88 (2=te))p

4lig (=" 1P I (=" ) 11

_ﬂi%({)wnw¢0Jﬂzwd =) |

sip(m) e 208 e (T

where h,(r)={[k(r,)]—k(r)} /g(r). Now write these terms by I,(n), I)(n), I;(n),
I(n), Iy(n) in the right hand side of (4.2). We will prove that I(n)—0, k=
1,2,3,4,5, as n —>oco, First, since

I(H (@) ,lI2<

(4.2)

i - (r) ‘2 g(r,+nr) dr
r

Iy a0,/ 52

4 (" a6 160) 1280, @

Ii(n) =

and lim g(r,+nr)/g(r,)=1, we see that I,(n)—0 as n—>oco. In the same way, we

can prove that [,(n)—0 as n—oco. Next, consider Iy(n), Since we have

S:‘d S g(:”——}l——::)) ’64) ®

dn? S: So |b(r) |2 gra+-nr) dr

g(r,,—{—m') dar
Iyn) =

and lim g'(r,+nr)/g(r,+nr)=0, it follows that I(n)—0 as #n—>oco. Similarly,

we can show that I,(n)—0 as n—>oco. At last, consider I(n). For every r in
[74, 7,+n), it is easy to see that
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1 |kr)— k)
h(r)| = —4 |22l 1)
W= et e

which implies that I;(#)—0 as n—oco. Then we obtain

g—c——l-in, ¢: constant,
r, 2

[|[(H(at)—v%) @,|?P— 0 asn—>oo

and hence »? is a spectrum of H(e). Since v is arbitrary real number, this show
that the spectrum of H(a) equals to [0, o).
To analyze the spectrum further, we note that

(4.3) H(a) (v(r) e -1") = (H,, v(r)) e~ -1m®
for every fixed integer m, where

__1[8 g, 1 (mko)Y
*+4 Ho=— [arer 2(r) 8r:|+ 2 ( 2(r) )

which is the closed extention of L,, given by (3.1) above.
Let U be a unitary operator from L*(0, o0), g(r) dr) into L*((0, o), dr) given
by @ —=@+/ g. Then, as in Section 3, we have
UH, U= —L 8 Ly,
2 o
where V() is the function given by (3.2).
At first, we consider the case of lim k(r)/g(r)=co. Then UH, U~ has only

discrete spectrum and so H,, discrete spectrum, since V(r)—> oo as 7— oo (see [24]).
This implies that there exist eigenfunctions {@h}»-1 of H, which can form a
complete orthonormal system in L*((0, 0); g(r) dr), (see cf. [15]). In other
words, the eigenfunctions {@y(r) e~ =10} 72\s% 1 ., .. of H(a) can form a complete
orthonormal system in Lg(R?; dm). Let \j, be the eigenvalues of H(a) cor-

responding to @n(r) e =1 m=0, +1, 42, -+, n=1,2, -+, respectively. As-

sume that U U {AZ} is not a dense in [0, o). Then there exists an open

m=—00 n=1

interval (, b)C [0, o) such that (¢,6) N( U U {\i})=¢. Let E be the spec-
m=-— n=1

tral measure associated with H(«) i.e., H (a)=r AME(N). Then E((a, b)) and
0

E({\%}) are orthogonal for every m=0, 41, 4-2, .-+, n=1, 2, --- and so E((a, b))
=0. This shows that (a, b) is contained in the resolvent set of H(a), which
contradicts the fact that (a, b)C[0, co)=qg (H(x)), where o (H(e)) denotes the

spectrum of H(a) (cf. [22]). Hence H(«a) has a dense point spectrum U U Ot
in [0, o). me

Next, we consider the case of lim k(r)/g(r)=c. In this case, since V(r)—$ ¢
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as r— oo, the spectrum UH,, U™ is discrete in [0,  ¢?] and absolutely continuous
in [§ ¢, o) (cf. [18], [23]), and so is H,,. Let a4, (H,) be the discrete spectrum
of H,,. Then by using (4.3), we know that H(«) has a point spectrum _G °°crdis(H,,,)
in [0,4 %] and absolutely continuous in [} ¢% o). Moreover, }:); -the same
proof as above argument, _Uoiwo'dis(Hm) is a dense set in [0, % .

At last, if we consid:r_ the case of 1,112 k(r)/g(r)=0, then the spectrum of

UH, U~!is absolutely continuous in [0, o) and so is the spectrum of H,,, since
V(r)—0 as r—oo (cf. [18], [23]). Consequently, H(a) has absolutely continuous
spectrum in [0, o).

5. The discrete spectrum

In this Section, we give the proof of Theorem 2.2. Throughout this Sec-
tion, we always assume that lim &'(r)/g(r)=occ. For every p €C5(R?°, we have

(1, 0) = 31 P(m,7) =m0
where @(m, r), is a Fourier coefficient of o, i.e.,
1 (= —
P(m,r) = —— S o(r, 0) e -1 46 .
27 Jo

Moreover, letting

vm(r) = &xXp {S' m_k(g) dg}a m = 0) :}:1’ :i:za Ty

1 &)
we obtain
(-4 E0) o)

A
2 m=2—°° (0,0)x8?

|2 (30) plm, )1? | () 28(0) dr 4020

where we used the formula for integration by parts in the second equality.
Hence, setting

1K)
2 g

AMr) = rE€(0, ),

we obtain

lim A(r) = oo
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and

(5.1) (H(a)e, ¢)gs ot M) | @(r, 0) | g(r) dr dO  for every pECF(R?)C .

(o,

Following an idea of A. Iwatsuka [10] and using (5.1), we now prove that
H(c) has only discrete sepctrum. First we note that for every sER, setting
A(r)=A(r) A s, we obtain that

Ar)—s as r—> o
(H@) @, 92| 70| 9lr, 0)?g(r)drdo for every peC(RY° .
Hence we obtain
(5.2) H(a)zs+K

where K denotes the operator of multiplication by A(r)—s. As we will see
in the Lemma 5.1 below, the operator K is relatively compact operator with
respect to H(a). For any v Eg.(H(a)) there exists a sequence {u;} 7. in Dom
(H(et)) such that

)]l =1 and u,— 0 weaklyas k— oo
[|H(a) y—vuy|| >0 as k— oo
where o (H(a)) denotes the essential spectrum of H(«). Furthermore, Ku,—0
strongly as k— oo (see [11]). On the other hand, by (5.2) we have
(H(a) up, w) Z s+(K g, )
Hence we have
v=s

which implies that
(5.3) inf o (H(a))=s .
Since s is arbitrary, it follows from (5.3) that H(«) has only discrete spectrum.

Therefore it only remains to show that K is relatively compact operator

with respect to H(c). To do this we first note that for all o € LL(R?; dm),
¥*ER? and >0, we have, by (2.2)

|(H eyt o) S e Ellol (X0 d = (u—A12)" 0l ().
Hence if we can prove the following lemma, then the proof of Theorem 2.2 is
complete.

Lemma 5.1. Let K be an operator of multiplication by a bounded mea-
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surable function k(r, @) on R? with lim k(r, 9)=0. Then for every positive num-

ber uy K(u—A[2)™" is a compact operator in L*(R?; dm), (the space of all real
square integrable functions on R? with respect to the Riemannian volume dm).

Before proceeding to the proof of this lemma, we give several remarks.
Let {K,} be the semi-group of the diffusion process (X(¢), P,) introduced in
Section 2. Then {K,} is a family of symmetric operators on L*R?; dm)
with respect to dm and there exists a positive continuous kernel function
k(t, (a, 6,), (b, 6;)) such that

Kif(a 0)={ kit (@ 6), (60 (b, 0)g0) db b,

for (a,8,)€(0, 0)xS*

(see for example [5]). Hence it is easy to see that for x>0

(n—A[2)7 f(a, 6)) = S oyt O (82 (3 01), (b, 0)) f(5, 0:) £(b) db a0,

(o,

where
(54) G(u, (a,0,), (b, 0,)) = S: e " k(t, (a, 0,), (b, 0;)) dt .
By using (5.4), it is easy to see that

(55) { _  Gu (a0, (b, 0)) ) dbdt, = [ e 1:k(t, (4, 0)), (4, 61) dt .

On the other hand, as we stated in Section 2, the boundary 0 and oo are
entrance and natural with respect to the operator 4 given by (2.2) in the sence
of Feller, respectively. Hence there exists a unique diffusion process (r(t), P,)
on (0, o) (see [7]). Furthermore, there exists a positive continuous kernel fun-
ction p(¢, a, b) such that

(0,00) x st

E[fr@®)] = So f(®)p(t, a,b) g(b) db  for every fEL¥(0, o), g(b) db)
where L*(0, o), g(b) db) is the space of all real square-integrable functions on
(0, o) with respect to g(b) db, and E, denotes the expectation with respect to
the probability P,, ([7], [13]). Setting

T(t) = S

t

_.l_ ds ,
og(r(s)y

we obtain

(56) k(t9 (a’ 01)) (b: 62)) = P(ta a, b) Ea[q(T(t): 0., 02)/T(t) = b]

where ¢(z, 0,, 6,) is the transition density of the Brownian motion on S' with
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respect to uniform measure on S?, (see [7]).

Proof of Lemma 5.1. (1) 1-st step. We first consider the case where
g(r)=r®. In this particular case, the diffusion on R? with generator A/2 can be
represented as the skew product of its Bessel part BES(a+ 1) with generator

1/ a0
A=—("—+-—= (0,
2<612+r 61> r&(, )

and an independent circular Brownian motion BM (S?) run with the clock T(t)=

t
S r(s)%* ds, therefore, we obtain
0

(5.7) k(t, (a, 0)), (a, 6,)) = p(2, a, a) E,[q(T(2), 6,, 0,)/r(2) = a] .

By using the eigenfunction expansion of ¢(, ,, 8,), we obtain
E.q(T(®), 61, 0))/r(t) = a] = B[ X5 exp{—n* T(2)} [r(z) = a]
< Bl "_exp{—# Tt} dujr(t) = a)
= V' E[(T @) [r(t)=d].
By combining this with Schwarz’ inequality, we have
E[q(T(2), 0., 0)/r(t) = al </ = E[(T(2))r(t) = a]
= v EIf[ o as} e = @
J— t 1/2
<= t“E,,[{so r(s) ds} Ir(t) = a]
— I t /2
< Vw |l L r(s) dsr(t) = a]}
= v [ B = a ds}m (Fubini’s theorem)
= \/; 1 {P(t, a,a)™! S; S: * p(s, a,r) p(t—s, 7, a) dr ds}u2 .
Furthermore, by using the formula I,(x) <e"/\/27x, We obtain

S“ * p(s, a, r) p(t—s, r, a) dr
0

o ~(t(a2+1r2))/25(t—s)
ity <ﬂ)1 _ ("’)dr
SO s(t—~s) (ra)‘”"l (w-1)/2 R (w-1)/2 P

era/s era/(t-s)

IA

dr

Sco - e—(t(a2+r2))/2s(t -s)

o s(t—s) (ra)*~* x/zn-[‘l,\/zn- ra
s

t—s
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=7 Gty evmeon dnjamar /(=)
< 2% r (%)% e~t502¢=9) dx[27a® /s (t—s)

+2% g* Sa et B9 dy [ \/;G:—sj

-a

= 2 |7 (e et 2 an/5(i—9)
(1]

{2 ge S‘” o=t 2=9) G2 \ /5 (E—)

< 2%-1 sm (y)u—llz e~ 1H2s(=5) dy/Zna"\/s_(t-——S)A
0
' aw\/ﬁx/ ~@/2” VEE=s)
— Q2w-1 {ZL(Z._L)}UHIZ P(a+1/2)/27ta“\/3_(t—s) 422 a“/\/Zrtl/z
= 2312 {s(t—s)}* T(a+1/2)[2m a” 124 0% g N/ 2t V2
Combining this with (5.8), we can find
E,[q(T(2), 61, 0))/r(t) = d]
SVt H{p(t, a, a)™ St Sm 7 p(s, a, r) p(t—s, r, a) dr ds}?
0J0
_ _ t 23¢—3/2{s t—s }al'\ d+1 2 “‘“22::—1/2 @ 1/2
< {p(t,0,0( { (= TetlD) w200 )
ét—l {P(t! a, a)—l {22“—312ta+1/23‘(a+1/2) +\/;22“_l/2 a® tllz}}llz
a

which implies the following inequality.
k(t, (a, 6,), (a, 6,))
a=-3/2 sa+1/2 . /2
<! {P(t’ a, a) {2 s f‘(a+1/2)+\/” Q20-1/2 ga t]/z}}l )
a

Hence by (5.5), we have
(5.9)

[ G @ 00), 6, 6) b abdo,
0,°) xS
=< e {pt.a,0 {2‘”'3’2 D@t 12) | e g tw}}’” dt
0 a
o —a?/, 2 - @ — /:
— S et {e ”_: La-pe (i) {2 32 ¢ “/zf‘(a—l—l/Z)_i_\/” 22412 g tl/z}}l zdt
0 ta t a

© o (29 T (@4 1/2) | ogues }1/2
< ft 2 dt .
= So ¢ { Jea T
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To complete the proof, let K, be the operator of multiplication by &,(r, 8)
=1I,(r, 0) k(r, 0) on R? where I, denotes the characteristic function of B,=

{(r, 0)€(0, o0)x S*; r=n}, i.e.
Iir o {1 if r<n
D=0 it ron.

Now, by using the method of Example 6 in p. 117 of [17], we will show that
K,(u—AJ2)7" is a Hilbert-Schmidt operator. In other words, it is sufficient

to prove that

(5.10) S
is valid. For this purpose, we can use (5.9) to get
' 2 2 @ @
S(o,m)xsl ky(a,8,) {S(o’m)xsl G, (a, ), (b, 6,)) b* dbd0,} a* dad @,

L -2 10 /
= oyl O0{ 7 e (EEEL@END s} ) 0 da

* (22722 T (412 }
= 2 Wt
= S(o.«o)xslk"(a’ 6,) {So e { N } it dadt,
5(0 w)xs? ula, 61)2{S ™ 2°°V2 4t} a* dad @,

o
0

Jhla, el)z{g o+ Gy (@,6), (b, 60,)) b db d6;} a* da df,< oo

(0,%0) % (0,%0)

<

-2 /: *°

2|

<< oo

(@, 0.4 e dt} o dad,

]
0,0) xS 0

which proves (5.10). Since lim ||K, —K||.=0, K,(uz—A/2)"! converges in norm

to K(u—A[2)™ and so K(p—A/[2)™! is a compact operator.

(2) 2-nd step. We now return to the general case in which the metric g
is given by (2.1). We first note that for every compact set S in R? {0}, the
Laplace-Beltrami operator A restricted on S is uniformly ellipticc. We now
take a compact set S in R?\ {(r, ); 0<r<r;}, where 0<<r;<<r,. 'Then it is known
that there exist positive constants ¢, ¢, such that

k(t’ (d, 01)’ (b7 62))
<—i-exp {_Cz'P((a, 9213, (b 92))2} for every (a, 8,), (b, 0,) €S,

T2t

where p((a, 6,), (b, 0,)) denotes the Riemannian distance between («,6,) and
(b, 6;), (cf. [25]). Therefore, by combining this with (5.5), we can show that
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there exists a positive constant C satistying the following inequality

S(o s G, (a, 0,), (b, 0,)) g(b) dbd9,<C for every (a,0,)ES.

Hence for the proof of Lemma 5.1, it is sufficient to show that for r,&(;, ),

2, [e3e]
(5.11) Sw sm.x)xsl G, (a, 8), (b, 8)) 2(b) dbdf,< oo,

where S(r,)={(r, 0)€(0, ) x S*; 0<r=r,}. Now we fix a positive constant 7;
such that »,<<r;<<r,, and set

S(rs) = {(r, 0)ER?* 0<r=rs} .
Let (X(#), P.4,) be the diffusion process generated by the operator

Ly 1(S a0, 10
A 6r2+r or r™@ 602)

27 2
discussed in the 1-st step, we set
r = inf {t; X(£)€8S(rs)} ,
and we consider the probability measure p, ¢, (dsd6) on (0, o)X 9S(rs) defined

by

1ia,0p(d5d0) = P, op[rEds, X(r)E4dE] .
Let k2, (a, 6,), (b, 6,)) be the probability density function of the minimal dif-
fusion process {X(t); 0=t<}, i.e. for every bounded continuous function f,

B o[ f(X(2); 0<t<7]
= ss('s) ko(t, (a, 6,), (b, 8,)) f((b, 6,)) b* dbd 0, for every (b, 8,)ES(r;)

where EN(,,,,,I) denotes the expectation with resepct to P4, Then by (2.1),
the transition density function k(¢, (a, 6,), (b, 6;)) in the general case can be re-
presented in the following form:

k(t, (a, 64), (b, 65)) = ky(t, (2, 61), (b, 02)) 1k (2, (a, 61), (b, 62))

where

-~ t
B2, (a, 00, (b, 6) = So Swm k(t—s, (75, 0), (b, 65)) uco.0p(dsd0) .
It is easy to see that

S {S" e 1k (1, (a, 0, (4, 01))dt} @ dadf,< o .
S(ry)

0

Furthermore, the results obtained in the 1-st step implies that
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T Bt g, @ oo
SM{S e 1 ko(t, (a, 6,), (4, 6,)) dt}a dadf,<oo .

0

Combining these and (5.5), we obtain (5.11). Hence the proof of Lemma 5.1
is now complete.

6. Asymptotic distribution

By using a usual method in the Malliavin calculus and the probabilistic
representation of the semi-group Q,, we can show that there exists the C*-
density A(t, x, x) of the kernel of the operator Q,,#>0, with respect to the
Riemannian volume dm. For details of the proof, see [5], [6] and [26]. We
next note that

27

(6.1) m({x; |x|<x})~m A%t as A — o0

and

6.2) b(x) = b(r, 0) = ) — pyr-1-as  if y,.
&(r)

As in [2], setting

N = | mcomid) x>0,

we have
b(x)
- 1 2
6.3 g M AN(N) = S m(dx), t>0.
(63) )= g L i

Hence combining (6.1), (6.2), (6.3) with the Tauberian theorem, it is sufficient
for the proof of Theorem 2.3 to show that as ¢ | 0

b(x)
® 1 2 Y
64 So e AN~ 2nt Skz sinh £2(%) -
2

Since [7 e~ dN(N)=[g2h(t, x, x)m(dx), the relationship (6.4) is reduced to
the following asymptotic formula

b(x)
1 2
(6.3) gnz W, , x)m(dx)A'Zn't Snz sinh t_b(x) m(d). as 240.
2

Next, on the two-dimensional standard Wiener space (W3, P) we consider
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the following stochastic differential equation: for w=(w", w?)E W3,

dr(t) = edw(t)+ &£ D) gy

£(r(2))
__ o dwi(t)
do(t) =
(6.6) ® Eg(r(t))
7(0) = a>0
L 6(0) =6, .

It is known (cf. [6]) that there exists a unique solution (r*(¢, a, '), 6*(¢, (a, 6,),
w)), t>0 of (6.6). Furthermore, it is easily seen that

1) 7%, a, w') is independent of w¥(z).

©7 2 e, (a,el),w)=01+eS' duw(s)

56,4 @) for w(t) = (w'(t), w¥2)).

We now denote by & the Dirac §-function at y associated with the Riemannian
volume dm, i.e., for any C=-function f with compact support

[ 8 f)am(x) = 1) .
Then it is known (cf. [5]) that
K&, (a, 0), (4, 0))
(6.8) — SW exply/—1 S: k(r(t, a, w'))odd¥(t, (a, 0), w)}
*86,0(r*(1, a, w'), 0°(1, (a, 0), ) P(dw)

where the right hand side means the generalized expectation in the sense of
Watanabe [26] (also see [6]). Then (6.8) can be rewitten in the form.

(€, (a, 0), (a, 0))
(6.9) = E[exp{v/—1 S: k(r(¢, a, w'))odO*(t, (a, 0), w)}
[(*(1, a, w), 6°(L, (a, 0), w)) = (a, 0)]- k(&% (4, 0), (a, 0))

where E[-/(r*(1, a, "), 8°(1, (a, 0), w))=(a, 0)] is the conditional expectation with
respect to the Wiener measure under the condition (r*(1, a, w'), 6%(1, (a, 0), w))
=(a, 0). Set

&, @) = Blexp{v/=1 || k', a, w))od0(t, (4, 0), w)}
0
[(r*(1, a, wl)’ 6°(1, (a, 0), ) = (a, 0)],
and let ¥ be the o-field generated by {w'(f); 0=t=<1}. Then
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610 I(¢, a) = E[E [exp{v/—1 S: k(r'(¢, a, w'))odd"(z, (a, 0), w)}
' 146°(1, (, 0), w)) = O} NF/(*(1, 2, w') = a] .

Since {w'(); 0<t<1} and {w?); 0<t<1} are independent under the Wiener
measure, there exists a Brownian motion B(t), 0<¢<1 which is independent of
{w'(#); 0<t<1} such that

(6.11) 6:(¢, (a, 0), w)) = B(E%P*(¢, a, ")),
where

¢ ds

¢E(t, a, wl) — So g(r!(s,——‘a, wl))z .

Furthermore we can construct a Brownian motion B(¢), 0<¢<1, on the Wiener
space {W§, P} such that
1) B(t), 0<t<1, is independent of {w'(f); 0<t=<1},
2) Efexp{v/—1 S: k(ri(t, a, w'))od0¥(t, (a, 0), w)}
[{6°(1, (a, 0)), w)) = O} NF]
= Efexp{v/—1 S: k(r(t, a, w'))odB(E%'(t, a, w')}
[{B(&%(t, a, w')) = O} N F"]
= Elexp {v/ = T{{_ k0"t 0, 0)-dBE$(t, 0, w?)

- f(l, k(r!(t’ % wl)) .d¢e(t) a, wl) B/ 24 1
¢'(1, a, ') B(&¢*(1, a,w))}}]

Therefore we obtain

(6.12) (& a) = E[exp {—%2 S: (R(ri(t, a, w')—F(w))- dd*(t, a, w')}
[r(1, a,w") = a] .

where

Blapnl) — 1 ! e 1)), Jche 1
(6.13) R(w') — msok(r (t, @, w'))-dd(t, a, ') .

For every continuous function f on [0, 1], we set
VIFE = | (f—7y dbtt 0 w), VIR = (f)— e

where
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1 1 . ~ 1
T = e WO Caw), = st
We also use the following notations
fi(¢, a, w') = k(r'(t, a, w'))—k(a)
(6.14) fi(t, a, w') = k'(a)(r(t, a, w')—a)
fi(t, a, w') = f(¢, a, w")—fi(¢, a, w") .
Then we obtain that

fi(t, a, w') = K’ (a+7(t, @, w)(r'(t, a, w")—a))((¢, @, w')—a)?

(6.15)
for some 0<y(t, a, w)<1.

Then (6.12) can be rewritten in the following form
I(&,a) = E[exp{—%zV[f'(-, a, w1, a, w') = 4] .
We now note that by (6.6)

(6.16) ri(t, a, w') = atcwi(t) & S' L a,w) 4
o g(r'(s, a, w'))
Next we set, for every fixed ¢>0,
a(&, ¢) = (c[&t)Vae=25=D),
Then

20— < ¢ for a=<a(§,¢).

Next, we set r*=r,V7, and fix constants b,, b, such that r*<<b,<<b,. We also
define o°(b,, a, ') by

inf {t; 0<t<1, r(t,aq,w")=0b}, if {}=*¢,
Lif{}=¢,

and let A,[¢, a]={w"; o*(b, @, w')=1}. For a fixed positive constant § satis-

o*(by, a, w') = {

fying —§~<8<1, we set
A,[€, a] = {w'; max |w'(t)| <& -},
Then by using (6.14), (6.15) and (6.16), we can show the following results:

There exist positive constants £¥>0, K,>0, K,>0 such that if b,<a=a(¢, c)
and w'€ 4,[€, a] N 4;[€, a] then
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EVIfi(-, a, w)P(1-KE)— K- #N <&V f*(-, a, w")]
<EV[fi(-, a, WP (1+K,E%)+ K3 -EN
for 0<<&<E*.

By combining this with several results in the theory of 1-dimensional diffusion
processes, (cf. [7]). We obtain that as € | 0,

Ssx S:(e.c) I(&, a)k(&, (a, 0), (a, 0))g(a)dadl,

= {17 Blexp (= STI7C, 0 )P Lo @) L)
(6.17) (1, @, ) = alk(E, (a, 0), (a, 0))g(@)dadBy(1-+o(1)
a(e,c 2
= {07 Bl 1= E V1 0 B, 0,0 = )
K&, (@, 0), (a, 0))g(a)dadd,(1+0o(1))
o) & k'(a)? 21 fopl(1)
d, Elex Vw3 jwi(1) = 0
fodon [ Blep (5 H vty = 0
g(a)da(1-+o(1))

where Iy qi(w') and I, ,i(w") are the indicator functions of A,[€,a] and
A€, a] respectively. Furthermore, for a fixed positive constant b,, as € | 0,

_ 1
27 &?

Ssx S: I(&, a)k(&, (a, 0), (a, 0))g(a)dadf,

(6.18) ( ezb(x)
1 2

=0 2 |2 m(dx)

\ 27€ g“ sinh ez___b(;) (x)

and
gt 1 80 | Elexp =5 k((a))z V[P fu(1) = 0]g(a)da
(6.19) o b(x)
— 1 2
= 0 (2”82 SRZ Sinh 82@ m(dx))
On the other hand,

J(€, a) = Elexp{— %4 %ﬂ)): V[wl]z} Jw'(1) = 0]
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can be rewritten in the following form:

J&,a)
= Blexp{~ 5 B0 (@)~  wioyinaui 1wty = 0].
Hence
Je,a)

= E[Efexp{V/ ——182’;}—:)) [| 26)da (o) 19 0 {w4(1)=0} f'(1)=0]

(620 :E[E[exp{\/—_le%‘)lsa, W)} F N (1) =0} 1/e'(1)=0]
— E[exp {\/i‘IeZ’;_((:)lS(l, w)} jw(1)=0]

where S(1,w) is the stochastic area of Lévy, i.e.,
S(1, w) = % Sl (@ (s)daw(s) — w(s)dw'(s) .
0
Combining this with (6.17) (6.18) and (6.19) we obtain that as € | 0,

Ssl Sa(!,c) I(&, a)k(&%, (a, 0), (a, 0))g(a)dads,

0

1 Ssl a6, S“(z’” E[exp{\/—_lezg(%)sa, w)} feo(1) = 0]g(a)da

~ 2m&? 0
82 b(as 0)
~ A [ ae [ 2 g(aa
2 Jst 1 0) S\

0 . 2 b(a,
sinh & =

Here we used the following formula: for every AER,

2

sinh

E[exp{V —IAS(1, w)} fw(1) = 0] = i
2
(for example, see [6]). Hence as & | 0,

ssl S;«e,c’ I(&, a)k(&?, (a, 0), (a, 0))g(a)dads,

(6.21) £2b(®)

1 2
~ mi d .
2n€’ SR? sinh Gz—b(zx) ()
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We now set

M‘(a, w') = max (-—--———I r(t a, wl)-—al) .
’ o=<r<1 &

For sufficiently small ,>0, we set §(a) = a™.
Next, for sufficiently small v,>0, we set

A&, ¢, 7,) = S:(!,c) E[exp {—%2 Vif(., a, w")}; M(a, w")> séTaz)
r*(1, a, w') = alk(&?, (a, 0), (a, 0))g(a)da .

and

A&, ¢, 7,) = g:(s'c) Elexp {——%2 VIfe(s, a, w")}; M¥(a, w‘)g%(—z)—
(1, a, w*) = a)k(&, (a, 0), (a, 0))g(a)da .

Then it is easy to see that

” € 1 8((1) e n
o) AEams[ PIMGw)> 6 w) = d
k(€ (a, 0), (4, 0))g(a)da .

Next we note that

e 1 1 L g'(r'(s, a, w"))
M(a, w)< max |w'()] + | e

and without loss of generality we may assume
a(€, c)=2r*

Hence setting o*(w')=inf {¢; 7*(¢, a, w')=r*}, we obtain that for any a=a(¢, )
P[M*(a, w")> %(f_)/r'(l, a, w') = d]
2

<PM(a,w)> D, '@ 21 jr(1, o, w) = a]

+Pla*(w")<1 [ri(1, a, w') = 4]
< P[max |w'(¢)| > 0(a) _ —Sﬂ/re(l, a, w') = a]
0<t<1 &2 Y2
+Plai (") <1 [r(1, a, w') = 4a] .

Therefore, for sufficicently small £>0,
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“ 1 1 3(a) ;. 1y
A&, ¢, 7)< Sw) Plmax | w()| > 2D (1, 0, ) — a]
+Plo*(w)<1 [r*(1, a, w') = a]} k(& (a, 0), (a, 0))g(a)da .

Then by using the theory of 1-dimensional diffusion processes (cf. [7]), we can
show that the integral in the right hand side converges.
This implies

(6.23) A&, ¢, v,)—0.
Next we note that

V(s a, w2 VIfi(+) @ @)= Vfi(+) @, w")] -

Hence
Az(e, ¢ '72)
< (" B[V, oSV, @ 0],

M*(a, ‘w‘)é% (1, a, w') = a]k(e"’, (@, 0), (a, 0))g(a)da
+ 7 B[exp (- EVIAC, a0 VIS, @, o>V 0 0],
M¥(a, w') g% (1, a, ') = a]k(ez, (a,0), (4, 0))g(a)da

EBl(sr L', 72)+Bz(8) C, 72) .

By using same arguments as above, it is easily seen that as & | 0,

(6.24) By(&, ¢, v5)—0.
Furthermore there exist positive constants K; and K, such that for a=a(g, ¢) on
the {wl; M¢(a, wl)éi(a—}

&

VI 0 <Ky S0 a1, 0wy
VIfi(-, @, w2 V@] K (@) e~ |k (a) | VIz(-, a, w')]e?
V[ (+, a, w)]=Kja7'9(1, a, w')?

where

. n _ (* &' (s, a, w'))
2(t, a, w') = Somds.

Combining these we can show that there exists a positive constant K; such that
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S”( ) P[V[fi(o , a, W=Z4Vfi(+, a, w')], M*(a, »') é%‘%)_

(1, @, w') = a]k(e"’, (a,0), (4, 0))g(a)da
< S“( ) P[V(wl)nga'“"”ﬂe“%, M, w‘)g%)—

pri(l, a, ) = a:lk(ez, (a, 0), (4, 0))g(a)da

S“ P [ V[w‘] < K a~(-2gl-m,

a(e,c)

IA

ri(1, a, w') = a]k(&z, (a, 0), (a, 0))g(a)da .

Hence by using same arguments as in the proof of F/-(10.22) in [6], we can
show that there exist positive constants 7; and K, such that

B&,ams [ e (K7 emm e, (@ 0), (@ 0)g(ada
a(e,c a

which implies that as € | 0, By(&, ¢, 7;)—0. Combining this with (6.19), we ob-
tain that as € | 0, 4y(&, ¢, v,)—>0. Therefore we complete the proof of follow-
ing: for every ¢>0,

[ Bl {—%2V[f'< ., a, W} r(1, 4, ") = alk(E, (a, 0), (a, 0))g(a)da—0

as €| 0. Combining this with (6.21) and (6.23), we can complete the proof
of Theorem 2.3.
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