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ON R-ALGEBRAS WHICH ARE R FINITELY GENERATED
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Let K be a field and R a ring with 1. We know several conditions
under which an R-algebra is a finitely generated KR-module. In [6]
Rosenberg and Zelinsky obtained, for a K-algebra A, those conditions in
a case where A@A* /N (A(?A*) is Artinian, where A* is an anti-isomor-

phic algebra of A and N(*) is the radical of *.
In §1 we shall study a similar problem in a case where AR A* is
K

Noetherian and obtain, for an algebraic algebra A over K such that
A/N(A) is a semi-simple ring with minimum condition, that [A: K]< e
if and only if AQ A* is right Noetherian.

K

In §2 we consider a primitive K-algebra with minimal one sided
ideals. We give a condition that the associated division ring is of a
finite K-dimension.

Finally we consider a separable R-algebra A which is a submodule
in a free R-module. If R is Noetherian, then we show that A is R-
finitely generated as R-module.

1. Algebras of finite type

In this paper we always assume that K means a field and R a com-
mutative ring with 1.

Let A, A, be R-algebras. Then we have a natural homomorphism
D: A1§)A;"—+A2<§A;". We denote also the image of ® by Al(?A:" if there

are no confusions. Furthermore, we have a natural right A;® A¥-homo-
R
morphism @;: A;Q A¥— A; by setting (a®b*)=ba. We denote its kernel
R

by J:.
The following lemma is based on a suggestion of M. Auslander.

Lemma 1. Let A, be an R-algebra and A,=2 A, proper R-subalgebras
contained in the center of A,. We assume that A;,, is A~projective for
i=1,2. Then J,=2],A5=2],As, where A§=A3§>A§".
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Proof. We consider a natural As-homomorphism «,: A, (X)A3
3<X)A* If a/,)=(0), then we obtain easily A3®A* A,. Let p be a

prlme ideal of A,. Then A39®A Since A4, is Az,p projective, A,, is a

3p
4ip

free A, —module by [6], Theorem 2. Hence A3P=A2p for every prime

ideal p, Which is a contradiction. On the other hand @, /J,A435)=(0). There-

fore, J,Ai5=J,. Next we consider a commutative diagram :

\ /

From the above argument we know that B(J,)=(0). Since A,, A, are
A-projective, 8 is monomorphic. Therefore, aJ,)=a,®(J,)=B'B(].)==(0).
On the other hand «,(J,)=(0). Hence we have J,A=2] A:.

Corollary 1. Let A be an R-projective R-algebra. We assume that
AQA* is right Noetherian (resp. Artinian). Then a length of ascending
R

(resp. descending) chain of R-projective, R-separable algebras in the center
of A is finite, (cf. [7], Theorem 2).

Proof. From a fact for a separable R-algebra C that R-projective
C-module is C-projective, we have the corollary.

Corollary 2. Let A be an extension field of K. Then A is a finite
type, i.e. A is generated by a finite number of elements if and only if
A®A is Noetherian, (cf. [1], p. 99).

K

Proof. If A is a finite type, then A is an algebraic extension of a
rational function field K(x,, %, -, x,). It is clear that K(x*)®QK(x) is
. K
Noetherian. Since AQA is a finitely generated K(x)-module, A° is Noe-
K

therian. The converse is clear from Lemma 1.

RemMaArk 1. Lemma 1 is valid in a case where A’s are division rings.
Because, we may take A,®AF in a place of 4,04, and so on.
4F 4,

Lemma 2. Let A be a right Noetherian, algebraic algebra over a field
K. Then the radical of A is nilpotent.

Proof. By the assumption and [4], p. 212, Proposition 3, the radical
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N is nil. Furthermore, since A is Noetherian, N is nilpotent by [4],
p. 199, Theorem 1.

Proposition 1. Let A be a commutative algebraic algebra over a field
K. Then the following conditions are equivalent.
a) [A:K]<eo,
b) AQA is Noetherian,
K

c) AQF is Noetherian for any algebraic exiension field F of K.
K

Proof. First, we assume A° is Noetherian. Since A° is algebraic
over K, its radical N(A°) is nilpotent by Lemma 2. Similarly we know
that N=N(A) is nilpotent. Hence, if we show [A/N:K]< oo, then by
the standard argument we obtain [A:K]< co (cf. the proof of [3],
Theorem 1). Therefore, we may assume that A is a semi-simple ring
in a sense of Jacobson. From [4], p. 210 we know that A is an I-ring,
namely every non-nilpotent ideal contains an idempotent element. Hence,
since A is a commutative Noetherian semi-simple ring, every ideal is
generated by an idempotent element. Therefore, A is a semi-simple ring
with minimum conditions. Hence, we may assume that A is a field.
Then [A: K]< o by Corollary 2. By the similar argument as above,
we obtain [A: K ]< e if A satisfies ¢).

Theorem 1. Let A be an algebraic algebra over a field K. We
assume A|/N is a semi-simple rving with minimum conditions, where N is
the radical of A. Then we have the following equivalent conditions :

a) [A:K]<eeo,
b) AQA* is right Noetherian,
K

c) AQPF isright Noetherian for every algebraic extension field F of K.
K

Proof. In both cases b) and c) we know that N is nilpotent by
Lemma 2. Hence, we may assume that A is a division algebra over K.
Let L be a maximal subfield of A and Z the center of A. Let A=3PLu;
and A*=Z?L*v,-. Since A(?A*zEEBL@L*(u,@v,-) is right Noetherian,

sois LQL*. Hence [L:K]< co by Proposition 1. If we consider A as a
K
left A- and right L-module, A is a right A*® L-module. Since A*QL
K K

is a simple ring with minimum conditions and A is a simple faithful
A*® L-module, A has a finite right base over A*® L-endomorphism di-
K K

vision ring of A, which is equal to Vi(L)={a<€ A|al=la for all /€ L}.
Since L is a maximal subfield of A, V4(L)=L. Therefore, [A: K< co.
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Corollary 3. Let A be an algebra over a field K. L, is an algebraic
closure of K and L,=K(x) a rational function field over K. Then
[A: K]<o if and only if AQL; (1=1,2) is right Artinian, ([3],

K

Theorem 1).

Proof. By the same reason as in the proof of Proposition 1, we
may assume that A is a division ring if AQL; is right Artinian. Fur-
K

thermore, it is clear that A is algebraic over K. Hence [A: K] < oo
by Theorem 1.

Proposition 2. Let A be a division algebra over a field K. If
ARQA* | N(AR A*) is right Noetherian, then the center Z of A is of a finite
K K

transcendental degree over K and A is a finite type over Z, (cf. [7],
Theorem 2).

Proof. By the proof of [2], Lemma 4, we have N(A°)=aA’, where
a is an ideal contained in the radical N(Z°) of Z°. Since there is a lattice
isomorphism between two-sided ideals of A° and Z° by [4], p. 114,
Theorem 1, Z°/N(Z°) is Noetherian. We shall show that the transcen-
dental degree of A over K is finite. We consider again an exact sequence
as in Lemma 1. 0—>],~—>L,~§>L,-—>L,~—>O, where L;=K(x,, -+, x;) and the

x’s are indeterminants in Z over K. Then we shall show that J;Z°+
N(Z)=+=];,Z°+N(Z°). Otherwise, for any element j in J;.(Z°), we have
J=y+r,yeJ;.Z°,r€ N(Z°). Since N(Z°) is nil ([1], p. 85, Proposition 4),
j"€ J;.Z° for some integer #n. Therefore, (%1, Q1—1Qx; )" =22, Q1—
(XY R%iy)+ o +(— 1) (1Q47,,) is contained in J;Z°. On the other
hand, J,.Z°=3"Pu,J:(L;;,QL;,,), where {u,} is a basis of Z° over L,~+1§>L,-+1

and we assume #,=1®1. Extending x!..®x!,,, &k, [=0,1, --- to a basis
{x, v} of L,~+1<§>Lm over L,@L;, JiZ° =D (x1.,1 Qxi:1) i D Pv]; D

NPu,J:(L; ., ®L;,,). Hence J; must contain 1, which is a contradiction.
a1 K

Therefore, the transcendental degree of Z over K is finite. From the
assumption, it is clear that A® A* is right Noetherian. Hence by Lemma
Z

1, A is a finite type over Z.

ReMARkK 2. The following example shows that A is not a finite type
even if A is algebraic commutative field over K and A°/N(A°®)is Artinian.
Let A=|)K(x"?"), where K is a field of characteristic p=4-0 and x

is an indeterminant over K. Then it is clear the N(A®)=J, and
A IN(AH=A.
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2. Primitive algebras

Let A be a simple algebra over K with minimum conditions. Then
it is clear that [A: K]< oo if and only if N(A®)is nilpotent and A°/N(A®)
is Artinian. We shall generalize this property as follows:

Theorem 2. Let A be a primitive K-algebra with minimal one-sided
ideals and A its associated division ring, (see [4]). Then [A:K]<o if
and only if the radical N(A°) of A° is nilpotent and N(A°) is the inter-
section of a finite number of primitive rings with one-sided ideals.

Proof. We assume [A:K]< co. Let I and r be minimal left and
right ideals in A, respectively. Then r®I* ,V‘_,EB(x,,,@)ya,)A is a faithful

AR A*-module, and AQ A* is a dense ring in the A°~-endomorphism ring
Mf(Ae) of t®I* by [Z], p. 113, Theorem 1. By the assumption, the
radical N(A"’I)r of A’ is nilpotent. We consider a factor module of t®I*
by its radical : T?W‘=r§)l*/N(r§>I*):Z B (x,y,)A°/N(A®). By a \;ell

known theorem, the radical N(M;(A®)) of M;(A®) is contained in M;(N(A®)),
and since N(A®) is nilpotent, M;(N(A®)) is equal to N(M,;(A?)). We can
easily show that M;(A°)/N(M;(A%)=M;((A).,)D - DM;((4,),), where the
A’s are division algebras over K. Furthermore, it is clear that t®I* is
a faithful M ,(A )/ N(M;(A°)-module. On the other hand, we have
r®I* ZZZEB(x,,,@y“)b, j» where the b’s are irreducible left ideals in
(A*),,‘_ Put L =2 (*4QYa)b:,, then 3IPDL; is a faithful M,(A®)/ N(M(A%))-
module. By the above argument, the L’s are also A°-irreducible modules.
Hence N(M;(A®)) contains N(A°). Since N(M;(A®) is nilpotent, we have
N(A)=NM,(A))NA°. Therefore, 3IPL; is also a faithful A°= A°/N(A°)-
module. Furthermore, Nt QU*)=(xQU*)N(M (A= A° N N(M;(A®))= N(A°),
and since we can represent r and [ by e¢A and Ae’, where ¢, ¢’ are primi-
tive idempotents in A, then (t@1*) N N(A*)=(e®e*)A° N N(A*)=(eQe"*)N(A®)
=tQI*)N(A)ZN(xQ®I). Hence, we have a monomorphism of r®I*
K K K
into A°. Therefore, A° has a faithful complete reducible module 3PL;.
Let a; be the annihilator ideal of L; in A°. Then A°/a; contains L;+ a;/0;.
Since L; is irreducible and A° is semi-simple, L;+a;/a;~L;. Hence A°/q;
is a primitive ring with minimal one-sided ideals. Furthermore, we have

(1 a;=(0), which proves the first half of the theorem. Let ¢ be an
idempotent. They by [4], p. 48, Proposition 1, N((e®e*)(A§)A*)(e®e*))
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=(e®e*)N(A§)A*)(e®e*), and hence, N(A°) is nilpotent, where eAe=A.

Let p/s be a primitive ideals with the property as in the theorem.

Then by [2], Lemma 1, (e®Qe*)p;(e®e*) are primitive ideals in

(e®e*)AR A¥(e®e*) with the same property as above. Furthermore, if
K

(1p;=N(A°), then (](e®e*)p:(e®e*)=N(A®). Let Z be the center of A.

Then by [4], p. 114, Theorem 1, there is a lattice isomorphism between
two-sided ideals of A° and those of Z°. Put q;=(e®Re*)p;(e®e*). Then
there exist ideals b and ¢ in Z° which correspont to q; and an ideal 3
in A° such that 820gq; and 8/q; is the socle of A°/q;. We shall show that
Z°=Z°|b is a field. Since ¢ is a unique minimal ideal in Z°, ¢ is con-
tained in N(Z°) if ¢==2°. 8=3%, t=c¢. Hence ¢ is generated by idem-
potent element, which is a contradiction. Therefore, Z° is a field. Hence,
A°/q; is a simple ring. Since A°/q; has the socle, A°/q; satisfies the
minimum conditions. [(]q;=N(A®) implies that A°/N(A°) is a semi-simple
ring with minimum condition. Therefore, [A : K< e by [7], Theorem
7.

3. Separable algebras

Let R be a Noetherian ring and a an ideal in R. For any finitely
generated R-module E and its submodule F, there exists an integer 7
such that a®’ENF=a""(a"ENF) for all n_>r by the Artin-Rees theorem.
Thus we shall call an R-module E “an Artin-Rees module with respect to
a (briefly A-R module)’, if for any finitely generated K-submodule F in
E, there exists an integer » such that Fa"NFCZFa™ " for n_>r.

By definition we have the following lemmas:

Lemma 3. If E is an A-R module, then any submodule of E and any
quotient module of E with respect to a finitely generated submodule of E
are A-R modules.

Lemma 4. Every submodule of a free R-module is an A-R module.

Lemma 5. If a is contained in the radical of R and E is an A-R
module, then [) Ea”"=(0).

Proof. Let x be in () Ea”. Then xR=xRNEa"ZxRa"7”, and hence
xR=(0).

Proposition 3. Lef a be an ideal contained in the radical of R. For
any A-R module E, if E/Ea is finitely generated then so is E.
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Proof. If E/Ea is finitely generated, then we have a finitely generat-
ed R-submodule F such that E=Ea+F. Let E=E/F, then E is an A-R
module by Lemma 3. Hence (0)= (] Ea"=FE by Lemma 5.

Corollary 4. Let R and a be as above. If R is not complete with
respect to {a”}, then the completion R of R is not contained in a free R-
module, (cf. [1], p. 95).

Proof. If R is contained in a free R-module then R is an A-R
module by Lemma 4. Furthermore, I@/I@a% R/a, and hence R is a finitely
generated R-module by the proposition. Then since R=R+ Ra, R=R by
Nakayama’s Lemma, which is a contradiction.

Lemma 6. Let S be a multiplicative system consisting of mnon-zero-
divisors in R (not necessarily Noetherian) and E a submodule of a free
R-module. If EszE%Rs is finitely generated R.-module, then E is con-
tained in an finitely generated R-module.

It is clear.

Theorem 3. Let R be a Noetherian ring and let A be a separable
R-algebra such that A is contained in a free R-module. Then A is a
finitely generated R-module.

Proof. Let S be the set of all non zero-divisors in K. Then A, is
separable R-algebra and is contained in a free R.-module. Hence, we
may assume by Lemma 6 that R is semi-local. Let p be a maximal
ideal in R. Then A/Ap is a separable algebra over R/p, (it may be zero).
Hence, A/Ap is a finitely generated R/p-module by [6], Theorem 1. On
the other hand, AQR,/(AQR,p)=A/Ap and AQR, is an A-R module by
Lemma 4. Therefore, A@Rp is finitely generated Rp—module, and hence
A is a finitely generated R-module by the simple argument.
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