
Kanzaki, T.
Osaka J. Math.
1 (1964), 103-115

ON COMMUTOR RINGS AND GALOIS THEORY OF
SEPARABLE ALGEBRAS

TERUO KANZAKI

(Received May 20, 1964)

The purpose of this paper is to establish the Galois theory for a
separable algebra over a commutative ring in the sense of Auslander-
Goldman [1]. The notion of Galois extension defined in [1] for a com-
mutative ring will be naturally extended to a non commutative ring in
the following way. Let A be a ring, G a finite group of ring-automor-
phisms of A, and Γ the fixed subring of A under G, i.e. the totality of
elements which are left invariant by G. If the homomorphism δ of the
crossed product Δ(A, G) of A and G with trivial factor set to the Γ-
endomorphism ring Hoπir(A, Λ) of A as Γ-right module; δ:Δ(AG)=
Σ ®Awσ->Homr(A, Λ) defined by δ(\ua)(x) = \ σ(x) for λ, #eA, is an

isomorphism, and if Λ is a finitely generated projective Γ-right module,
then A is called a Galois extension of Γ relative to G.

In § 1 we shall show that a commutor ring of an arbitrary separable
subalgebra Γ over R in the central separable algebra A over R (we denote
it by VΛ(Γ)) is also a separable algebra over R, and VA(VΔ(Γ)) = Γ.
Further we obtain that if A is an /?-separable algebra and M is a finitely
generated faithful A-projective module then for O=HomΛ(M, M) M is a
finitely generated Ω-projective module, and HomQ(M, M) = A. In §2 we
shall show that for Galois extension of non commutative ring we have
similar results to the case of commutative ring in [1]. Moreover we
shall show that if Λ is a Galois extension of Γ relative to G and H is a
subgroup of G then for the fixed subring β of Λ under H A is a Galois
extension of Ω, relative to H. In §3 we consider a Galois extension of
a separable algebra and its crossed product with trivial factor set. Let
A be a central separable algebra over C and G a finite group of (ring-)
automorphisms of A as follows 1) G induces a group of automorphisms
of C such that it is isomorphic to G, 2) for the fixed subring R of C
under G C is a Galois extension of R relative to G. Then we can prove
that the crossed product Δ(A, G) of A and G with trivial factor set is a
separable algebra over R. In § 4 we have the Galois theorem under the
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above assumption in §3. That is

1) if Γ is the fixed subring of Λ under G then Λ is a Galois extension
of Γ relative to G and Γ is a central separable algebra over Ry

2) Γ is a direct summand of Λ as Γ-two sided module,
3) for an arbitrary subgroup H of G and the fixed subring 12 of Λ under
H, Λ is a Galois extension of Ω relative to H, and 12 is a separable
algebra over R. Moreover if we suppose that C is an integral domain,
then we have
4) if O is an arbitray intermediate subring between Λ and Γ such that
O is a separable algebra over j?, then Λ is a Galois extension of Ω, relative
to H where

H= { σ £ G \ σ ( x ) = x for all x£Ω}.

Throughout this paper we assume that every ring has an identity
element, every subring of a ring has common identity element, and every
module is unitary. Furthermore we shall denote by the ring R always
a commutative ring and an J?-algebra means an algebra over 7?, and a
central i?-algebra means an algebra having the center R. We use the
same notation as in [1].

1. Commuter ring in a central separable algebra

This section is concerned with a central separable ^-algebra Λ and
a separable /?-subalgebra Γ of Λ containing R. We denote by VΛ(Γ) the
subring of Λ which consists of all element λ satisfying γλ=λγ for all
γ6Γ.

Lemma 1. (Auslαnder, Goldman) Let A. be a central separable R-
algebra and Γ a central separable R-subalgbra of Λ having the same center
R. Then VA(Γ) is central separable R-algebra and VΛ( VΛ(Γ)) = Γ.

Proof. See [1], Theorem 3. 3.

Lemma 2. Let A. be a separable R-algebra and M a ^.-module. If
M is a finitely generated projective R-module then M is a finitely generat-
ed projective ^.-module (cf. p.], Theorem 1. 8).

Proof. For any Λ-module N we have the isomorphism

θ : HomΛ* (Λ, Horn* (M, N)) > HomΛ (M, N)

defined by θ(g)(m)=g(l)(m) for g6 HomΛ<?(Λ, Hom^(M, N), m£M. Since
Λ is a projective Λe-module and M is a projective /?-module,
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HomΛ*(Λ, Hom#(M, N)) is an exact functor relative to N, therefore
HomΛ(M, N) is so. Consequently, M is a projective Λ-module.

Theorem 1. Let M be a faithfule ^.-module, and set Ω = HomΛ (M, M).
// Λ is a separable R-algebra and M is a finitely generated projective
^-module, then we have that Ω is also a separable R-algebra, M is a
finitely generated projective Ω-module and HoιrΩ(M, M) = Λ. // Λ is cen-
tral over R then Ω is also central over R.

Proof. Let M be a faithful and finitely generated projective Λ-
module, and let Λ be a central separable C-algebra. Since Λ is a finitely
generated projective C-module, M is a finitely generated projective C-
module. By Proposition 5.1 in [1], Homc(M, M) is a central separable
C-algebra. Since Λ is a central separable C-subalgebra of Homc (M, M),
from Lemma 1 Ω = HcmΛ(M, M) = VHomcCMfM^(A.) is a central separable C-

algebra and HomΩ(M, M) = TfHomCα*,M>(Ω)= ^HomCcM fM)(^HomCcΛf fM)(Λ )) = Δ

By Lemma 2 M is a finitely generated projective Ω-module, since Ω is a
central separable C-algebra. If Λ is a separable Jί?-algebra in general,
then from Theorem 2. 3 in [1] we have that Λ is a central separable
C-algebra and C is a separable 7?-algebra where C is the center of Λ.
Therefore Ω = HomΛ(M, M) is a central separable C-algebra. Hence Ω is
a separable Jf?-algebra.

Corollary 1. Let Λ. be a separable R-algebra and M a ^.-module.
If M is a finitely generated projective R-module then Ω=HomΛ(M, M) is
a separable R-algebra and M is finitely generated and projective over Ω.

Proof. Since the image Λ' of the natural homomorphism Λ->
Hom^(M, M) is also a separable J?-algebra, M is a finitely generated pro-
jective Λ'-module by Lemma 2. Therefore Ω = HomΛ (M, M) = HomΛ/ (M, M)
is a separable ί?-algebra and M is a finitely generated projective Ω-
module by Theorem 1.

Corollary 2. // Λ is a separable R-algebra and e is an idempotent
element in Λ, then eA.e is also a separable R-algebra.

Proof. Since Δe is a projective Λ-left module, we have that
Hom^ (Λ0, Ae) ̂  eA.e is a separable Jf?-algebra.

Theorem 2. Let A. be a central separable R-algebra. If Γ is an
arbitrary separable R-subalgebra of Λ containing R, then VA(Γ} is a
separable R-algebra and we have VA(VA(Γ)} = Γ. (cf. [1], Theorem 3.3)

Proof Since Λ is a finitely generated projective 7?-module, Γ(8)ΛΛ0
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is a subring of Λ.e=Λ.®RΛ°. Since R is a direct summand of A as R-
module, Λ and Λ° may be regarded as subring of Λ.®RA°. Then
Λ<g^Λ°=Λ.Λ° and FΛ®Λo(Λ°)=Λ ([1], Theorem 3.5). It follows that

Λ°) = VA(Γ). Now we consider Λ.®RΛ0^DΓ®RΛ0mR, and then
is a separable /?-subalgebra of the central separable ^-algebra

Λ®ΛΛ 0 ([1], Proposition 1.5). Let Λ°=j?®^ where A., is an Λ-submodule
of Λ°, then we have Δ®ΛΔ° = Δ®Δ®ΛΔ1 and Γ^^Δ^ΓΘΔ®^^. Since
Γ®RA°cΣA.®RA\ ΓcΛ and Γ®RA.1cι:A.®RA.1J we have (Γ®ΛΔ°)ΠΔ=Γ.
Now 7A(7A(Γ)) = 7A*ΛAo(7A(Γ)®Λ ) = FAβAo(VAβAo(Γ®ΛΔ°))n FΛ0Λo(Λ°) =
^Λ®Λ0(^Λ®Λ°(Γ®^Λ°))ΠΔ, it is sufficient to show that VA®RA*(Γ®RA°) is
a separable #-algebra and ΐ/

Λ^Λo(7Λ0Λo(Γ(g)^Δ0))=Γ(g)jRΛ0. Since
Δ(g)7?Δ

0^HomJ?(Λ, Λ) and Λ is a finitely generated projective ^-module,
we may show that if M is a finitely generated projective ^-module,
Δ=Hom^(M, M), and Γ is a separable #-subalgebra of Λ, then VA(T) is
a separable ^-algebra and VA(VA(Γ)) = Γ. Let S be the center of Γ.
Then ΛiDΓiDSzr)./?. We regard M as S-module. Since S is jR-separable,
by Lemma 2 M is a finitely generated projective S-module, therefore
Homs(M, M) is a central separable S-algebra. Then VA(Γ)= VHomR^MjM^)
= HomΓ(M, M). By Theorem 1 FΛ(Γ) is a separable 7?-algebra. Since S
is the center of Γ, we have HomΓ(MM) = FHomsCMM)(Γ). Since
Homs(M,M)H)ΓiDS, HomΓ(M,M)=)S, and Homs(M,M) and Γ are central
separable S-algebra, we have by Lemma 1

tΆ(fΛ(Γ)) = τWWVHoπ.scWΓ)) = Γ.

Corollary 3. Let A. be a central separable R-algebra and Γ an arbi-
trary separable R-subalgebra containing R. Then Γ VA(Γ) is a separable
R-algebra and it is isomorphic to Γ®SFΛ(Γ) where S is the center of Γ.
In particular, ifS = R then Λ=Γ KΛ(Γ)^Γ®Λ FΛ(Γ) (cf. [1], Theorem 3.3).

Proof. By Theorem 1.4 VA(Γ) is a central separable S-algebra,
therefore Γ®SFΛ(Γ) is a central separable S-algebra ([1], Proposition
1. 5). In the homomorphism ψ : Γ®s FΛ(Γ)-^Γ FΛ(Γ) defined by ty(x®y)
=x y for Λ:€Γ, jye VΛ(Γ), the kernel of ψ is a two sided ideal of
Γ®S^Λ(Γ). By Corollary 3.2 in [1] there exists an ideal α of S such
that kerψ =α Γ®VΛ(Γ), but 0=ψ{α) = α, therefore ψ is an isomorphism.
The case of S=R was proved in [1], Theorem 3.3.

REMARK. In Theorem 2, the second part "FΛ(FΛ(Γ)) = Γ" is proved
in the following way too. Since Λ is a finitely generated projective R-
module, and since Γ is a separable ^-algebra, Δ is a finitely generated
projective Γ-right (or left) module by Lemma 2, and 33 = Homϊ,(Δ, Δ) is
a separable /?-algebra, and Homs8(Δ,Δ)-:Γr, where Γr is the ring of right
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multiplications by the elements of Γ (Theorem 1). Hence Λ is, in the
sense of Nakayama [5], 23-Galois extension over Γ. Therefore Γ is a
direct summand of Λ as Γ-right module by Proposition 1 in [5], and we
have FΛ(FΛ(Γ)) = Γ by Theorem 3.5 in [4].

2. Galois extension

In this section we assume that Λ is any ring and Γ is a subring of
Λ having the common identity. We define a Galois extension for the
case of non-commutative rings similarly to the case of commutative rings
in [1]. Let G be a finite group of (ring) automorphisms of Λ. We
consider the crossed product Δ = Δ (Λ, G) with trivial factor set, that is
Δ = Δ(Λ, G) = Σ0Λw σ , uσ\=σ(\) uσ9 uσ-uτ = uσr for σ , τ<EG, λ<EΛ. Then

σζ#

we may assume that uλ is the identity of Δ and Λ is a subring of Δ.
The subring Γ consisting of all elements of Λ fixed by every element of
G will be called the fixed subring of Λ under G. Then we shall say
that Λ is a (right-) Galois extension of Γ relative to G if it satisfies the
following condition: 1) Λ is a finitely generated projective Γ-right
module, 2) the ring-homomorphism δ: Δ(Λ, G) -> Honip(Λ, Λ) where
Homp(A, Λ) is the Γ-endomorphism ring of Λ as Γ-right module, defined
by δ(\uσ)(x) = \ σ(x\ ^> %€ A, er^G, is an isomorphism.

REMARK. If Λ be an algebra over R, Γ is a separable 7?-subalgebra
of Λ whose elements are left invariant by G, and if the condition 1) and
2) are satisfied, then it follows that Γ is the fixed subring of Λ under
G from Theorem 1. In this case, Λ is a 33-Galois over Γ, in the sense
of Nakayama [5], where 93 = Homp(Λ, Λ).

We may regard Λ as a left Δ-module by setting a \=δ(a) \. Then
we have a similar proposition to Proposition A. 1 in [1].

Proposition 1. Let Γ be a subring of a ring Λ, G a finite group of
automorphisms of Λ. Then Λ is a Galois extension of Γ relative to G if
and only if Γ is the fixed subring of Λ under G and £Δ(Λ) = Δ where
£Δ(Λ) is the trace ideal of Δ-module M. (See [1] and [2].)

Proof. This is proved similarly to Proposition A. 1 in [1].
We regard the module HomΛ(Λ, Δ) as Γ-left module by setting

(7 /)(λ)=/(λ γ) for /GHomΔ(Λ, Δ), γ G Λ , λeΛ. Let K be a homomor-
phism of HomΔ(Λ, Δ) into Δ defined by κ(f)=f(ί) for /6HomΔ(Λ, Δ).
Then we have

Lemma 3. The homomorphism /c is a Γ-monomorphism, and the image
of K is u Λ. where u = ̂ uσ in Δ.
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Proof. If /G HomΔ (A, Δ), 7 G Γ, then ^(7./) = (7./)(l)=/(7)=7./(l) =

7 /e(/) Therefore K is a Γ-monomorphism. We shall show that
Im(κ} = u Λ.. Let / be any homomorphism of A into Δ without operator.

Then / is a Δ-homomorphism if and only if /(*) = #•/(!) and σ(x) f(l)
= uσ x f(l) for all x G A, σ G G. Therefore / is in HomΔ (A, Δ) if and only
if there exists a in Δ such that f ( x ) = x a and a=uσa for all J t r G Λ and
σ GG. Now we set a = ̂ \σuσ where λ σ G A . Then a satisfies uσa=a for

all σ - G G if and only if <r(λτ) = λστ for all σ, rGG. If in <r(λτ)=λστ we
put τ=l then we have σ(λ1) = λ0.. Conversely if we put λσ=σ(λ1) for
every σ G G where \ is an element of A, then we obtain \σ.r=στ(\) =
<Kτ(λ,1))=(r(λτ) for all σ , T G G . Consequently / is a Δ-homomorphism if
and only if for every # G Λ it satisfies f ( x ) = x a where a='Σίσ(\1)uτ=

^Σίuσλl = u \ for any λ^Λ. Therefore we have Im(κ) = uA..

Proposition 2. Let G be a finite group of automorphisms of A, and
Γ the fixed subring of A. under G. Then £Δ(Λ) = Δ if and only if Δ = ι

Proof. We have the homomorphism ψ: Λ(g)ΓwΛ^Δ defined by
for λ, λ 'GΛ. In the following commutative diagram

Λ<g)Γ HomΔ (Λ, Λ) > Λ®Γ«Λ

where T is the trace mapping, τ(λ®/)=/(λ), we have ίEΔ(A) = Im(τ) =
Im(ψ o(l(g)Λ;)) = AwΛ. Therefore we have that SΔ(Λ) = Δ if and only in
Δ = ΛwA.

Corollary 4. Let G be finite group of automorphisms of A, and Γ
a subring of A. Then A is a Galois extension of Γ relative to G if and
only if Γ is the fixed subring of A under G and Δ(A, G) = AwA.

Theorem 3. Let A. be a Galois extension of Γ relative to G. If H
is a subgroup of G and Ω, is the fixed subring of A under H, then A is
a Galois extension of Ω, relative to H.

Proof. Since A is a Galois extension of Γ relative to G, we have
Δ = Δ(A, G) = AwA. Let Δ^= Δ(Λ, H) = Σ θAuτ be the crossed product of A

τ£H

and H. Then we may regard Δ# as a subring of Δ = Δ(A, G)^Σ 0Awσ.
σζβ

Now we shall show that ΔH = Δ(A, H) = A#0A for u0 = ̂ ur. Let
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G = σlH+σ 2H^ ----- \-σrIί be a left decomposition of G with respect to H

where σl = l. Then it follows that Δ = Σ ^A.uσ = Σ ®Λ.uσ.uτ =
'& r i = W

.Δtf and M = Σ w < r = Σ Wσ£ttτ=ΣX f Wo Since Δ =

we have Δ = Σ ^σt ΔH = Λ^Λ = Λ Σ uσiu°Λ. cz Σ wσί(Λw0Λ) en Σ ^σt Δπ = Δ.
r ί'=1

 r »=1 « = 1 ί = l

Therefore ΣθwσtΛH=Σθ^σΛwcA Since wσ.Λ^0Λczwσ.ΔH for ί = l, 2, •••, r,
ί=l ί = l

it follows that uσ.Au0Λ. = u(ΓiΔH. Consequently, we have Λ.u0A. = ΔH. By
Corollary 4 Λ is the Galois extension of 12 relative to H.

Proposition 3. Let G be a finite group of automorphisms of Λ, and
C the center of Λ. We suppose that the group of automorphisms of C
induced by G is isomorphic to G. If for the fixed subring R of C under
G, C is a Galois extension of R relative to G, then Λ is a Galois extension
of Γ relative to G where Γ is the fixed subring of Λ under G.

Proof. We denote by Δ(C, G) = Σ ®Cuσ the crossed product of C and
σζ G

G, and denote by Δ(ΛG) = Σ θΛ^σ the crossed product of Λ and G. We may
σ"€^

regard Δ(C, G) as a subring of Δ(Λ, G). By Corollary 4 we have Δ(C, G) =
CuC for & = Σ ^σ> since C is a Galois extension of R relative to G. There-

fore for every σ GG, uσ is contained in CwCdΛwΛ. Therefore Λz
and Δ(ΛG)^ΛwΛ. By Corollary 4 Λ is a Galois extension of Γ relative
to G.

3. Separability of crossed product with trivial factor set

Proposition 4. Let A. be a Galois extension of Γ relative to G, C the
center of Λ, and R the fixed subring of C under G. If Γ is a separable
R-algebra, then Δ(Λ, G) and Λ are separable R-algebrar and the center of
Δ(Λ, G) coincides with the center of Γ.

Proof. If Γ is a separable ^-algebra then by Theorem 1, Honir(Λ, Λ)
is a separable /?-algebra, since Λ is a finitely generated projective Γ-right
module. Therefore Δ = Δ(Λ, G) is a separable /?-algebra, and Δ is a pro-
jective Δe=Δ®^Δ°-module where Δ° = (Δ(Δ, G))° is the opposite ring of Δ.
Since Δ(Λ, G)°=Δ(A°, G), Δ = Σ®A^σ is a direct summand of a Δ*-free

module as Δ'-module, and Δ^Δ^Δ0- Σ ®Λ®j?Λ0 wσ(g)^ is a
σ,τ£#

free module. It follows that Λ is a direct summand of Λίg
module as Λ<g)^Λ°-module. Therefore Λ is a separable ^-algebra. Since
Γ is a separable /?-algebra and Λ is a finitely generated projective Γ-
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right module, we have Homl(Λ, Λ) = Γ by Theorem 1. Therefore the
center of Δ = Δ(Λ, G) coincides with the center of Γ.

We now show that under the following assumption Λ is the Galois
extension of the fixed sub ring Γ under G and the crossed product Δ(Λ, G)
is separable over R.

(#) Λ is a central separable C-algebra, G is a finite group of auto-
morphisms of Λ which induces a group of automorphisms of C isomorphic
to G, and C is the Galois extension of R relative to G, where R is the
fixed subring of C under G.

REMARK. If C is a field then Λ and Γ are simple algebras and
the assumption (#) means that Λ is an outer-Galois extension of Γ.

Lemma 4. Let R be a subring of a commutative ring C, G a finite
group of automorphisms of C having the fixed ring R. We set Tr(c) = Σσ(c)

σ €ff

for c G C. If C is a Galois extension of R relative to G, there exists an
element c in C such that Tr(c) = l.

Proof. We consider two homomorphisms μ>: C®R Hom# (C, R) ->
HomΛ(C,C) defined by μ(c®f}(x}=f(x) c and T: C®R Horn* (C, R) -> R
defined by τ(c®f}=f(c). Since C is a finitely generated projective R-
module, μ and T are isomorphisms ([2], Proposition A. 1 and A. 3).
Regarding C as submodule of Hom^(C, C), we denote by t the homomor-
phism τoμ~l restricted on C. By Proposition A. 4 in [1] we have
Hom^(C, R) = t<>C. Since C is a finitely generated projective ^-module
there exists /in HomΛ(C, R) such that f(C)=R. Accordingly there exist
a and b in C such that f=t<>a and /(δ) = l. By Proposition A. 3 in [1],

for xeC τt f°ll°ws that l=

Theorem 4. Under the assumption (#), Λ is a Galois extension of Γ
relative to G when Γ is the fixed subring of Λ under G, aud Δ(A, G) is. a
separable R-algebra.

Proof. By Proposition 3, Λ is a Galois extension of Γ relative to G.
For the opposite ring Λ° of Λ, G is regarded as a group of automophisms
of Λ° by setting σ (λ°) = (σ(λ))° for σ G G and λ G Λ . We have a opposite
correspondence between Δ(Λ, G) = Σ ΦΛ^σ and Δ°=Δ(Λ°, G) = Σ ΘAVσ de-

σ£# σζG

fined by \uσ<^>(\uσ)
0=vσ-ι\0. In Λ^Λίg^Λ0 and Δ^Δ^Δ0 we set

/i = {λ®Γ-l(g)λ0GΛ e |λGΛ}, /2 = #-submodule of Δ" generated by
K®Γ-l<S)zvι6ΔVGG}, and J= {jc(g)Γ-l®jc°G Δ e | jc6 Δ}. Then we
have ΔV^Δ'Λ + Δ'Λ, because \uσ®l°-l®(\uj = uσσ-\\)®l°-l®vσ-ι\0 =
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l®σ-\\°) (uσ®ϊί-l®vσ-ι). We denote by A the right an-
nihilator of Jl in A6, and denote by A the right annihilator of J in Δ*.
We have easily Ad: Σ ®^4 uσ®υr. We define the automorphism σ xr of

A* by setting σ x rr(x®y°) = σ (x)®r(y0) for every σ x r 6 G x G and j®/ 6 A*.
For any element /= Σ «(σ> T'1)^®^-! in Σ ^4wσ(gwτ-ι, (α(σ, ΌG .A),

σ,τξf-ϊ σ j ζ f }

f£A if and only if («γ®Γ-l® v) /= 0 for all reG. Since
(My®!0-!®^-!).^ Σ {γxl(β)γ~V, T-'^-lxγ-'ίφ , r7--'))K®z>τ-ι, we

σ",τ£#

have that /G A if and only if 7 x 7(0(7' V, Ό^^σ , γT'1) for all σ, T, 7 G G.
We set 7"~1σ =σ 0, τ~1 = τ0, then /G ^4 if and only if 7Xy(a(σ0,

 fr0)) = a(γσoy γτ0)
for all 7, <7 0,τ 0eG. We remark that <γxγ(A)=A for every γ G G . If we
set τ0=l and γ σ-0=δ, then we get #(δ, 7) = 7X7(β(γ~1δ, 1)) from the above.
Therefore A contains every element / of the following form
/= Σ rxγMγδ""1, l))us®vy where 0(τ, 1)6 ̂  for r G G . We set Λ(T, 1) = 0

δ, y<E^
if τΦl. Then we have that for any element a in A, Σ

J£G

is contained in A We remark that #v=(wv-ι)° and φ(7X
for the homomorphism <p:Λ*->Λ defined by φ(x®tf) = xy. Then for
the homomorphism ίp : Δe->Δ (defined by φ(x®jf) = x y) we have

7 X 7(^) Wv®z;Y) = ίp(Σ 7 X 7(0) uy®(Uγ-ι)°)= Σ ^(7 X 7(0))=

Tr(φ(ά)\ Therefore φ(A)H) Tr(φ(A)\ Since A is a central separable
C-algebra and by Corollary A. 5 in [1] C is separable over R, therefore
Λ is separable over R ([1], Theorem 2. 3). Accordingly, by Proposition
1.1 in [1] φ(A) = C, and have φ(A)^Tr(C\ On the other hand by
Lemma 4 7V(C) contains the identity of R, therefore φ(A)Bl and Δ is
a separable R-algebra.

Corollary 5. Under the same assumption as in Theorem 4, Γ as a
separable R-algebra.

Proof. Since Λ is a finitely generated projective C-module and C
is a finitely generated projective ^-module, Λ is a finitely generated
projective ^-module ([3], IX Corollary 2. 5). If we regard Λ as Δ(Λ, G)-
left module, then Λ is a finitely generated projective Δ(A, G)-module from
Lemma 2 since Δ is a separable .R-algebra. By Theorem 1 the Δ(AG)-
endomorphism ring Hom^ (A, A) is a separable J?-algebra. Since
Homl (A, A) &> Γ we have that Γ is a separable ^-algebra.

From Proposition 4 and the above proof we have

Corollary 6. Let A be an R-algebra satisfying the same assumption
(#) except "A is a separable C-algebra". If A is a finitely generated
projective R-module and Δ(A, G) is a (central} separable R-algebra, then Γ
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is also a (central] separable R-algebra.

4. Galois theory

In this section we shall consider a ring A satisfying the assumption

(#) in § 3.

Lemma 5. Let A be a ring satisfying the assumption (#) in §3.
Then Δ(A, G) and Γ are central separable R-algebra, where Γ is the fixed
subring of A under G.

Proof. From Theorem 4 and Corollary 5, Δ(A, G)) and Γ are separable
R-algebra, and by Proposition 3 A is a Galois extension of Γ relative to
G. By Proposition 4 the center of Δ(A, G) coinsides with the center of
Γ. We shall show that the center of Δ(A, G) in R. We denote by S the
center of Γ (-the center of Δ(A,G)). We have R={c£ C\σ(c) = c for all
σ-GG}-CΠ{λeA|τ(λ)-λ for all σ G G } - C f l Γ . Since the center of Γ is
contained in the center of A, we have SczCΠΓ = R. On the other hand
R is contained in the center of Δ, we have R=S.

Proposition 5. Let C be a commutative ring, and let C be a Galois
extension of R relative to G. If S is an intermedate ring between C and
R such that C is a Galois extension of S relative to a subgroup H of G,
then S is a separable R-algebra.

Proof. Since C is a Galois extension of R, C is a separable R-
algebra, therefore C is a project!ve C®^C-module, and C is a finitely
generated projective S-module since C is a Galois extension of S. It
follows that C®RC is a projective S®^S-module ([3], IX Proposition
2. 3), and S is a direct summand of C as two sided S-module, therefore
S is a separable /^-algebra.

Proposition 6. Let C be a commutative integral domain, and let C
be a Galois extension of R relative to G. If S is an intermediate ring
betweeen C and R such that S is a separable R-algebra, then C is a Galois
extension of S relative to a subgroup H of G where H={σ^G\σ(x) = x
for all xeS}, and C is a separable S-algebra.

Proof. Since C is a finitely generated projective J?-module and S
is a separable 7?-algebra, from Lemma 2 C is a finitely generated pro-
jective S-module. We set T=Homs(C, C). From Proposition A. 2 and
A. 3 in [2] we have Homτ(C, C) = S. Since Hom^(C, C)s Δ(C,G) = ΣC«σ,

σ"ζ#

T= ΐ/Hom/?(c,c)(S)= VMCtω(S). Now we shall show that FΔCC G)(S) is a crossed
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product Δ(C, #) = Σ Cur of C and H where H= {σ eG\σ(x} = x for all x e S}.
T£rf

If Σ#Λ is an arbitrary element in VΔcc,G>CS), then we have aσ σ(x) = aσ x
σ

for all x€S and reG. Since C is an integral domain, for every x in
S, 0σ(σ (#) — x) = Q implies aσ=Q or # = cr(#). Therefore, if σ is not con-
tained in H then aσ = Q. Consequently, ^aσvσ is contained in ^Cur=σ Tζ/f

Δ(C,#). Since Δ(C, #)dFΔCCiG>(S) = T, we have T=Δ(C#). Since
S-Homτ(C, C), S is the fixed subring of C under if. By Theorem 3 C
is a Galois extension of S relative to H, and by Corollary A. 5 in [1] C
is a separable S-algebra.

Lemma 6. Let C be a commutative ring, M a projective C-module,
and m a non zero elemen in M. If cm = 0 for an element c in C, then
there exists a non zero element c' in C such that c c'=Q and c' is in-
dependent of c.

Proof. If M is a projective C-module then it can be imbedded in a
r

free C-module F=ΣΦC^ . Then we have m = ̂ Σίcivi for mφO in M.
i f=l

If cm = ̂ ΣιCcivi = G then we have cc, = 0 where Ci is independent of c.

Theorem 5. Let A. be a central separable algebra over a commutative
ring C, and let G be a finite group of automorphisms of A. such that G
induce the group of automorphisms of C isomorphic to G and for the fixed
subring R of C under G C is a Galois extension of R relative to G. Then
we have

1) // Γ is the fixed subring of Λ under G then Λ is a galois exten-
sion of Γ and Γ is a central separable algebra over R,

2) Γ is a direct summand of Λ as Γ-two sided module,
3) for an arbitrary subgroup H of G, the fixed subring Ω, of Λ under

H is a separable R-subalgebra of Λ containing Γ, and Λ is a Galois ex-
tension of Ω, relative to H.

Furthermore if we suppose that C is an integral domain, then we have
4) if Ω, is an arbitrary intermediate ring between Λ and Γ such that

Ω is a separable R-algebra, then Λ is a Galois extension of Ω, relative to
H where H={σ£G\σ(x) = x for all x£Ω}.

Proof. 1). We have proved it above, but we may prove it also as
follows. By Lemma 5 Δ = Δ(Λ,G) is a central separable ^-algebra and
Δ0=Δ(C, G) is so. From Theorem 2 the commutor ring FΔ(Δ0) of a
separable #-subalgebra Δ0 in a central separable tf-algebra Δ is a
separable 7?-algebra. On the other hand we have FΔ(Δ0) = Γ. Because,
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if Σ\r^σ is an arbitrary element in FΔ(Δ0), then ^'\,σxuσ=^Σί\(Γ σ(x)uσσ σ σ

for all JtreC, therefore \σ(x — σ(x)) = Q for all xeC. Since A is a pro-
jective C-module, if λσΦθ then by Lemma 6 there exists a non zero
element c in C such that c(x — <r(#)) = 0 for all # in C. If σ=φ=l, then wσ

and 1 are linearly independent over C in Δ(C, G), therefore in Hom# (C, C),
σ and 1 are so. It follows that λσ=0 for σφl. Thus we have FΔ(Δ)dA.
Therefore we have that FΔ(Δ0) is the fixed subring Γ of A under G.
Since the center of Δ(A, G) is R, by Proposition 4 Γ is a central separable
7?-algebra, and Vr

Δ(Γ) = Δ0 from Theorem 2.
2). Since FΔ(Δ0) = Γ and Δ0 is a central separable J?-subalgebra of

Δ, we have Δ = Δ0 Γ^Δ 0®ΛΓ from Corollary 3. Since C is a finitely
generated projective ^-module, R is a direct summand of C as J?-module,
and R is a direct summand of Δ0=Δ(C, G) as J?-module. Therefore
Γ=R®RΓ is a direct summand of Δ^Δ0®^Γ as two sided Γ-module.
Since Δn>A:z)Γ we have that Γ is a direct summand of A as two sided
Γ-module.

3). From Theorem 3 A is a Galois extension of Ω relative to H.
We denote by S the fixed subring of C under H. Then C is a Galois
extension of S relative to H, and from 1) Ω, is a central separable S-
algebra. Since S is a separable /?-algebra by Proposition 5, Ω is a
separable ί?-algebra by Theorem 2. 3 in [1].

4). We suppose that Ω is an intermediate separable J?-algebra be-
tween A and Γ. Since Δ = Δ(A, G) is a central separable ί?-algebra and
12 is a separable ,ί?-subalgebra of Δ. We have VΔ(FΔ(Ω)) = f2, and FΔ(ί2) is a
separable ^-algebra. On the other hand FΔ(A) = C and FΔ(Γ) = Δ0=Δ(C, G).
Set T=VΔ(Ω), so that J?czCczTc:Δ0. Since Δ0 is a central separable
j?-algebra and T is a separable jR-subalgebra of Δ0, FΔo(T) is a separa-
ble 7?-algebra and FΔo(FΔo(T)) = T. We set S=7Δo(T). We have
yΔo(C) = C, Vr

Δo(Δ0) = /?, and RiDS^DC. Since C is a Galois extension of
R relative to G, by Proposition 6 C is a Galois extension of S relative to H
where H= {σ G G | <r((x) = x for all x e S}. Therefore Δ(C, H) ̂  Homs(C, C).
Regarding Δ(C, H) = Homs(C, C), we have T= FΔo(S) = FHom^CC)C)(S) -
Homs(C, C) = Δ(C, H\ and VΔ(ί2)= Γ=Δ(C, H}. Since Ω- VΔ(T), O is the
fixed subring of A under H. Therefore, from Theorem 3 we have that
A is the Galois extension of Ω relative to a subgroup H of G.

OSAKA GAKUGEI DAIGAKU
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