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K-THEORY OF CONTINUOUS FIELDS OF QUANTUM TORI

TAKAHIRO SUDO

ABSTRACT. In this paper we study K-theory of continuous fields of quantum tori.
For this purpose we review and compute K-theory of C*-algebras of continuous
functions on the tori and that of the quantum (or noncomrmutative) tori by obtaining
the formulas for counting generators of their K-groups.

0. INTRODUCTION
Our first motivation for this study is the following:

Problem. Let I'(X, {%;}iex) be the C*-algebra of a continuous filed on a locally
compact Hausdorff space X with the fibers A;. Then how does one compute its
K-groups in terms of the base space X and the fibers A; 2

See Fell [F| and Dixmier [Dx] for the theory of continuous fields of C*-algebras.
As a step toward solving the problem, we focus our attention to the case where
X = T" the tori and A; = 2 the quantum (or noncommutative) tori. Fortunately,
the K-groups of the C*-algebras C'(T") of continuous functions on T™ as well as g
are well known. Also, the Bott generator for the Ky-group of C(T?) and the Rieffel
projections for the Ky-group of the quantum 2-tori are well known. However, the
generators of the K-groups of C(T™) and the quantum n-tori for n > 3 seem to
be little well known in the literature. Therefore, in Section 1 we review and study
the K-groups of C(T™) by obtaining the formulas for counting generators given by
the generalized Bott projections. In Section 2 we review and study the K-groups
of Ag by obtaining the formulas for counting generators given by the generalized
Rieffel projections. Using these explicit formulas for counting generators of the
K-groups, in Section 3 we obtain a partial answer to the Problem.

Notation. Let C(X) be the C*-algebra of all continuous complex-valued func-
tions on a compact Hausdorff space X. Let K, () for * = 0, 1 be the K-groups of a
C*-algebra . See [Bl], [RLL], [Wo] for details about the K-theory of C*-algebras.

1. THE C*-ALGEBRAS OF CONTINUOUS FUNCTIONS ON THE TORI

In this section we first briefly recall the K-theory of the C*-algebras of contin-
uous complex-valued functions on the tori.
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Proposition 1.1. Let C(T™) be the C*-algebra of continuous functions on the
n-torus T™. Then

Ko(C(T™) 222", and K, (C(T")) =~2z2"".

Proof. This fact is well known. For convenience, we follow the proof as given in
[Wo]. Note that C(T") = C(T,C(T""!)) the C*-algebra of continuous C(T™~1)-
valued functions on T. Then the following short exact sequence:

0 = Co(R,C(T""1)) = C(T, C(T" 1)) = C(T" ') = 0

is obtained and actually splitting, where the closed ideal Co(R,C(T™1)) is the
C*-algebra of all continuous C(T"~!)-valued functions on R vanishing at infinity.
Therefore, the following short exact sequences for * = 0, 1:

0— K,.(CO(R,C'(T"'l))) - K,.(C(T")) —» K*(C(Tnﬁl)) —0
are gained. Thus, for x =0, 1,

K.(C(T")) = K.(Co(R,C(T"1))) ® K, (C(T™ 1))
= K.+1(C(T"1)) @ K.(C(T*™))

by using the Bott periodicity (n > 2), where Co(R,C(T" 1)) = Cp(R) ® C(T*1)
and * + 1 means * + 1 (mod 1). On the other hand, we have Ko(C(T)) = Z and
K,(C(T)) = Z. By induction the proof is complete. O

Remark. This K-theoretic proof is quite convenient and clear. But a trouble would
be to know generators in the K-groups from those isomorphisms in the statement.

From that reason we give an interpretation of Proposition 1.1 by counting the
generalized Bott generators, which might be known to specialists but would not
be found in the literature, as follows:

Proposition 1.2. Let C(T™) be the C*-algebra of continuous functions on the
n-torus T™. Then forn > 1,

Koc(T*) 2z ez g...0z6G)

2. /2
with 22"—1=Z(2:>, and
k=0
n+1)

Ko(C(T?"*1)) = Z(znoﬂ) D Z(2"2+1) D Z(22n

2 (2n+1
. 2n __
with 2" = E ( ok ),

k=0
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where the combinations (32), (2221) correspond to choosing the generalized Bott

generators [Qr] of Ko(C(T?*)) defined in the proof below. Also, for n > 1,

Ky =zt ez e ... 0 z6")

with 22771 = "Z_:l 2n and
o 2k+1)°

k=0
2n+1)

Kl (C(T2n+1)) o Z(2n1+1) @ Z(2n3+1) R Z(2n+1

e (2n+1
. 2n __
with 2°" = E (2k+1)’

k=0

where the combinations (2,311), (gz_ﬁ) correspond to choosing both unitary gener-

ators of tensor factors C(T) in C(T?") & @2"C(T) (or C(T?*+1) = @2"+1(C(T))
and the generalized Bott generators of Ko(C(T?*)), that is, the classes [u], [Vi]
defined below.

Proof. Following the description of the Bott generator for Ko(C(T?)) in the refer-
ence [AP], we define

K(z) = (S g) € M3(C)

for z € T, and set S = K(1). Furthermore define unitaries

Y (t,2) = exp(intK(z)/2) exp(intS/2) € M2(C)

z 0
Y(1,2) = - (0 2)
since exp(imV/2) = iV for a self-adjoint unitary V in general. Define the function
P on T? by

for t € [0,1]. Then

P(e2™, 2) = Y (8, 2)* ((1) 8) Y(t, 2)

= Ad(U(w, 2))(1 & 0) € M2(C),
where U(w, z) = Y (t, 2)* for w = €2 € T, and @ means the diagonal sum. The

class [P] of P is the Bott generator for Ko(C(T?)).
Generalizing the above method, we define the function Qg on T?* by

Qk(zh:ziQ"“ ’zizk): .
Ad(Ul (27;1 ’ Z,;2))Ad(U2 (zia 7'zi4)) e Ad‘(Uk(z'izk—1 ’ zizk))(l ® O) € M2(C)

for 1 < 41 < i3 < -+ < Qgk—1 < igx < 2n (or 2n + 1) corresponding to (g;:
(or 2’.:,',:1)), where U;(-,-) = U(-,*) (j > 1) means the unitary-valued function
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defined above. Since @ are projection-valued functions, their classes [Qr] become
generators for Ko(C(T?")) (or Ko(C(T?"*1)). If the finite sequences (i; < iy <

< gy < i2k) and (]1 < g2 < e < g1 < 7:2l) for either kK = [ or k # 1
are different, then their corresponding functions Q, @; are inequivalent in matrix
algebras over C(T?") (or C(T?"*1)). Moreover, all the functions Qj are mutually
inequivalent. In fact, since Q, @, are regarded as functions on T2" (or T?"+1),
there exists a direct product factor T of T?" (or T2"*!) such that Qj is constant
on the factor T but () is non constant (or vice versa). Thus, if Qk, Q; are (stably)
unitarily equivalent, then we have the contradiction. Since all the functions Qg
have different components of variables on which their restrictions are constant,
they are mutually inequivalent. By construction, J; corresponds to en element of

(5%) (or (*341)), and the unit function on T?" (or T?"*!) corresponds to (**) (or

).

Furthermore, recall the following binary expansion:

1+z)™ = (Tg) + (T)x++ (Z)xm

Set m = 2n (or 2n + 1). Taking z = 1 and z = —1, adding both evaluated terms,
and factoring by 2 imply the (counting) formulas in the first part of the statement.
Subtracting the terms we obtain the (counting) formulas in the latter part.

As for the K;-group case, recall that K;(C(T)) is generated by the class of
the generating unitary of C'(T), that is, the function 2(¢) = ¢ for t € T. Also,
K1(C(T?)) = Z? is generated by the classes of two generating unitaries z; ®1, 1® 2,
of C(T?) = C(T) ® C(T), where z;(t) = z(t) for z € T and j = 1,2. Furthermore,
it is known (cf. [W], Lemma 3.3]) that K;(C(T3)) = Z* is generated by the classes
of three generating unitaries u; = z1, us = 22, ug = z3 of C(T®) = ®3C(T) and
the class of the following function:

Iy + (u3 — 1) ® P13 € My(C(T3))

where I, is the 2 x 2 identity matrix and P2 is the Bott projection corresponding
to the first two variables of T3, where uz — 1 € C(T).
Generalizing the method above, we define the functions on T2k+1;

Vie = I + (ul - 1) ® Qk S Mz(C(T2k+1))

where @y are the generalized Bott projections corresponding to (1 < i3 < i3 <
-+ < igx < 5), and u; is a generating unitary of a tensor factor C(T) in C(T*) =
®*C(T) (s = 2n or 2n + 1) where | # i; for 1 < j < 2k. Thus, the pairs (u;, Qx)
correspond to the combination (.’ ,). Then the classes [u],[Vk] of w;, Vj for

1 <1< sand (y°,) (38 <2k+1 < s) are mutually distinct in K;(C(T*)). In fact,
by definition the classes [w],[Vx] are homotopy classes of wu;, Vi in the unitary
groups of matrix algebras over C(T) respectively. Since homotopy classes of u;
and Qj are mutually different, the claim follows. Moreover, the classes [u;], [Vi]

exhaust generators of K;(C(T*)) by the counting formulas above. O



2. THE QUANTUM TORI

In this section we first briefly recall the K-theory of the quantum tori, which
are also called the noncommutative tori.

Proposition 2.1. Let g, be the quantum n-torus generated by unitaries {U; };-‘___1

subject to the commutation relations: UyU; = ezwwikUjUk forl <k, 57 <n and
O, = (&) an n x n skew adjoint matriz. Then

Ko(%e,) =7, and K,(%e, )=7>"".

Proof. Note that g, is decomposed into a successive crossed product by Z as

follows:
Ao, 2 (- (C(T) Xay Z) Xy Z+-+) Nq,, Z,

where o; (2 < j < n) are actions of Z defined by a](l) = Ad(Uj) for 1 € Z on

2Ao,_, the quantum (j — 1)-torus generated by {Ux};_;. Thus, use the Pimsner-
Voiculesce exact sequence for K-theory of crossed products of C*-algebras by Z
inductively. 0O

n

Remark. A trouble would be to know generators in K-groups from the isomor-
phisms above. Thus, we would like to give an interpretation of Proposition 2.1 by
counting the generalized Rieffel projections in the following.

Let 2o, denote the quantum n-torus defined above. We say that 2g, is irra-
tional if any canonical quantum I-tori Ae, (2 <1 < n —1) in A, generated by
some Uj,, Uj,, -+ ,U; with 1 < j1 < j2 <--- < j; < n is non-rational, where g,
is rational if corresponding components 6, in ©; are all rational. Note that there
are (%) quantum I-tori of the form g, in e, for 2 <1 < n—1, where ('}) means

the combination.

Proposition 2.2. Let Ao, be the quantum n-torus generated by unitaries {U;}7_,
subject to the relations: UxU; = 2™+ U; Uy, (1 < k,j <n). Then forn > 1,

Koo, )22 2(%) g ... ¢ zG)

27+ L+ D Lhijia+ -+ L01z-2n-1,2n
i<j i<j<k<l

2
with 22”_1:E (2:)’ and
k=0
2n+1 2n+1

Ko(m@2n+1) = Z(2n0+1) EB Z( 2 ) EB B @ Z( 2n

2n+1
>7 + Z ngg + Z Zeijkl + -+ Z Z9i1i2'°°i2n—1i2n
i<j i<j<k<l
n
) 2n +1
th 22" =
w1t kZ—O ( 2k >a
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where 0; iy...ip = Z?:l Ele Oijire with 1 <4y <ig < -+ <idgx < 2n (o1 2n+1),
and the combinations @Z) (2752—1) correspond to choosing the generalized Rieffel
projections Ey of Ko(Ue,,) defined in the proof below. Furthermore suppose that

Ao, s irrational as defined above. Then, forn > 1,

K,(Ug,,) = Z(21n) Py Z(zan) P Y- Z(z:il)

n—1
2n
- 22n—1 —
with }: <2k + 1), and
k=0
2n+41

Kl(m92n+1) o Z(2n1+1) @ Z(2"3+1) D---P Z(2n+1 ,
Z.(2n+1
ith  2°7 =
wr Ig (Zk + 1)’

where the combinations (2,311), (g;‘ﬁ) correspond to choosing both unitary genera-

torsU; of Ae,, (ore,.,,,) and the generalized Rieffel projections Ey of Ko(Ae,, ),
that is, unitaries Uy, Vi defined below.

Proof. We first review the case n = 2, that is, Ag, = Uy with 8 = 01, the rotation
algebras. It is well known (cf. [Wo]) that

Ko(Up) = Z+ 76, K\(¥g) =Z+7Z,

where the group Z + Z6 also means an ordered subgroup of the real line R, the
generators of Ko(2y) are the classes of the unit and the Rieffel projection of 2y,
and the generators of K;(%dg) are the classes of two generating unitaries of g.

We next consider the case n = 3. Recall that e, is regarded as the twisted
crossed product C*(Z3,0) of Z3 with o a cocycle. Define C*(Z%,0;;) for 1 <i <
j < 3 to be the twisted crossed products of the canonical subgroups Z2? of Z3
corresponding to pairs U;, U; of the generators in 2g,. Then C*(Z?, o) = Ay,
Thus, we have

Ko(Ql@S) 27+ 76,5 + Z033 + 76,3,

where the generators of K((Ae,) are the classes of the unit of Ae, and the Rieffel
projections e;; of ™p,. with the traces 6;; (1 <4 < j < 3). Recall that the Rieffel
projections e;; of 2y, are given by

U;g(Ui) + f(Us) + g(Us)U;j

where f,g € C(T) satisfying some compatible relations (see [Rf], [Wo)).
Moreover, we have
Kl(mea) = Z3 + Z)

where three generators of K;(2e,) correspond to the generating unitaries U; of
2o, (1 < j < 3), and the forth generator is given by the class of the following
unitary:

1 — ez + e12Usw3e;,



where e2 is the Rieffel projection of Ag,, corresponding to f;2, and w3 is a unitary
of Ap,, such that Uje12Us = wieipws, which is deduced from Rieffel’s cancellation
theorem (see [Rf2, Corollary 7.8 and Proposition 8.2] and [W], Lemma at p.495])
since g,, is an irrational rotation algebra.

Generalizing the method above, we define the generalized Rieffel projections in
2e,, by

Ex = Wig(Ve) + f(Vk) + g(Vi) W,
where Vk = UilUiz T Uik, and Wk = Uik+1Uik+2 s Ui%

for 1 <i; <y <--- <ig, < 2n (or 2n + 1). Note that
WUy = IIE_ (ITE €% k40 ) U, Wi

k k
= exp(27rz' 2 Z gijik+z)Uka'

j=11=1

Set 05,4y 40p = Z’;l E;czl 05;ir+,- Then the class of the unit of YAe,, (or Ae,,,,)
and the classes of Ey, for (37) (or (*2+1)) (1 < k < n) generate Ko(2e,) (s = 2n
or 2n + 1).

Furthermore, we define the following unitaries in %e,, :

Vk,; =1-E,+ EkUlw;‘Ek

where Ey is the generalized Rieffel projection of 2g,, corresponding to the finite
sequence (%1,%2, - ,%2;), and U; is a generating unitary of e, (or e, ,) such
that ! # i; for 1 < j < 2k, and w; is a unitary of ™Ae,, such that Uy ExU; = w] Exw;
by Rieffel’s cancellation theorem ([Rf2, Corollary 7.8 and Proposition 8.2]) since
2e,, is a non-rational noncommutative torus. Then the classes of U; (1 < j < 2n
(or 2n + 1)) and the classes of Vi for (213::1) (or (221‘;)) (1<k<n-1(orn))
generate K;(2e,) (s=2nor2n+1). O

Remark. As an example of rational quantum tori 2Ag_, it is known that the gener-
ators of K;(g ® C(T)) for Ay = A, with 0 irrational correspond to two unitary
generators of 2y, the generating unitary W of C(T), and the unitary defined by

l-e)®1+exW,
where e means the Rieffel projection of 2 with the trace 8 (see [W1, 2.1 for Ag’l]).
Note also that rational quantum tori and their K-theory are reduced to the case

of matrix algebras over C(T¥) for some k (cf. [EL]).

3. CONTINUOUS FIELDS OFvTHE QUANTUM TORI

As an application of the results obtained in the previous sections we have
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Theorem 3.1. Let I'(T™, {Ao: }ierm) be the C*-algebra of a continuous field on
T™ with the fibers Aeoe the quantum n-tori generated by unitaries U; (1 < j < n)
such that their commutation relations at each t = (t1,--- ,t,,) € T™ are given by
UpUj = t1-- tmU;Ux (1 < j < k < n). Then the fibers Ao: are irrational for
irrational points t € T™ = [0,1]™ (mod 1). Suppose that the constant operator
fields: T™ >t — U; (1 < j < n) belong to I'(T™, {Aet }rerm). Then for x = 0,1,

K, (D(T™, {Hey, brerm)) = K. (C(T™)) ® (K. (C*(C(T™), Ur))/ K. (C(T™)))
® (K.(C*(C(T™),Uz))/ K. (C(T™))) & - - -
- @ (KL (CH(C(T™), Un))/ KW (C(T™)))

o~ sz_l o (®?=1(Z2’"/Z2"“1)) o~ Z(n+1)2m_l,

where C*(C(T™),U;) (1 < j < n) mean the C*-algebras generated by C(T™) and
Uj, and in fact C*(C(T™),U;) = C(T™*), and K, (C*(C(T™),U;))/K.(C(T™))
(* = 0,1) mean the quotients by the subgroups corresponding to the K-groups of
C(T™) = I'(T™,{Cli}ier=) in I(T™, {™ot }teTm) with 1; the unit of Ae: for
teT™.

Proof. First note that ['(T™, {”e: }tcTm) is regarded as the C*-algebra generat-
ed by those unitaries U; (1 < j < n) and commuting unitaries Z; (1 < k <
m) such that C(T™) = C*(Zy,---,Zm) the C*-algebra generated by {Zi}7;.
Thus, the first direct summands of those K-groups in the statement correspond to
K*(C*(Zla e )Zm)) (* = 0) 1)

Since the unitaries Zy (1 < k¥ < m) and U; commute, we have

C*(C(T™),U;)) = C(T™*1)
for 1 < 5 < n. Note that we have the following inclusions:
C*(Z1,- -+, Zm) C CT(C(T™),U;)) C I(T™, {Ye: }term)

by the assumption on Uj. Since the K-groups of C*(Zy,: -, Zy,) = C(T™) are
included in those of C*(C(T™),U;)) = C(T™*!), the following mutually disjoint
quotients:

K, (C™(C(T™),U;))/ K« (C(T™))
for x = 0,1 and 1 < j < n are embedded in the K-groups of I'(T™, {2Ae: }tetm ).
Their mutual disjointness follows from the analysis for Proposition 1.2. In fact,
the generalized Bott projections involved with U; are mutually inequivalent for

different j.
Furthermore, we have the following inclusions:

D(T™, {et }eerm) C T(T™, {Yey, }rerm)

for 2 < k < n, where there are (Z)—inclusions for k fixed by choosing k-generators of
Ao: among n-generators of the fibers 2Ag: . Thus, the following mutually disjoint
quotients:

EB(:)K*(F(Tm, {Q[@i }tE’ﬂ'"‘))/ Ga(kil) K, (F(Tm’ {Ql@i_l}te'ﬂ‘m)) '



for * = 0,1 and 1 < k < n are embedded in the K-groups of I'(T™, {™et }rerm).
However, these quotients are all trivial because the fibers are noncommutative tori,
and the generators of their K-groups are given by the generalized Rieffel projections
as in Proposition 2.2, but they are not continuous at the point (1,---,1) € T™
since they are not definable at the point. Note that there are no non-trivial pro-
jections of Aga,...y = C(T"). Therefore, the K-classes of the generalized Rieffel
projections of the fibers do not produce those for I'(T™, {*e: }sc1m). Hence, in
other words, the K-groups of the fibers are not continuous over T™. Note also
that any projection (or unitary) of matrix algebras over I'(T™, {*let }term) does
produce projections (or unitaries) of matrix algebras over the fibers. [

Remark. The structure of continuous fields on T™ is crucial to the K-groups
of the C*-algebras of continuous fields. For example, if the relations UpU; =
t1- - tmU;Uyg are constant, that is, ¢1 - tm = 21+ 2m for (21, -+ , ;) € T™ and
some fixed z = (21, ,zm) € T™, then I'(T™, {et }ter~) = C(T™) ® Ap:z. In
particular, both K-groups in the case where m = 1 and n = 2 are Z4.

Now recall that the discrete Heisenberg group H$ of rank 3 is defined by the
following matrices:

S =
O = Q

C
b € GL3 (Z)
1

Corollary 3.2. Let C*(H$) be the group C*-algebra of HS. Then

Ko(C*(H)) =73, and K,(C*(HY))=Z3.
3 3

Proof. By definition, the group H¢ is isomorphic to the semi-direct product Z2x,Z
with the action o defined by a,(c,b) = (c + ab,b) for a,b,c € Z. Hence, C*(HE)
is isomorphic to the crossed product C*(Z?) x4 Z (cf. [Pd] for crossed products
of C*-algebras). By the Fourier transform, C*(Z?) x, Z = C(T?) x4 Z, where the
action & is defined by &,(z,w) = (z, 2%w) for z,w € T. Moreover, we have

C(T?) x4 Z = T'(T, {¥%s= }ze1),

where 2g- mean the quantum 2-tori for z = e?"*%: € T with 6, € [0,1]. Let
U,Us be two unitary generators of 2Ag- with the commutation relation UU; =
e?79:J, U,. Using Theorem 3.1, we obtain

® K.(C"(C(T),Uz))/K.(C(T))
~ 3K, (C(T)) = Z> for x = 0,1.

Remark. This corollary was first proved by [AP, Proposition 1.4] using the Pimser-
Voiculesce exact sequence. Thus, our proof above is quite different from their result
since our method is based on continuous fields of C*-algebras.
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Furthermore, recall that the generalized discrete Heisenberg group H$, ., of
rank 2n + 1 is defined by the following matrices:

1 a c
0, 1, b | € GLn2(Z),
0o 0, 1

where a = (a;),b = (b;),0, = (0) € Z", ¢ € Z and b*, 0%, are the transposes of b,
0., respectively, and 1,, is the n X n identity matrix. Then we obtain the following:

Theorem 3.3. Let C*(Hg, ) be the group C*-algebra of HY, . . Then

Ko(C*(Hjpn41))

72n+1 72 (3) 9 22 (D g ... @ 227G

022 () 022°G) g Z22"’ Ham™h) n = 2m,
| zzn+1 9 22°(0) @22 ( ... @z ()

223(n) @ 72°(3) BB Zzzm“(g:ﬁ) n=2m+1,
= 727+ ¢ 72°(3) @ 22°C5 )@ 022 ()

= 712D+ (3)++2"(7) = z®", and
K1 (C*(Hg,11))

727+t 72 (G) 922Gl @ .. - @ 22 s
] 027Gl ez e... 022G n = 2m,
") 2t 9270 22 g ... @22 G0N

0z oz?(MNg-. @ Zzzm (2m+1 n=2m+1,

= 72ntl g 72° (%) ) 72 (3) Q- -z ()
_ @) - g

where C*(H, 1) = (T, {e- },er) with the fibers Ag- the quantum 2n-tori iso-
morphic to the tensor product @™ Ay- of the quantum 2-tori Ag- for z = e2™¥- ¢ T,
and the combination (J;) (or (2,:;1)) corresponds to choosing 2k-tensor factors
R%*kAg:. of @™ Ag-, and the power 22* (or 22%+1) corresponds to choosing either the
generalized Bott projections associated with commuting unitaries, each of which is
chosen from two unitaries of each factor Ag- of the 2k-tensor factors (or those
projections and generating unitaries, each of which is chosen from two unitaries
of one factor Ug- of the 2k-tensor factors) in the Ko (or K;)-case, and the combi-
nation (5 ,) (or (5;)) and the power 22¥+1 (or 22%) correspond to the choosings
above and the unitary generator of C(T) for T the base space (respectively).

Proof. By definition, the group H$, +1 1s isomorphic to the semi-direct product
Z™t! xo Z™ with the action o defined by a4(c,b) = (¢ + X}, a;bj,b) for a =
(aj),b= (bj) € Z", c € Z. Hence, C*(HS,,,) = C*(Z™*!) x, Z". By the Fourier

—150—



transform, C*(Z"1) x, Z" = C(T"+!) x4 Z™, where the action & is defined by
Go(z, w) = (2, (2% wj)) for z € Z and w = (w;) € T"™. Moreover, we have

C(TTL+1) X g AR I‘(’]I" {Q[@z }ze'ﬂ‘)>

where 2g: = C(T™) %= Z™ mean the quantum 2n-tori for z = 2% € T with
8, € [0,1] and ©% = (ij)?-";’c:l with 8; j4n = 0, (1 < j < n) and ;3 = 0 otherwise,
where &% is the restriction of & to {2} x T™ in T"*!. Note that Ag: = " Ay-
the tensor product of n copies of the quantum 2-torus Ag-. Let {U;}22; be 2n
unitary generators of Ag- with the commutation relation UjynU; = €>™%:U;Uj 1y,
for 1 < j < n. By using Theorem 3.1 (in part), K.(I'(T, {2- }.eT)) contains

K.(C(T)) ® K.(C*(C(T),U1))/ K. (C(T))
® K.(C*(C(T),Up))/K.(C(T))® - -
- ® K, (C™(C(T), Uzn)) / Ku (C(T))

o @2n+1K* (C(T)) o, Z2n+1

for x = 0,1. Since the fibers 2g- are non-irrational, we need to further consider
commuting unitaries among the generators of Ag- and C(T) for T the base space
and the generalized Bott generators associated with them. However, this can
be done as stated above and done in Proposition 1.2. Furthermore, we use the
following binary expansion:

(1+2r)"* =1+ (71") 2z + (Z) (2z)? +o (Z) (2z)™.

Take £ = 1. Then

314+ ("2 ()22 4 (™). O
1 2 n

Remark. This theorem could be obtained by using the Pimsner-Voiculesce’s six-
term exact sequence for K-groups of crossed products of C*-algebras by Z (cf.
[Bl], [Wo]) repeatedly. However, chasing the maps on the K-groups involved in
the six-term exact sequences of K-groups associated with the successive crossed
products by Z such as C(T" 1) x4 Z" = (- - (C(T" )X Z)XZ - - - ) X Z is somewhat
complicated in general. Thus, our computing method above seems to be better in
those cases.

Remark. Moreover, it is shown by [LP] that the (twisted) group C*-algebras
of (certain) two-step nilpotent discrete groups including the generalized discrete
Heisenberg groups of Theorem 3.3 are decomposed into continuous fields of C*-
algebras on the duals of their centers with fibers isomorphic to matrix algebras over
the quantum tori. Since K-groups are stable under taking tensor products with
matrix algebras over C, K-groups of (most of) those (twisted) group C*-algebras
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in that case can be computed by Theorem 3.1. See also [PR] for K-theory of twist-
ed group C*-algebras, for which it is shown to be the same as that of (untwisted)
group C*-algebras in many cases. Note that their formulations are quite different
from our direct ones.

Remark. As the final remark our method (of Theorems 3.1 and 3.3) seems to
be giving a general principle for solving the Problem in the introduction, that
is, if we once know projections and unitaries of the fibers generating their K-
groups, and their continuity (or discontinuity) over the base spaces, then one can
(almost) determine the classes of the K-groups of the C*-algebras I'( X, {2 }sc x ) of
continuous fields. However, in general, it is hard to know projections and unitaries
of the fibers (or general C*-algebras), and also hard to know their continuity (or
discontinuity).

Acknowledgement. The author would like to thank the referee for making some
kind and appropriate corrections.
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