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Tame Topology over dp-Minimal Structures
Pierre Simon and Erik Walsberg

Abstract In this article, we develop tame topology over dp-minimal struc-
tures equipped with definable uniformities satisfying certain assumptions. Our
assumptions are enough to ensure that definable sets are tame: there is a good
notion of dimension on definable sets, definable functions are almost everywhere
continuous, and definable sets are finite unions of graphs of definable continu-
ous “multivalued functions.” This generalizes known statements about weakly
o-minimal, C-minimal, and P-minimal theories.

This article is a contribution to the study of generalizations and variations of o-
minimality. O-minimality is a model-theoretic notion of tame geometry. Over an
o-minimal structure, definable functions are piecewise continuous and there is a well-
behaved notion of dimension for definable sets. Conditions similar to o-minimality
have been investigated, such as weak o-minimality and C-minimality, which imply
analogous—though weaker—tameness properties. More recently, it was observed
in the ordered case that a purely combinatorial condition, dp-minimality, is enough
to imply such properties. The theory of dp-minimal ordered structures can be seen
as a generalization of the theory of weakly o-minimal structures (see Goodrick [4],
Simon [8]). The present article continues this line of work as our results hold over
dp-minimal expansions of divisible ordered abelian groups.

We use a framework which includes both dp-minimal expansions of divisible
ordered abelian groups and dp-minimal expansions of valued fields. We work with
a dp-minimal structure M equipped with a definable uniform structure. We assume
that M does not have any isolated points and that every infinite definable subset of
M has nonempty interior. It follows from the work of Simon [8] that these assump-
tions hold for a dp-minimal expansion of a divisible ordered abelian group. It follows
from the work of Johnson [6] that our assumptions hold for a nonstrongly minimal

Received November 1, 2015; accepted November 15, 2016

First published online January 16, 2019

2010 Mathematics Subject Classification: 03C68

Keywords: dp-minimal, o-minimal, C-minimal, tame topology

© 2019 by University of Notre Dame ~ 10.1215/00294527-2018-0019

61


http://www.nd.edu/~ndjfl/
http://www.ams.org/mathscinet/msc/msc2010.html
http://www.nd.edu
https://doi.org/10.1215/00294527-2018-0019

62 Simon and Walsberg

dp-minimal expansions of fields, in particular for a dp-minimal expansion of a valued
field. Our main results are as follows.

(1) Naive topological dimension, acl-dimension, and dp-rank all agree on defin-
able sets and are definable in families.

(2) A definable function is continuous outside of a set of smaller dimension.

(3) Definable sets are finite unions of graphs of continuous definable correspon-
dences U = M!, and U € M¥* is an open set.

(4) The dimension of the frontier of a definable set is strictly less than the dimen-
sion of the set.

A correspondence is a continuous “multivalued function”; this is made precise below.
The third bullet is as close as we can get to cell decomposition. Note that we
do not say anything about definable open sets. Cubides-Kovacsics, Darniere, and
Leenknegt [1] recently showed that (2)—(4) above hold for P-minimal expansions of
fields. Dolich, Goodrick, and Lippel [2] showed that P-minimal structures are dp-
minimal, so our work yields another proof of (2)—(4) for P-minimal structures. It
follows from Proposition 4.3 below that (4) above holds for expansions of ordered
groups with weakly o-minimal theory, which appears to be novel. Eleftheriou, Has-
son, and Keren [3, Lemma 4.20] have recently shown that (4) holds for nonvalua-
tional weakly o-minimal expansions of ordered groups. Proposition 4.3 generalizes
this as nonvaluational weakly o-minimal expansions of ordered groups have weakly
o-minimal theory by Macpherson, Marker, and Steinhorn [7, Theorem 6.7].

1 Conventions and Assumptions

Throughout, 7' is a complete NIP theory in a multisorted language L with a
distinguished home sort and M is an |LT|-saturated model of T with home
sort M. Throughout, “definable” without modification means “/M-definable,
possibly with parameters.” A definable set A has dp-rank greater than n if, for
0 < i < n, there are formulas ¢; (x, y) and infinite sets B; € M such that for any
(bo,...,by) € By X -+ x By, there is an a € A such that

[M |=¢,~(a,y)] <« [y=b;] forallO0<i <mn,ye B;.

The theory T is dp-minimal with respect to the home sort if M has dp-rank 1. We
assume throughout that M is dp-minimal. (See Simon [10, Chapter 4] for more about
dp-ranks.)

We assume that M is equipped with a definable uniform structure. We first recall
the classical notion of a uniform structure on the set M. We let A € M? be the set
of (x,y) such that x = y. Given U,V C M?2, we declare that

UoV:={(x,z) e M*>:(3y € M)(x.y) € U,(y,z) € V}.
A basis for a uniform structure on M is a collection B of subsets of M? satisfying
the following:

(1) the intersection of the elements of B is equal to A,

(2) if U € Band (x,y) € U, then (y,x) € U;

3) forallU,V € Bthereisa W € 8 suchthat W CU NV,
(4) forallU € BthereisaV € Bsuchthat VoV CU.

The uniform structure on M generated by B is
B:={UcCM?*:3Veld)V U}
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Elements of B are called entourages and elements of B are called basic entourages.
Given U € 8B and x € M, we declare that

Ulx] :=={y:(x.y) e U}.

We say that U[x] is a ball with center x. We put a topology on M by declaring
that a subset A € M is open if, for every x € A, there is a U € B such that
Ulx] € A. Assumption (1) above ensures that this topology is Hausdorff. The
collection {U[x] : U € B} forms a neighborhood basis at x for each x € M.
Abusing terminology, we say that B is a definable uniform structure if there is a
formula ¢(x, y, Z) such that

B ={pM?¢)|ce D}

for some definable set D. We assume throughout that M is equipped with a definable
uniform structure B. On each M¥, we put the product uniform structure generated by
{Up x---x Uy : Ui € BY or, equivalently (because of axiom (1)), by {U¥ : U € B}.
Given x = (x1,...,Xxx) € M¥ and U € B, we declare that

Ulx] = {(y1,.... %) - (Vi) (xi, yi) € U} € MF,
We give the main examples of definable uniform structures:

(1) Suppose that I is an M-definable ordered abelian group and that d is a defin-
able I'-valued metric on M. We then take B to be the collection of sets of
the form

{(x,y) eM?:d(x,y) < t} fort eI

The typical case is when I' = M and d(x,y) = |x — y]|.

(2) Suppose that I" is a definable linear order with minimal element and that d is
a definable I"-valued ultrametric on M. Then we can put a definable uniform
structure on M in the same way as above. The usual case is when M is a
valued field.

(3) Suppose that M expands a group. Let D be a definable set, and suppose
that {U; : Z € D} is a definable family of subsets of M which forms a
neighborhood basis at the identity for the topology on M under which M is
a topological group. Then the sets

{(x,y) eM?:xlye Uz} forz e D
form a definable uniform structure on M.

We assume that M satisfies two topological conditions:

(1) M does not have any isolated points;
(2) (Inf): every infinite definable subset of M has nonempty interior.

The first assumption rules out the trivial discrete uniformity. The second is known for
certain dp-minimal structures. In [8], (Inf) was proved for dp-minimal expansions
of divisible ordered abelian groups. This was generalized in Jahnke, Simon, and
Walsberg [5, Proposition 3.6], where (Inf) was proved under the assumption that
M admits a definable group structure under which M is a topological group and
such that for every entourage U and integer n there is an entourage V' such that
My € V[0O))(3x € U[0])(n - y = x). It follows directly from the work of Johnson
[6] that our assumptions hold for any dp-minimal expansion of a field which is not
strongly minimal.
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Proposition 1.1 Let F be a dp-minimal expansion of a field which is not strongly
minimal. Then F admits a definable uniform structure without isolated points, and
every infinite definable subset of F has nonempty interior with respect to this uniform
structure.

Proof It is proved in [6] that F' admits a definable topology under which F is a
nondiscrete topological field. It follows that ' admits a definable uniform structure
without isolated points. It is also proved in [6] that any infinite definable subset of F
has nonempty interior with respect to this topology. O

We finally recall some general notions. Given sets A, B, and C C A x B, we let
Cp = {a € A:(a,b)e C} for any b € B.

We say that a family of sets {4; : i € I} is directed if, for every i, j € I, there
isak e I suchthat 4; U A; € Ag. Given a subset A of a topological space, we
let cl(A) be the closure of A, and we let Int(A) be the interior of A. The frontier
of A is d(A) = cl(A) \ A. An accumulation point of A is a point p such that every
neighborhood of p contains a point in A other than p. The set A4 is discrete if it has no
accumulation points. The set A is locally closed if every p € A has a neighborhood
U such that U N A is closed in U. A subset of a topological space is locally closed
if and only if it is the intersection of a closed set and an open set.

Lemma 1.2 A definable locally closed set is the intersection of a definable closed
set and a definable open set.

Proof  Suppose that A4 is locally closed. Forevery p € Athereisa U € B such that
U[p]N Aisclosedin U|[p]. Note that this is equivalent to U[p] N A = U[p] Ncl(A).
Let V' be the union of all U[p] such that p € Aand U[p]N A = U[p] Ncl(A). Then
V Ncl(A) = A and A lies in the interior of V. Let W be the interior of V. Then W
is open, definable, and W N cl(A) = A, as required. O

Throughout this article, C is a small set of parameters and A is a C -definable subset

of M¥.

2 Dimension

In this section, we develop a theory of dimension for definable subsets of M*. We
begin by noting that (Inf) implies that M eliminates 3°°.

Lemma 2.1 If D is definable and {Ax : x € D} is a definable family of subsets
of M, then there is an n such that if |Ax| > n, then Ay is infinite for all x € D.

Proof A definable subset of M is discrete if and only if it is finite. Therefore, the
set of x € D such that Ay is finite is definable. The lemma follows by saturation. []

There are several natural notions of dimension on definable subsets of M*. The
naive topological dimension of a definable set A is the maximal / for which there is
a coordinate projection 7 : M¥ — M such that 7 (A) has nonempty interior. The
acl-dimension, dim(@/C), of a tuple @ € M* over the base C is the minimal / such
that there is a subtuple @’ C a of length [ such that @ € acl(Ca’). The acl-dimension
of A is defined to be

dim(A) := max{dim(a/C) : a € A}.
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We can replace C with any base that defines A, so this notion of dimension does not
depend on C (if, say, a ¢ acl(Ca’) for a’ is a subtuple of @ and C C Cy, then we
can find @; =c¢4 a such that a; ¢ acl(Cya’)). It is easy to see that acl-dimension
is subadditive. If acl satisfies exchange, then by [9, Proposition 3.2], acl-dimension
coincides with dp-rank. In this section, we prove Proposition 2.4, which states that
naive topological dimension, acl-dimension, and dp-rank coincide on definable sets.

Lemma 2.2 If the naive dimension, acl-dimension, or dp-rank of A is equal to k,
then A has nonempty interior.

Proof It is clear from the definition of naive dimension that if the naive dimension
of A equals k, then A has nonempty interior. We show that if dim(4) = k, then
A has nonempty interior. Our proof also shows that if dp-tk(4) = k, then A has
nonempty interior. We only use four properties of acl-dimension which hold as well
for dp-rank. We first collect these properties. Let D, E € M I+k pe definable, and
let 7 : M'*k — M! be the projection onto the first / coordinates. Then:

(1) dim(D) = 0if and only if D is finite, and dim(M) = 1;

(2) dim(D U E) = max{dim(D), dim(E)};

(3) dim is subadditive:

dim(D) < dim[n(D)] + max{dim(Db) b e Mk}.

(See, e.g., [10, Chapter 4] for proofs that these properties hold for dp-rank.) We
prove the proposition by applying induction to k. If k = 1, then (1) and (2) above
imply that dim(A) = 1 if and only if A is infinite, and (Inf) implies that A is infinite
if and only if A has nonempty interior. This establishes the base case.

Suppose that k > 2 and that dim(A) = k. The inductive hypothesis implies,
for all b € M, that dim(Ap) = k — 1 if and only if A, has nonempty interior in
M*=1 Let B € M x M*~1 be the set of (b, @) € A such that @ ¢ Int(A4p). Then
dim(Bp) < k — 2 for every b € M. Subadditivity shows that dim(B) < k — 1,
so by (2) we have dim(A4 \ B) = k. It suffices to show that A \ B has interior
in M*. After replacing A with A \ B, we suppose that A is an open subset of
M* Y forallb € M. Letw : A — M¥*~! be the projection onto the last k — 1
coordinates. If 71 (¢) is finite for all ¢ € M*~1, then subadditivity would imply
that dim(4) < k — 1. Therefore, we fix a ¢ € M*~! such that 7~ (¢) is infinite,
and we let Q C M be the set of b such that (b,¢) € A. Forall b € Q there is a
U € B suchthat {b} x U[c] € A. Given U € B, we let Py € Q be the set of b
suchthat {b} xU[c] CA. HfU,V, W e Band W C U NV, then Py U Py C Py.
Thus {Py : U € B} is a directed definable family of subsets of Q. It follows that
for every n there is a U € B such that |Py| > n. As M eliminates 3°, there is a
U € B such that Py is infinite. Fix such a U. As Py has nonempty interior, there
isanopen V C Py. Then V x U C A. Thus A has nonempty interior. O

The next lemma gives a converse to Lemma 2.2.

Lemma 2.3 The following are equivalent:
(1) A has dp-rank k;
(2) there are sequences of pairwise distinct singletons I} = (af 11 < w) for
| <k suchthat Ig x ---x I;,_1 C A;
(3) there are mutually C-indiscernible sequences of pairwise distinct singletons
I = (all» i <w), | <k, suchthat Iy X -+ x [_1 C A;
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(4) A has nonempty interior;
(5) dim(A) = k.

Proof Lemma 2.2 shows that both (1) and (5) imply (4). If A has nonempty inte-
rior, then there are definable open Uy, . .., Ux—1 € M suchthat Uy x---xUg_; C A4,
and it easily follows that (4) implies (3). It is obvious that (3) implies (2) and easy
to see that (2) implies (5). It remains to show that (2) implies (1). If there are
sequences as in (2), then we obtain an inp-pattern of size k by considering the for-
mulas ¢; (x; af) =(x = af). Therefore, (2) implies (1). O

Now we can prove the following.
Proposition 2.4 The acl-dimension, naive dimension, and dp-rank of A coincide.

In the following proof, we apply the fact that coordinate projections do not increase
acl-dimension or dp-rank.

Proof = We prove the proposition by showing that the following are equivalent for
all n:

(1) the naive dimension of A is at least n;

(2) dim(4) = n;

(3) dp-rk(A4) > n.
If 7 : MK — M™" is a coordinate projection such that 7(A4) has nonempty interior,
then Lemma 2.3 implies that dim w(A4) = dp-rkz(4) = n, so dim(A4A) > n and
dp-rk(A) > n. Thus (1) implies both (2) and (3). Suppose that dim(A) > n. There
is a coordinate projection 7 : M*¥ — M™ such that dim((A4)) = n. Lemma 2.2
implies that 7w (A) has nonempty interior, so the naive dimension of A is at least n.
Thus (2) implies (1). Suppose that dp-rk(4) > n. By [9, Corollary 3.5], there is
a coordinate projection 7 : M* — M™ such that dp-rk 7(4) = n. Lemma 2.2
implies that 7 (A) has nonempty interior, so the naive dimension of A is at least n.
Thus (3) implies (2). O

The following corollary was proved in a more general setting (see [9]). We include
the easy topological proof that works in this setting.

Corollary 2.5 Let {Dy : x € M'} be a definable family of subsets of M*. Then
for any d < k, the set of parameters x € M' for which dim(Dy) = d is definable.

Proof  The naive topological dimension is definable in families: dim(Dy) > d just
if there is a coordinate projection of D, to some M¢ with nonempty interior. O

We say that a definable B C A is almost all of A if dim(4 \ B) < dim(4). We
say that a property holds almost everywhere on A if it holds on a definable subset of
A which is almost all of A. If A is open and A \ B has empty interior in A, then it
follows from Lemma 2.2 that B is almost all of A.

Lemma 2.6 Suppose that A is open. Suppose that B C A is definable and dense
in A. Then the interior of B is dense in A and B is almost all of A.

Proof It suffices to show that the interior of B is dense in A. We fix a definable
open V' C A and show that B has nonempty interior in V. We only consider the case
V' = A; the general case follows in the same way. It thus suffices to show that B has
nonempty interior. Fori < k, let V; € M be nonempty open definable sets such that
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Vix---xVy € A. Foreachi < k, we fix some countably infinite /; € V;. Applying
saturation, we take W € B such that, for each i, the neighborhoods Wlal, a € I;
are pairwise disjoint. Then for any choice of a = (a1, ...,ax) € I; X -+ x I, there
isay € BN W]al; that is, there is a (y1,..., yx) € B such that y; € W]a;] holds
for every i. Fori < k, let ¢; (x, y) be given by x € W|y;], where x ranges over M
and y = (y1,..., yx) ranges over B. For every (ay,...,ax) € I; x --- x I, there
isa y € B such that foreachi < k and b € I;, ¢; (b, y) holds if and only if b = q;.
Thus the formulas ¢; (x, y) witness dp-rk(B) = k. Lemma 2.3 shows that B has
nonempty interior. O

The following corollary will prove useful.

Corollary 2.7 Suppose that A is open, and let A1, ..., Ay, be definable sets which
cover A. There is ani < n such that A; has nonempty interior in A. In fact, almost
every point in A is in the interior of some Aj.

Proof = We fix a definable open V' € U and show that V' contains a point in the
interior of some A;. There is an i < n such that A; is dense in some open subset of
V', as otherwise the union of the 4; is nowhere dense. Lemma 2.6 implies that this
A; has nonempty interior in V. O

3 Correspondences and Generic Continuity

In this section we prove Proposition 3.7, which shows that a definable function
M* — M! is continuous almost everywhere. We prove a stronger result which,
loosely speaking, states that definable “multivalued functions” are continuous almost
everywhere. We first introduce the notion of a “multivalued function” that we will
use.

3.1 Correspondences A correspondence f : E = F consists of definable sets
E, F together with a definable subset Graph( ) of £ x F such that

0<|{y € F:(x,y) € Graph(f)}| < oo forallx € E.

Let f : E = F be a correspondence. Given x € E, welet f(x) bethesetof y € F
such that (x, y) € Graph( f). Note that saturation implies that there is a n € N such
that | /(x)| < n for all x. The image of f is the coordinate projection of Graph( 1)
onto F. Given a definable B C E, we let f|p be the correspondence B = F
whose graph is Graph(f) N [B x F]. We say that f is constant if f(x) = f(x')
for all x,x’ € E. If |f(x)] = m for every x € E, then we say that f is an
m-correspondence. Given correspondences f : E = F and g : F = G, we define
the composition f o g : E = G to be the correspondence such that

Graph( f o g) = Graph(f) o Graph(g).

Given U € B, we say that (f(x), f(x)) € U if for every y € f(x) there is a
vy € f(x) such that (y, y’) € U and for every y’ € f(x') thereisa y € f(x) such
that (y, y’) € U. We say that f is continuous at x € E if for every V € B there is a
U € B such that (f(x), f(x")) € V whenever (x, x") € U. Note that a continuous
1-correspondence is a continuous function. In the remainder of this paragraph, we
prove several simple lemmas about correspondences which will be useful.
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Lemma 3.1 Let U € M¥ be open and definable, and let f : U = M!
be a continuous m-correspondence. Every p € U has a neighborhood V such

that there are definable continuous functions gi,....gm : V. — M?" such that
Graph(g;) N Graph(g;) = @ when i # j and

Graph(f|y) = Graph(gi) U --- U Graph(gm).

Proof Fix p € U. Let f(p) = {q1,....9m}. Let Wy € B be such that
(gi.q;) ¢ Wo foralli,j < msuchthati # j, and let W € B be such that
W oW C Wjy. Let V be an open neighborhood of p such that (f(p), f(p')) € W
forall p" € V. Fix p’ € V,andlet f(p') =1{q}.....q,,}. Foreachi < m, thereisa
Jj < m such that (ql-,q;-) € W. As the balls W]qg;] are pairwise disjoint, we see that
for each i < m there is a unique j < m such that (g;, q}) € W. We have shown that
for every p’ € V and g € f(p) there is a unique ¢’ € f(p’) such that (¢,q") € W.
Fori < m, welet g; : V — M! be the definable function such that g; (p’) € W|g;]
and g; (p) € f(p’) for every p’ € V. Continuity of the g;’s follows easily from the
continuity of f. It is clear that the graphs of the g;’s are pairwise disjoint. O

Lemma 3.2 Let U € M* be open and definable, and let f : U = M! be
a continuous correspondence. Almost every p € U has a neighborhood V such

that there are definable continuous functions gi,....gm : V. — M?" such that
Graph(g;) N Graph(g;) = @ when i # j and

Graph( f|y) = Graph(g;) U --- U Graph(gy,).

Proof Letm be such that | f(p)| <mforall p € U. Foreachi <m,let A; CU
be the set of p such that | f(p)| = i. By Corollary 2.7, almost every element of U
is contained in the interior of some A;. An application of Lemma 3.1 shows that the
conclusion of the lemma holds for any element of the interior of some A;. O

The next lemma is a straightforward generalization of a familiar fact about graphs of
continuous functions. We leave the proof to the reader.

Lemma 3.3 Let f : A = M' be a continuous correspondence. Then Graph( )
is a closed subset of A x M". If A is open, then Graph( f) is a locally closed subset
of M¥ x M.

The following lemma is well known for continuous functions. Lemma 3.1 reduces
Lemma 3.4 to the case of a continuous function f. We again leave the details to the
reader.

Lemma 3.4 Suppose that A is open, and let f : A = M be a continuous
m-correspondence. Let w : A x M — A be the coordinate projection. Then every
p € Graph( f) has a neighborhood V- C Graph( f) such that (V') is open and the
restriction of w to V' is a homeomorphism onto its image.

3.2 Generic continuity In this section we prove Proposition 3.7, which states that
a definable correspondence M¥ = M! is continuous almost everywhere. We first
prove two lemmas which we use in the proof of Proposition 3.7 and in several other
places.
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Lemma 3.5 Let € = {Cy : x € M} be a directed definable family of subsets of

Mk 1f
U &
xeM!
has nonempty interior, then there is an element of € with nonempty interior.

Proof  Suppose that the union of € has nonempty interior. We show that there is a
k-dimensional element of €. For 1 <i < k, let U be open definable subsets of M
such that
Upx-xUc S | Cx
xeM!

Foreach 1 <i <k, let I; C U; be acountable set. Let I = 1 X --- X I;. As €
is directed, for every finite J € [ thereisay € M ! such that J C C,. Saturation
givesay € M! suchthat I € C y. Lemma 2.3 implies that this C) has nonempty
interior in M. L]

(Inf) implies that there are no infinite definable discrete subsets of M. A straightfor-
ward inductive argument extends this to any M.

Lemma 3.6 There is no infinite definable discrete subset of M*.

Proof  We apply induction to k. The base case follows from (Inf). We fix k = 2
and suppose toward a contradiction that D € M ks definable, infinite, and discrete.
For all x € D thereis a U € 8B such that U[x] N D = {x}. Applying saturation, fix
aU € B suchthat U[x]N D = {x} holds for infinitely many x € D. After replacing
D with the set of such x if necessary, we suppose that if x, y € D and x # y, then
(x,y) ¢ U. Letry : M*¥ — M*~1 be the projection onto the first k — 1 coordinates,
and let 7, : M¥ — M be the projection onto the last coordinate. We first suppose
that 7r1 (D) is finite. This implies that there is a d € m1(D) such that 7;1(d) N D is
infinite. Then 72[7; ! (d) N D] is infinite and discrete. This contradicts the base case,
so we may assume that 771 (D) is infinite. Applying the inductive assumption, we fix
an accumulation point w of 71 (D). Let U’ € 8B be such that U’ o U’ C U. We
declare that W = U’[w]xM and D’ = DNW. Note that D’ is infinite. If x, y € D’,
then (7r1(x), w) € U and (71(y), w) € U’ so (m1(x),71(y)) € U.Ifx,y € D' and
(m2(x), m2(y)) € U, then as (1 (x), m1(y)) € U, we would also have (x, y) € U,
which implies that x = y. Thus if x, y € D’ and x # y, then (7(x), 72(y)) ¢ U.
This implies that 5 (D’) is discrete and therefore finite. As D’ is infinite, there is a
d € my(D’) such that 75! (d) N D’ is infinite. Then 7[5 ! (d) N D'] is infinite and
discrete. This contradicts the inductive assumption. O

Proposition 3.7 Let V. C M¥ be a definable open set. Every correspondence
V=M L is continuous on an open dense subset of V', and thus is continuous almost
everywhere on V.

Proof As M is equipped with the product topology, it suffices to show that every
correspondence f : V' = M is continuous on an open dense set. By Lemma 2.6,
it suffices to show that the set of points of continuity of f : V = M is dense. It
is therefore enough to fix an open V' C V and show that f is continuous on some
point in V’. To simplify notation, we assume that V’ = V, which does not result in
any loss of generality.
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We first treat the case k = 1. We suppose towards a contradiction that f is
discontinuous at every point in V. Let n be such that | f(p)| < n forall p € V.
For every i < n, we let A; be the set of p € V such that | f(p)| = i. Applying
Corollary 2.7, fix i < n such that A; has nonempty interior in V. After replacing
V with a smaller definable open set if necessary, we suppose that V' C A;. Let
B C 8 x V be the set of (W, p) such that for all W’ € B there is a g € W'[p] such
that (f(p), f(q)) ¢ W. For every p € V there is a W € 8B such that (W, p) € B.
As the family {By : W € B} is directed, we apply Lemma 3.5 and fixa W € 8
such that By has nonempty interior in V. After replacing V' with a smaller defin-
able open set if necessary, we suppose that V' C By,. For every p € V there are
q € V arbitrarily close to p such that (f(p), f(q)) ¢ W. Fix U € 8 such that
UoU C W. Let D € V x M be the set of (p,y) such that j = (y1,..., ;)
and f(p) = {y1,...,yi}. Let w : D — V be the coordinate projection. As D
is infinite, an application of Lemma 3.6 gives an accumulation point (p, y) € D.
Thus U[(p, ¥y)] N D is infinite, so w(U[(p, y)] N D) is also infinite and thus has
nonempty interior in V. Let V' be a definable open subset of 7 (U[(p, )] N D).
Note that if x € V’, then (f(x), f(p)) € U. Fixq € V'. Forall r € V’, we have
(f(@), f(p)) € U and (f(r), f(p)) € U, so therefore (f(gq), f(r)) € W. This is
a contradiction as there are r’s arbitrarily close to ¢ satisfying ( f(q), f(r)) ¢ W.
Thus f must be a continuous at some point in V.

We now apply induction to k = 2. We again suppose towards a contradiction that
f is discontinuous at every point in V. For every p € V there is a W € B such that
there exist ¢ € V arbitrarily close to p satisfying ( f(p), f(g)) ¢ W. Arguing as in
the case k = 1, we may suppose that W € B is such that for all p € V there are
q € V arbitrarily close to p satisfying (f(p), f(q)) ¢ W. After replacing V with a
smaller definable open set if necessary, we suppose that V' = V x V; for definable
open Vo € M and V; C M*=1. Given y € Vi, welet f : Vo = M be the
correspondence given by f5(¢) = f(t,y). Then for all y € Vj, the correspondence
J5 is continuous away from finitely many points of V. It follows by subadditivity
that the set of (z,y) € Vp x V; such that f} is discontinuous at # has dimension at
most k — 1 and is therefore nowhere dense. After replacing V and V; with smaller
definable open sets if necessary, we suppose that f5 : Vo = M is continuous for
ally € Vj. Let U € 8 besuchthat UoU € W. For O € B,let Bop C V
be the set of (¢, ) such that if t' € O[t], then (f5(7), f5(t')) € U. For every
(t,y) € V there is an O € B such that (¢, y) € Bp. The family {Bp : O € B}
is directed, so applying Lemma 3.5, we fix an O € B such that Bp has nonempty
interior in Vp x V;. After replacing Vp and V; with smaller open sets if necessary,
we suppose that Vo x V3 € Bp and Vo X Vo € O. Thusif y € Vy and ¢, € Vy,
then (f(t,y), f(t'.y)) € U. Fixt € Vp, and let f' : V1 = M be given by
f1(y) = f(t,y). Applying the inductive hypothesis, we fix a Z € V; at which f7 is
continuous. After replacing V; with a smaller open set if necessary, we may suppose
that (f*(3), f*(2)) € U holds for all y € V;. Suppose that (s, y) € Vo x V;. Then

(f@.7). f@.2)eU  and  (f(t.7). f(s.7)) € U.

As U o U C W, we conclude that

(f(t,2), f(s,7)) € W forall (s, 7) € Vo x 1.
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This gives a contradiction as there are (s, y) arbitrarily close to (¢,Z) such that
(f(.2), f(s. 7)) gW. O

Definable closure will not in general agree with algebraic closure, so it should not in
general be the case that the graph of a continuous correspondence is a finite union of
graphs of definable functions. Corollary 3.8 allows us to make up for this in some
circumstances. Corollary 3.8 is a direct consequence of Lemma 3.2 and Proposi-
tion 3.7.

Corollary3.8  Let U € M* be open and definable, andlet f : U = M" be a cor-
respondence. Almost every p € U has a neighborhood V' such that there are continu-
ous definable functions g1, ..., gm : V. — M! such that Graph(g;)NGraph(g;) = @
wheni # j and

Graph(fv) = Graph(g1) U --- U Graph(gp).

4 A Decomposition

We now show that every definable set is a finite union of graphs of correspondences.
A more complicated argument can be used to show that every definable set is a finite
disjoint union of graphs of correspondences. We do not prove this as the weaker
result suffices for our purposes. As before, we let A € M k be some C-definable
subset.

Proposition 4.1 There are C-definable sets A1, ..., A, C A which cover A such
that each A; is, up to permutation of coordinates, the graph of a C -definable contin-
uous m-correspondence f : Ui = M k=d \where U M disaC -definable open
setand 0 <d <k.

If d = 0, then we identify the graph of f : M® — M¥ with a finite subset of M,
If d = k, then we identify the graph of f : U = MO with U. In this way, we
regard any open definable subset of M¥ and any finite subset of M as the graph of
a correspondence.

Proof By saturation, it suffices to prove the following. For any a € A there is
a C-definable set Ay which is, up to a permutation of coordinates, the graph of
a C-definable continuous m-correspondence U = M*~¢ for some C-definable
open U C M9 and satisfies a € A9 € A. Fixa = (ay,...,ar) € A. Let
d = dim(a|C). By definition of dimension, up to a permutation of variables, we
have (ag+1,...,ar) € acl(Cay,...,ag). It follows that there is a C-definable
set B C M 4 and a C-definable correspondence f : B = M k=d guch that
a € Graph( f). After intersecting Graph( /') with A and replacing B with a smaller
C -definable set if necessary, we may assume that Graph( f) € A. Lemma 2.3 shows
that dim(B \ Int(B)) < d so as (ay,...,aq) € B and dim(ay,...,aq|C) = d, we
have (ai,...,aq) € Int(B). Let N be such that | f(x)| < N for all x € B. For each
1 <i < N,let E; C Int(B) be the set of x such that | f(x)| = i. Corollary 2.7
shows that
dim[Int(B) \ (Int(E;) U --- UInt(En))] < d.

so (ay,...,aq) € Int(E,,) forsome 1 <m < N. Fix suchanm. Let U C Int(E,,)
be the set of points that have a neighborhood on which f is continuous. Proposi-
tion 3.7 shows that U is almost all of Int(E,,) so (ay,...,ag) € U. The restriction
of f to U is a continuous m-correspondence. We take A9 = Graph(f |y ). O
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From Proposition 4.1 and Lemma 3.3, we immediately have the following.

Corollary 4.2 Every definable subset of M is a finite union of locally closed sets.
Every definable subset of M* is a Boolean combination of definable open sets.

We now show that the dimension of the frontier of A is strictly less than the dimen-
sion of A.

Proposition 4.3  dim d(A) < dim A.

Proof If A = A; U-.-U A, then 3(4) € 9(4;) U ---U d(A4,). Therefore, if
Ay, ..., Ay C A are definable sets which cover A; and dim(A4;) < dim d(A4;) holds
for every i, then dim(A4) < dim d(A). Applying Corollary 4.2, we may assume that
A is locally closed. We let dim d(A) = [. Let = : M* — M be the projection onto
the first / coordinates. After permuting coordinates if necessary, we assume that
w[0(A)] is [-dimensional. By Lemma 2.3, there are sequences J,, = (a" : i < w)
for 1 < m < such that
Jix---xJ; C 7'[[3(14)].

, we letap = (a,l1 . ,afl). Applying saturation, we

Givenr = (ry,...,r1) € '
let Wy € 8B be such that
Wolai"] N Wola’'] =0 forany 1 <m <[ and distincti, j < w.

For every 7 € !, we pick an x? in A such that Wo[x?] intersects 9(4) N 7~ (a7).
As A is locally closed, for each x?, there is a W € B such that W[x?] is disjoint
from d(A). Applying saturation, pick an entourage W; contained in W such that

Wl[x?] NdA) =0 forall7cw'.

Pick points x;1 as before with W replacing Wy and iterate. In the end, we obtain a
nested sequence of entourages (W, : n < w) and points {x} € A : (¥,n) € o'ty
such that W, [x7] intersects d(A4) N 7V (a7) and W, 44 [x7] is disjoint from d(A) for
all (n,r). We let ¥ be a formula such that

B ={y(M?b):be M}
For each n, we let l_),, € M1 be such that
V(M2 by) = Wy
Given variables X = (x1, ..., Xg), we define formulas
Om(X,al") :=xm € Wolal"] forl<m<li<w
and
$141(X.bi, big1) 1= [8(A) N Wi[%] # B] A[3(4) N Wiga[3] = 0] fori <.
This yields an ict-pattern of depth / + 1 based on A. Thus, dim(A4) > [ + 1. O

Let B € A. The relative interior of B in A is the set of p € B for which there is an
open U € M¥ suchthat p e U and U N A C B.

Corollary 4.4 Suppose that B C A is definable and that dim(B) = dim(A).
Then the relative interior of B in A is almost all of B.
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Proof Let [ be the relative interior of B in A. Then B\ I € d(A4 \ B). Therefore,
dim(B\ 1) <dimd(A4\ B) < dim(A4 \ B) < dim(A) = dim(B).
So I is almost all of B. O

Corollary 4.5 Let Bq,..., By, be definable subsets of A which cover A. Then
almost every element of A is contained in the relative interior of B; in A for some
i <m.

Proof  After permuting the B; if necessary, we may suppose that n < m is such
that dim(B;) < dim(A) wheni < n and dim(B;) = dim(A) when i > n. Then
B, U---U By, is almost all of A. Let I; be the relative interior of B; in A for each
i < m. By Corollary 4.4, I; is almost all of B; for every i > n. It follows that
I, U---U [, is almost all of A. O

We are mainly interested in the following proposition in the case when M admits a
definable group operation which is compatible with the definable uniform structure.
Then M* is also a group and is hence topologically homogeneous. In this case, we
view the following proposition as stating that almost every point in A is “topologi-
cally nonsingular.”

Proposition 4.6  Ler dim(A) = d. Almost every p € A has a neighborhood
V C A for which there is a coordinate projection w : M* — M@ such that 7(V) is
open and the restriction of w to V' is a homeomorphism onto its image.

Proof Let Ay,...,A,, € A be definable sets which cover A such that each
A; is, up to permutation of coordinates, the graph of a definable continuous
mo-correspondence f : Ui = M k—d , where U; C M d js a definable open
setand 0 < d < k. We suppose that n < m is such that dim(A4;) < dim(A4) when
i < n and dim(4;) = dim(A) wheni > n. Foreachn < i < m, we let I; be
the relative interior of A; in A. As A, U --- U A, is almost all of A, Corollary 4.5
shows that almost every element of A is an element of some /;. It suffices to fix
i > n and show that the proposition holds for some p € I;. By Lemma 3.4, there
is an open U C M¥* and a coordinate projection  : M*¥ — M9 such that p € U,
(U N A;) is open, and the restriction of 7 to U N A; is a homeomorphism onto its
image. After replacing U with a smaller open set if necessary, we may assume that
UNAC A;. WeletV = U N A. Then (V) is open and 7|y is a homeomorphism
onto its image. O

Proposition 4.7  Let f : MK — M" be a definable function such that
| f~Y(p)| < oo forall p € M'. Almost every p € M* has a neighborhood V
such that the restriction of f to V is injective.

Proof Let A be the diagonal {(x,x) : x € M¥}in MK x M¥*. Let D € M* x M*¥
be the set of (x,y) € MK x M* such that x # y and f(x) = f(y). For each
x € M¥, there are at most finitely many y € M* such that (x,y) € D. Thus
dim(D) < k and so dimd(D) < k. As A and D are disjoint, this implies that
dim(cl(D) N A) < k. Let B be the set of p € M* such that (p, p) ¢ cl(D). Then
B is almost all of M*. Fix p € B. There is an open neighborhood V of p such
that [V x VN D = @. If x,y € V and x # y, then as (x,y) ¢ D, we have
f(x) # f(y). Thus f is injective on V. O



74 Simon and Walsberg

5 One-Variable Functions
In this final section, we prove two results about one-variable functions.

Proposition 5.1 Let f : M — M be a definable function. All but finitely many
p € M have an open neighborhood V on which one of the following holds:

(1) the restriction of f toV is constant;
(2) f(V) is open and the restriction of f to V is a homeomorphism onto its
image.

Proof It is enough to show that the set of p satisfying either (1) or (2) above is
dense. Fix a definable open U € M. We show that U contains a point at which
either (1) or (2) holds. We first suppose that the restriction of f to U does not have
finite fibers. Then there is a p € U for which there are infinitely many ¢ € U
satisfying f(g) = f(p). This implies that there is a definable open V' € U such
that f(q) = f(p) for all ¢ € V. Then (1) holds at any point in V. We now
suppose that f|y has finite fibers. After applying Proposition 3.7 and replacing U
with a smaller definable open set if necessary, we suppose that f is continuous on U .
After applying Proposition 4.7 and replacing U with a smaller definable open set if
necessary, we assume that f'|y is injective. Then f(U) is infinite and thus contains
a definable open set W. By Proposition 3.7, there is a definable open W’ C W such
that (f|y)~! is continuous on W’. Then ( f|y)~'(W’) is infinite and thus contains
a definable open set V' € U. The restriction of f to this V is a homeomorphism
onto its image. O

Finally, we characterize when algebraic closure on M admits exchange.

Proposition 5.2 Exactly one of the following holds:
(1) there is a nonempty definable open U C M and a locally constant corre-
spondence U = M with infinite image;
(2) acl satisfies exchange.

Proof Let w;,my : M? — M be the projections onto the first and second coor-
dinates, respectively. We first suppose that acl satisfies exchange and show that (1)
does not hold. Suppose towards a contradiction that U € M is definable and open
and that f : U = M is alocally constant correspondence with infinite image. The
restriction of 7r; to Graph( /') has finite fibers, and hence

dim Graph( f) = dim(U) = 1.

If (a,b) € Graph(f'), then there is an open neighborhood V' € U of a such that
(a’,b) € Graph(f) for all @’ € V. Therefore the restriction of 7, to Graph( f) has
infinite fibers, so as acl admits exchange, we have

dim Graph( /) > 1 + dim 72 [Graph(f)].

As f has infinite image dim 75 [Graph(f)] = 1, so dim Graph(f) = 2, which is a
contradiction. We now suppose that acl does not satisfy exchange. Then there is a
set of parameters K € M and a,b € M such that

b eacl(KU{a})\acl(K) and  a ¢ acl(K U {b}).

This implies that there is a K-definable D € M x M such that (a,b) € D, and,
for every a’ € M, there are only finitely many b’ € M such that (a’,b’) € D.
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As a ¢ acl(K U {b}), a is an interior point of {x € M : (x,b) € D}.
Let D’ be the K-definable set of (p,q) € D such that p is an interior point
of {x € M : (x,q) € D}. If (p,q) € D', then p is an interior point of
{x € M : (x,q) € D'}. After replacing D with D’ if necessary, we suppose
that p is an interior point of {x € M : (x,q) € D} for all (p,q) € D. This
implies that 7r1 (D) is open. We declare that V = 7;(D) andletg : V =3 M be
the K-definable correspondence such that Graph(f) = D. If ¢ € g(p) for some
p € V, then p is in the interior of {x € M : g € f(x)}. Let N be such that
lg(p)] < Nforall p e V. Forl <i < N, let E; be the set of p € V such that

lg(p)| =i. As
|V \ [Int(El) U---u Int(EN)]| < 00,

we have a € Int(E,) for some n. We let U = Int(E,) and let f be the restriction
of g to U. As b is in the image of f and b ¢ acl(K), f must have infinite image.
We show that f is locally constant. Let p € U and f(p) = {q1,...,¢n}. It follows
by definition of V' that for every 1 < i < n, we can choose a neighborhood W; € U
of p such that ¢; € f(p’) for any p’ € W;. Let W be the intersection of the W;.
If p/ € W, then {q1,....,qn} € f(p). As p’ € E,, we have | f(p)] = n so
{91, ....qn} = f(p). Thus f(p) is constant on W. O
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