
Notre Dame Journal of Formal Logic
Volume 47, Number 3, 2006

Geometrical Axiomatization for Model Complete
Theories of Differential Topological Fields

Nicolas Guzy and Cédric Rivière

Abstract In this paper we give a differential lifting principle which provides
a general method to geometrically axiomatize the model companion (if it ex-
ists) of some theories of differential topological fields. The topological fields we
consider here are in fact topological systems in the sense of van den Dries, and
the lifting principle we develop is a generalization of the geometric axiomati-
zation of the theory DCF0 given by Pierce and Pillay. Moreover, it provides a
geometric alternative to the axiomatizations obtained by Tressl and Guzy/Point
in separate papers where the authors also build general schemes of axioms for
some model complete theories of differential fields. We first characterize the ex-
istentially closed models of a given theory of differential topological fields and
then, under an additional hypothesis of largeness, we show how to modify this
characterization to get a general scheme of first-order axioms for the model com-
panion of any large theory of differential topological fields. We conclude with an
application of this lifting principle proving that, in existentially closed models of
a large theory of differential topological fields, the jet-spaces are dense in their
ambient topological space.

1 Basic Algebraic Geometry

In what follows K is a field of characteristic zero, � is a sufficiently saturated
elementary extension of K (in particular, � is of infinite transcendence degree
over K ), and �̃ denotes the algebraic closure of �. We first recall some elementary
definitions and results from algebraic geometry (for more details, see [9]). Let J
be an ideal of K [X1, . . . , Xn] (also denoted K [X ] when n is understood); the sets
V (J ) := {ā ∈ �̃n

| ∀p ∈ J, p(ā) = 0} ⊆ �̃n are called K -Zariski-closed subsets.
Moreover, a K -Zariski-closed set is K -irreducible if it is not the union of two dis-
joint proper K -Zariski-closed subsets. One can easily see that V (J ) is K -irreducible
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if and only if the ideal I (V ) := {p ∈ K [X1, . . . , Xn] | p(ā) = 0 for all ā ∈ V (J )}
is prime. In this case V (J ) is called a K -variety.

Let V be a K -variety; if c̄ ∈ �̃n is such that its K -Zariski-closure is equal to V ,
we say that c̄ is a generic point for V . Equivalently, c̄ is generic for V if and only if
the transcendence degree of K (c̄) over K is maximal among the points of V . In this
case we define the dimension of V , dim(V ), to be this transcendence degree.

We assume, furthermore, that K is equipped with a derivation DK . Let ā ∈ V ;
the torsor of V at ā is the set

τā(V ) = {v̄ = (v1, . . . , vn) ∈ �̃n
| pDK (ā)+

n∑
i=1

∂p
∂ X i

(ā)·vi = 0 for all p ∈ I (V )},

where pDK is the polynomial obtained by taking the derivative of the coefficients of
p. We also define the torsor bundle of V to be

τ(V ) = {(ā, v̄) ∈ �̃2n
| ā ∈ V ∧ v̄ ∈ τā(V )}.

Let us remark that in the equations defining τā(V ) and τ(V ) we may replace the
condition “for all p ∈ I (V )” by the condition “for all p ∈ G” where G is any
set of generators of I (V ). Since K [X ] is noetherian it follows that τā(V ) and
τ(V ) are K -definable (i.e., definable with parameters from K ) in the language
Lfields := {+, −, · ,−1 , 0, 1}.

We end this section with the following important result due to Pierce and Pillay.

Lemma 1.1 Let ā ∈ �̃n be a generic point of a K -variety V , b̄ ∈ τā(V ), and
W = V (I (ā, b̄)) be a K -variety in τ(V ). Then there exists a tuple c̄ in K (ā, b̄)

n and
a derivation D? on K (ā, b̄) extending DK such that D?(ā, b̄) = (b̄, c̄).

Proof This lemma directly follows from [6], Theorem 1.1 and Corollary 1.7. �

2 Model Companion of Theories of Differential Topological Fields

In this section we generalize the construction of Pierce and Pillay for DCF0 to obtain
a geometric axiomatization for the model companion of some theories of differential
topological fields which will be defined in Definition 2.8. From now on we consider
a first-order extension L of the language Lfields which contains no other function
symbol than the ones appearing in Lfields (i.e., +, · , −, and −1) and an L-theory
T expanding the theory of fields of characteristic zero. The following definition is
a special case of the definition of a first-order topological structure introduced by
Pillay in [7].

Definition 2.1 Let K be a model of T and ϕ(X; Ȳ ) be an L-formula.

1. 〈K , ϕ〉 is a (first-order) topological (L)-field if the set {ϕ(X; k̄); k̄ ∈ K n
} of

K -definable subsets of K is a basis for a topology τϕ on K .
2. 〈T, ϕ〉 is a (first-order L-) theory of topological fields if any model of T is a

topological field (equipped with the topology τϕ).

Note that if L ≡ K then 〈L , ϕ〉 is also a first-order topological L-field.
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Example 2.2

1. Let 〈K , ≤〉 be an ordered field where ≤ is a total ordering on K . Then 〈K , ϕ〉

is a topological L≤-field where L≤ := Lfields ∪ {≤} and ϕ is the following
formula:

ϕ(X; k1, k2) := k1 < X ∧ X < k2 where k1, k2 ∈ K .

Note that the topology τϕ is the usual order topology on K .
2. Let 〈K , v〉 be a nontrivially valued field. We consider the valuation topology

on K which is defined by the formula

ϕ(X; k1, k2) := v(k1) < v(X − k2) where k1, k2 ∈ K .

Hence 〈K , ϕ〉 is a topological LD -field where LD := Lfields ∪ {D}

and D is the linear divisibility relation corresponding to the valuation v
(i.e., ∀a, b ∈ K D(a, b) if and only if v(a) ≤ v(b)).

Furthermore, we impose some additional conditions on the topology τϕ . For this we
introduce the two following definitions.

Definition 2.3 Let 〈K , ϕ〉 be a topological field. Then 〈K , ϕ〉 is proper if
1. the topology τϕ on K is T1 (i.e., for any k1, k2 ∈ K with k1 6= k2, there exists

a basic open set U ⊆ K such that k1 ∈ U and k2 /∈ U );
2. K has no isolated points in the topology τϕ .

Lemma 2.4 If 〈K , ϕ〉 is proper then any open subset of K is infinite.

Proof Assume {a1, . . . , al} is a finite open subset of K . Since τϕ is T1 there exists,
for each i ∈ {1, . . . , l − 1}, an open subset Ui of K such that an ∈ Ui and ai /∈ Ui .
Hence

( ⋂l−1
i=1 Ui

)
∩{a1, . . . , al} = {an} is open, contradicting the fact that K has no

isolated point with respect to τϕ . �

Definition 2.5 ([12]) Let 〈K , ϕ〉 be a proper topological L-field. Then K is a
topological (L-)system if

1. for every n-ary function symbol f of Lfields (n ∈ {1, 2}), f K
: K n

7−→ K
is a continuous function with respect to τϕ (in particular, each L-term is con-
tinuous with respect to τϕ);

2. for every mi -ary relation Ri of L (mi ∈ N) and for all sequences
1 ≤ i1 ≤ · · · ≤ il ≤ mi , the definable sets

{
(ki1 , . . . , kil ) ∈ K l

: RK
i (_, ki1 , _, kil , _) ∧

l∧
r=1

kir 6= 0
}

and{
(ki1 , . . . , kil ) ∈ K l

: ¬RK
i (_, ki1 , _, kil , _) ∧

l∧
r=1

kir 6= 0
}

are open in K l (where _ stands for the tuple 0̄).

Remark 2.6 Ordered fields and valued fields, considered as topological fields as in
Examples 2.2, are topological systems, respectively, in the languages L≤ and LD

described above (see [4], Chapter 4).
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In what follows we will restrict ourselves to the topological fields which satisfy Def-
initions 2.3 and 2.5. In other words, we assume that all the topological L-fields K
we consider are proper topological L-systems (in the same way an L-theory T is a
theory of topological field if all its models are topological L-fields which are proper
topological L-systems). This hypothesis has a direct interesting consequence on the
structure of quantifier-free L-definable sets in K .

Lemma 2.7 Let K be a topological L-field. Then every quantifier-free definable
subset A ⊂ K n is a finite union of subsets of K n which are an intersection of a
K -variety with a K -definable open subset of K n .

Proof This is an easy corollary of Definitions 2.3 and 2.5 (see also [4], Chap. 4).
�

We will now assume that the topological fields we consider are equipped with a
derivation.

Definition 2.8 Let T be an L-theory of topological fields; we denote by T D

the LD-theory1 obtained by adding to T the usual axioms for the derivation
(i.e., ∀X, Y D(X + Y ) = D(X) + D(Y ) ∧ D(XY ) = D(X)Y + X D(Y )).
The models of T D are called differential topological (L)-fields.

Our goal now is to build the model companion (T D)∗ of the LD-theory T D under
the assumption that the L-theory T already has a model companion that we denote
by T ∗.

The following definition gives a scheme of axioms which characterizes the exis-
tentially closed models of T D . Unfortunately we have to ensure the satisfaction of a
given condition (Condition 1) which is a priori not first-order in L (or LD). Never-
theless, we will see in the next section how to replace Condition 1 in order to obtain
first-order axioms for (T D)∗ in the special case where the theory T D is large (see
Definition 3.4).

In the sequel and similarly to the previous section, if K is a differential topological
field then � is a sufficiently saturated L-elementary extension of K (in particular,
� |H T ) and �̃ is the algebraic closure of �.

Definition 2.9 Let (K , DK ) |H T D; we say that K |H PP(T ) if and only if
1. K |H T ∗;
2. for every K -variety V ⊆ �̃n and W ⊆ τ(V ) such that W projects generi-

cally2 on V , if U is a K -definable subset of W which satisfies Condition 1
below, then there exists c̄ in V |K such that (c̄, DK (c̄)) ∈ U |K

3.

Condition 1 The K -definable open subset U of W contains a generic point (ā, b̄)
of W in a model L of T extending K .

Theorem 2.10 Assume that Condition 1 is expressible in the first-order language
L, then PP(T ) is the model companion of T D (i.e., PP(T ) = (T D)∗).

Proof (1) We first show that the models of PP(T ) are exactly the existentially
closed models of T D . This is done in a very similar way as in the case of DCF0 (see
[6], Theorem 2.1); the main difference is that we have to use Condition 1 to ensure
the existence of generic points in the K -definable open subsets of W (in the case
of DCF0 each K -definable open subset is K -Zariski-open and then contains generic
points).



DifferentialTopological Fields 335

Let (K , DK ) be an existentially closed model of T D and let us consider an in-
stance of the scheme of axioms PP(T ). If Condition 1 holds then there exists a
model M of T which extends K and contains a generic point (ā, b̄) of W . By
Lemma 1.1, we can extend the derivation DK on K to a derivation DM on M such
that DM (ā) = b̄. Hence,

(M, DM ) |H (∃X , Y ) ((X , Y ) ∈ U ∧ DM (X) = Y ).

Since (K , DK ) is an existentially closed model of T D ,

(K , DK ) |H (∃X , Y ) ((X , Y ) ∈ U ∧ DK (X) = Y ),

and the axioms in PP(T ) hold in (K , DK ).
Let us assume now that (K , DK ) is a model of PP(T ) and consider an extension

(M, DM ) of (K , DK ) and a tuple ā ⊂ M . Let ϕ(X) be a quantifier free LD-formula
with parameters from K such that (M, DM ) |H ϕ(ā). Note that ϕ(X) is equivalent
to

ϕL(X0, X1, . . . , Xr ) ∧ X1 = D(X0) ∧ · · · ∧ Xr = D(Xr−1),

where ϕL is an L-formula.4 Define 8L(X , Y ) to be the following L-formula:

8L(X , Y ) ≡ ϕL(X0, X1, . . . , Xr−1, Yr−1) ∧ X1 = Y0 ∧ · · · ∧ Xr−1 = Yr−2.

Let c̄ = (ā, DM (ā), . . . , DM
(r−1)(ā)), V = V (I (c̄)), and W = V (I (c̄, DM c̄))

(so that W projects generically onto V ). By Lemma 2.7 we may assume that the
set defined by 8L in M is a finite union of subsets which are the intersection of a
K -variety and a K -definable open set. One of these open subsets, say U , contains
(c̄, DM (c̄)). Hence, by the scheme of axioms PP(T ), there exists a point (d̄, DK (d̄))
in U |K so that K |H ϕL(d̄, DK (d̄)). Hence K |H ϕ(d̄0) where d̄0 is the initial
subtuple of length equal to the length of ā.

(2) We have now to show that any model of T D extends to a model of PP(T ).
Extending the derivation if necessary, we may assume without loss of generality that
K |H T ∗. Let V , W , U be as in Definition 2.9. By Condition 1, U contains a generic
point (ā, b̄) of W in a model M of T extending K . By Lemma 1.1, the derivation on
K extends to a derivation DM on M such that DM (ā) = b̄. Since T is an inductive
L-theory, one can build a model of PP(T ) by using a classical argument of transfinite
chains. �

The following corollary gives the condition under which this axiomatization provides
a way to construct the model completion of a theory of differential topological fields.

Corollary 2.11 If we suppose furthermore that (T D)∀ has the amalgamation prop-
erty (and then T∀ also has) then PP(T ) has quantifier elimination in LD and is the
model completion of T D .

Proof This is a direct consequence of Theorem 2.10 and of the fact that a theory T
has quantifier elimination if and only if T is model complete and T∀ has the amalga-
mation property (see the proof of [3], Theorem 8.4.1). �

3 Large Differential Fields and Condition 1

As said before the scheme of axioms PP(T ) only characterizes the existentially
closed models of T D if Condition 1 is satisfied and this condition is not, a priori,
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first-order in LD . Our aim here is to get rid of Condition 1 and to exhibit a scheme
of axioms which is first-order in LD .

We first recall a definition introduced in [5]: Let ā = (a1, . . . , an) ∈ �̃n be a
generic point of a K -variety V ⊂ �̃n . We can suppose that a1, . . . , ar are alge-
braically independent over K and that the ar+i s are algebraic over K (a1, . . . , ar ) for
all i ∈ {1, . . . , n − r}. Let Qi be the polynomial obtained from the minimal polyno-
mial of ar+i over K (a1, . . . , ar+i−1) after replacing a1, . . . , ar+i−1 by the variables
X1, . . . , Xr+i−1 and clearing the denominators.

Definition 3.1 These Qi s are called canonical generators5 of V . Furthermore,
we say that a point b̄ of V is semi-generic (with respect to the Qi s) if for each
i ∈ {1, . . . , n − r},

sQi (b̄) :=
∂ Qi

∂ Xr+i
(b̄) 6= 0 ∧ H(Q1, . . . , Qn−r )(b̄) 6= 0,

where H(Q1, . . . , Qn−r ) is the product of the dominant coefficient of each Qi seen
as a polynomial in Xr+i with coefficients in K [X1, . . . , Xr+i−1].

In [5] the authors use the following lemma to give a less constrained and first-order
version of Condition 1 in the particular case of ordered differential fields.

Lemma 3.2 Let K be a real closed field and assume that V, W, U are as in Def-
inition 2.9. If U |K contains a semi-generic point of W then U contains a generic
point (ā, b̄) of W such that K (ā, b̄) is an ordered field.

Proof See [5]. �

The result stated in Lemma 3.2 can also be obtained in other examples of theories of
topological fields. For this, we have to remark that the main tool used in the proof
of Lemma 3.2 in [5] is the intermediate value property for real closed fields. So this
proof can be slightly modified in order to apply to any theory of topological fields T
satisfying a topological analogue of this property.

To formalize this we introduce the following two definitions.

Definition 3.3 Let 〈K , ϕ〉 be a topological L-field and � be a sufficiently saturated
L-elementary extension of K . An element t of � is K -infinitesimal (in �) if it
belongs to all nonempty K -definable open subsets of K containing 0.

Definition 3.4 An L-theory of topological fields T is large if, for any K , � |H T
such that � is a sufficiently saturated L-elementary extension of K , the follow-
ing holds: for each f (X1, . . . , Xn, Xn+1) ∈ K [X1, . . . , Xn, Xn+1], if there exist
y1, . . . , yn ∈ � and x ∈ K such that f (y1, . . . , yn, x) and ∂ f

∂ Xn+1
(y1, . . . , yn, x) − k

are K -infinitesimal (for some k ∈ K \ {0}), then there exists y ∈ � such that
f (y1, . . . , yn, y) = 0 and x − y is K -infinitesimal. We will also say that the LD-
theory T D is large when T is.

We now generalize Lemma 3.2 to the case of large theories of topological fields.

Lemma 3.5 Let K |H T where T is a large L-theory of topological fields and let
V ⊆ �̃n be a K -variety. Assume, furthermore, that W ⊆ τ(V ) is a K -variety which
projects generically onto V . If U ⊂ W is a nonempty K -definable open set such that
U |K contains a semi-generic point of W then U contains a generic point (ā, b̄) of
W such that K (ā, b̄) |H T .
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This lemma simply says that, given a large theory of topological fields T and a
model K of T , if we assume that V, W, U are as in the scheme of axioms PP(T )
then Condition 1 holds as soon as U |K contains a semi-generic point for W .

Proof As previously noted the proof is a generalization of the proof of Lemma 3.2
appearing in [5] (in this particular case, the topology is the order topology and the
role of the largeness hypothesis is played by the intermediate value property for real
closed fields).

Note first that since W projects generically onto W we can find a set of canon-
ical generators {Q1, . . . , Qn−r , Qn+1, . . . , Q2n−s} of W where r = dim V ,
r + s = dim W , and Q1, . . . , Qn−r are canonical generators of V . Let (ā, b̄)
be a semi-generic point of W |K belonging to U and recall that � is a sufficiently
saturated L-elementary extension of K .

Claim 3.6 In � we can choose t1, . . . , tr , u1, . . . , us K -infinitesimal and alge-
braically independent over K .

Assume the claim is proved and put cl = al + tl and dm = bm + um for each
l ∈ {1, . . . , r} and each m ∈ {1, . . . , s}. Since Q1 and Qn+1 vanish at (ā, b̄), the el-
ements Q1(c1, . . . , cr , ar+1) and Qn+1(c1, . . . , cr , ar+1, . . . , an, d1, . . . , ds, bs+1)
of � are K -infinitesimal. Using the largeness of T recursively first on each ar+i
and then on each bs+ j (with i ∈ {1, . . . , n − r} and j ∈ {1, . . . , n − s}), we find
for each i (respectively, each j) an element ki (respectively, k̃ j ) in � such that
Qi (c1, . . . , cr+i−1, ki ) = 0 (respectively, Qn+ j (c̄, d1, . . . , ds+ j−1, k̃ j ) = 0) and
ki − ai (respectively, k̃ j − b j ) are K -infinitesimal. Put cr+i = ki and ds+ j = k̃ j for
all i ∈ {1, . . . , n−r} and j ∈ {1, . . . , n−s}; then (c̄, d̄) ∈ W |K is K -infinitesimally
close to (ā, b̄) (i.e., the tuple (c̄ − ā, d̄ − b̄) is K -infinitesimal). Moreover, the alge-
braic independence of t1, . . . , tr , u1, . . . , us ensures that (c̄, d̄) is a generic point of
W .

Proof of the claim Let us consider the following set F(X1, . . . , Xr+s) of all for-
mulas:

f (X1, . . . , Xr+s) 6= 0 ∧

r+s∧
i=1

ϕ(X i ; k̄),

where f (X1, . . . , Xr+s) ranges over nonzero polynomials in r + s indetermi-
nates with coefficients in K , ϕ is the distinguished L-formula which deter-
mines a basis of the topology, and the tuple k̄ ranges over K and is such that
ϕ(K ; k̄) := {x ∈ K | K |H ϕ(x, k̄)} contains 0 (let us denote by K0 the set of such
tuples). By the saturation of �, it is sufficient to show that this set is a partial (r + s)-
type over K . In other words, it is sufficient to prove that there exist x1, . . . , xr+s in
� such that

f (x1, . . . , xr+s) 6= 0 ∧

r+s∧
i=1

ϕ(xi ; k̄0) for a given tuple k̄0 ∈ K0.

We proceed by induction on r + s. If r + s = 1 the result follows since f (X) has
only finitely many roots in K and, by Lemma 2.4, ϕ(K ; k̄0) is infinite. Suppose now
that there exist x1, . . . , xr+s−1 in � such that for all k̄ in K0 and for each nonzero
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polynomial f (X1, . . . , Xr+s−1) with coefficients in K we get

f (x1, . . . , xr+s−1) 6= 0 ∧

r+s−1∧
i=1

ϕ(xi ; k̄).

Let g(X1, . . . , Xr+s) be a nonzero polynomial in r + s indeterminates with coeffi-
cients in K and fix a tuple k̄0 in K0. If

∀x1, . . . , xr+s ∈ ϕ(�, k̄0) g(x1, . . . , xr+s) = 0

then, by the inductive hypothesis, g(x1, . . . , xr+s−1, X) ≡ 0 for x1, . . . , xr+s−1
belonging to ϕ(K ; k̄0). Therefore, since K ≺ �,

� |H ∀x1, . . . , xr+s−1

( r+s−1∧
i=1

ϕ(xi ; k̄0) ⇒ gi (x1, . . . , xr+s−1) = 0
)

where g =
∑d

i=1 gi · X i
n for some natural number d. Using again the inductive

hypothesis one can deduce that gi ≡ 0 and hence g ≡ 0, a contradiction. �

This last lemma allows us to restate, in this special case of large theories, the axioms
in 2.9 in the following first-order way.

Theorem 3.7 Let T be a large L-theory of topological fields which admits a model
companion T ∗ and let K |H T D . Then (K , DK ) |H (T D)∗ if and only if

1. K |H T ∗;
2. for all K -varieties V and W ⊂ τ(V ) such that W projects generically onto

V , if U ⊂ W is a nonempty K -definable open subset such that U |K contains
a semi-generic point of W then U contains a point of the form (ā, DK (ā)).

Example 3.8

1. The largeness of the L≤-theory RCF (seen as a theory of topological fields as
in Examples 2.2) follows easily from the intermediate value property. Hence
Theorem 3.7 applies to ordered differential fields and allows to recover the
geometric axiomatization of the theory of closed ordered differentially fields
(CODF) obtained in [5].

2. On the other hand, the work developed in [2] shows that henselian nontriv-
ially valued fields are also large in the sense of Definition 3.4. Hence The-
orem 3.7 provides a geometric analogue to the axiomatization of the theory
(ACVF0)

∗

D introduced in [2], Theorem 4.2 and Corollary 5.2.

We end this section with a few words about the first-order expressibility of the
axiomatization appearing in Theorem 3.7 in the language LD . Let I (V ) =

〈 f1(X), . . . , fm(X)〉 and I (W ) = 〈g1(X , Y ), . . . , gs(X , Y )〉. Choose a tuple ū
and polynomials Fi (U , X) ∈ Z[U , X ], G j (U , X , Y ) ∈ Z[U , X , Y ] such that
fi (X) = Fi (u, X) for i = 1, . . . , m and g j (X , Y ) = G j (u, X , Y ) for j = 1, . . . , s.
By the work of van den Dries and Schmidt in [11], the following properties of the
tuple ū are expressible by a first-order formula:

1. F1(ū, X), . . . , Fm(ū, X) generate a prime ideal I (V ) in K [X ];
2. G1(ū, X , Y ), . . . , Gs(ū, X , Y ) generate a prime ideal I (W ) in K [X , Y ]

which intersects K [X ] in I (V ).



DifferentialTopological Fields 339

An other important point is to express (by a first-order formula in the variables ū) that
given a set of polynomials Q1(U , X , Y ), . . . , Qt (U , X , Y ), H(U , X , Y ) ∈ Z[U , X ]

(in our case the canonical generators of the ideal I (W )), the ideal 〈Q1(ū, X , Y ),
. . . , Qt (ū, X , Y )〉 : H(ū, X , Y )∞ is prime and is equal to I (W ). This also can be
deduced from [11] and the following fact (see [10]).

Fact 3.9 Let I be an ideal of a domain A and h ∈ A; then

I : h∞
= 〈I, Z · h − 1〉A[Z ] ∩ A (where Z is a new indeterminate).

The reader can refer to [1] to get more details.

Remark 3.10 Finally let us mention that at least two other notions of large theo-
ries are related to ours. The first one was introduced by Pop [8] in his solution to
the conjecture that asserts that the absolute Galois group of a countable, Hilbertian,
PAC field is profinite free. It was recently used by Tressl to give a uniform ax-
iomatization of model companion of theories of differential fields in several deriva-
tions [10]. The second notion of large is introduced by the first author and Point
in [2], Definition 2.4, in their study of model companions of topological theories of
differential fields. Let us remark that our method to uniformly build model compan-
ions for theories of differential fields is quite different from the ones used in [10] and
[2] since it is more related to the Pierce-Pillay method. One of the advantages of
this method is that one does not need differential algebra to axiomatize theories of
differential fields but only classical objects from algebraic geometry.

4 Existentially Closed Differential Fields and Jet-Spaces

In this last section we use the material introduced before to prove that in the existen-
tially closed models of a large LD-theory T D of differential topological fields, the
jet-spaces are dense in their ambient space with respect to the underlying topology
τϕ of T .

We first recall the definition of the jet-space associated with a differential field.

Definition 4.1 Let K be a differential field and (r1, . . . , rn) be a tuple of positive
integers; the (r1, . . . , rn)-jet-space of K is the set

J(r1,...,rn)(K ) = {(x1, x ′

1, . . . , x1
(r1), . . . , xn, x ′

n, . . . , xn
(rn)) | (x1, . . . , xn) ∈ K n

}.

Theorem 4.2 Let 〈K , ϕ, DK 〉 |H T D where T D is a large LD-theory of differential
topological fields. If K is an existentially closed model of T D (i.e., K is a model of
PP(T )) then for each positive integer n and each (r1, . . . , rn) ∈ INn , J(r1,...,rn)(K )

is dense in K (r1+1)+···+(rn+1) with respect to the product topology induced by τϕ on
K (r1+1)+···+(rn+1).

Proof Since J(r1,...,rn)(K ) = Jr1(K ) × · · · × Jrn (K ) and density is preserved by
direct products of topological spaces it is sufficient to prove that, for any positive
integer n > 1, the (n − 1)-jet-space of K is dense in K n . For this let U be a K -
definable open subset of K n in order to show that U contains a point of Jn−1(K ).
Consider the differential polynomial f (X) = X (n) and the following varieties:{

V := V ((0))

W := {(X̄ , Ȳ ) | f (X0, . . . , Xn−1, Yn−1) = 0 ∧ Y0 = X1 ∧ · · · ∧ Yn−2 = Xn−1}.
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Let us note that W projects generically over V . Let Ũ be the K -definable open
subset {(uo, . . . , un−1, u1, . . . , un−1, 0) | (uo, . . . , un−1) ∈ U } of W . It is easy to
see that each point of Ũ is semi-generic for W and then, using the fact that T is
large (Lemma 3.5 applies) and axiom 2 of Theorem 3.7, we get a differential point
(u, u′, . . . , u(n−1)) in U proving the density of the jet-space. �

Notes

1. The language LD is equal to L∪{D} where D is a function symbol which is interpreted
as the derivation in the models of T D .

2. This means that for any generic point c̄ of V there exists d̄ ∈ �̃n such that (c̄, d̄) is a
generic point of W .

3. The set V |K (respectively, U |K ) is the trace on K of the K -variety V (respectively,
K -definable open set U ).

4. In this context, this assertion means that the n-tuple X satisfy the LD-formula ϕ if and
only if the (r(n + 1))-tuple (X , D(X), . . . , D(r)(X)) satisfy the L-formula ϕL.

5. We use the name “canonical generator” because the ideal defining V is equal to
〈Q1, . . . , Qn−r 〉 : H(Q1, . . . , Qn−r )∞ ={ f ∈ K [X1, . . . , Xn] | H(Q1, . . . , Qn−r )n

· f
∈ 〈Q1, . . . , Qn−r 〉 for some natural number n}.
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