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THE CONSISTENCY OF THE AXIOMS OF ABSTRACTION AND
EXTENSIONALITY IN A THREE-VALUED LOGIC

ROSS T. BRADY

The Abstraction Axiom I want to consider is the following one, which
is based on the Lukasiewicz three-valued logic.

(*) (SY)Ax)x ey d(x, 2, ..., 24)

where ¢ is either a propositional constant or constructed from atomic wifs
uev by using ~, &, A. The connectives and quantifiers of the logic can be
represented as follows:

p&q ~p pvq »—q peq p>q
p/al 1 % o0 1 3 01 % o1 % o1 % o
1 1 3 olo}|1 1 1]1 % ol]1 % o1 % o
A N N R T R
ojo o o}]1]1 % o1 1 1]0 % of1 1 1
(Ax) fx has the minimum value of the values of fx. (Sx) fx has the maximum

value of the values of fx.

Th. Skolem has produced models, in [1] and in [2] for an Abstraction
Axiom the same as (*) except that ¢ may not be constructed using
quantifiers A and S. He shows that the Axiom of Extensionality is also
valid in his model in [2]. The procedure we use for constructing the model
roughly follows the lines of P. C. Gilmore’s paper (see [3]), where he
constructed a model for his partial set theory PST'.

1. To construct the model, we need to extend the wffs used above to
express (*) by adding some terms, some of which will be used as the
domain of the model. We give the formation rules for terms and wffs as
follows:

1. If x and y are set variables, then x¢£y is an atomic wiff.
2. Any combination of wffs using ~, —, A are wifs.
3. A propositional constant (i.e., 1, 3 or 0) is an atomic wif.
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4. A propositional constant or a wff constructed from atomic wifs using
only ~, &, A is a standard wff.

5. If Pis a standard wif and x is a set variable, then {x : P} is a term.

6. If{x : P} and{x : Q} are terms and y is a set variable, then {x : P}ey,
ye{x : P}, {x : Ple{x : Q} are atomic wffs.

We will use a, b, c,... for constant terms. We construct a model for (*)
with domain the set D of all constant terms {x : P}, i.e., P either has no
free variables at all or has x as its only free variable. Non-constant terms
can be defined from these as follows: associate with any term
{x: P(x,2,,..., 2)}, for which z,,..., 2; are the only free variables of the
term, the function which for constant terms a,,..., a; of D takes as value
the constant term {x : P (x,a,,..., a3)} of D.

Let any specification of values for all the constant atomic wffs of the
form x¢y, where x and y range over the domain D, be called a structure on
D. Let V[M](P) denote the value of the constant wff P given by the
structure M on D. Also let V[M](1) =1, V[M](0) =0 and V[M]|(3) = 3.
Define M, < M, for two structures M; and M, on D if, for every constant
atomic wff P, if V[M,)(P) =1 then V[M](P)=1 and if V[M,](P) = 0 then
V[M,)(P) = 0. Define the structure M,, such that, for all constant atomic
wifs P, V[Mp](P) = 3. Then M, < M, for any structure Mon D. Here, ‘<’
defines a partial ordering on the set of structures, since (i) M < M, (ii) if
M, s M, and M, < M, then M; < M, and (iii) if M, < M, and M, < M, then
M, = M, (i.e., M, and M, are the same structure). From now on, when
mentioning values of wffs in a structure it is automatically assumed that
the wifs are constant ones, i.e., they have no free variables.

Lemmal Let M and M' be two structures on D such that M < M'. Then,
for any standard wff P, if V[M)(P) = 1 then VIM'}(P) =1 and if V[M](P) = 0
then VIM')(P) = 0.

Proof. By induction on the wif evaluation procedure. This means that we
start at the values of the substitution instances of all the atomic wffs and
build up the value of P from these values according to the connectives and
quantifiers in the Lukasiewicz logic. If P is an atomic wff or a proposi-
tional constant, the lemma holds.

(i) Let V[M](~Q) = 1, then V[M](Q) = 0. By the induction hypothesis,
V[M'|(@ = 0 and hence V[M'|(~Q) = 1. Similarly, if V[M](~Q) =0, then
v[M')(~Q) = 0.

(ii) Let V[M}(Q&R) =1, then V[M](Q)=V[M](R)=1. By induction
hypothesis, V[M'](Q) = V[M'}(R) = 1 and hence V[M'|(Q &R) = 1. Similarly,
if V[M)(Q&R) = 0, then V[M')(Q &R) = 0.

(iii) Let V[M]((A%)Q) = 1, then V[M](@Q(x)) = 1 for all x. By induction
hypothesis, V[M'](Q(x)) = 1 for all x and hence V[M']((Ax)Q) = 1. Similarly,
if V[M]((A%)Q) = 0, then V[M']((Ax)Q) = 0.

The model is the limit of a ‘sequence of structures M, <M, <
M, ... <M, <..., on D. M, is defined above, i.e., V[M/](P) =} for all
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atomic wffs P. Assuming M, defined for some ordinal pu, M,4, is defined
as follows. For all standard wifs P,

V[Mypu)ae{x : P(x)}) = V[My](P(a)).

For a limit ordinal g, for all atomic wffs P, if V[M,](P) =1 for some
v < u, then V[M,](P) = 1; if V[M,](P) = 0 for some v < y then V[M,](P) =0;
and if V[M,](P) = 3 for all v < pthen V[M,](P) = 3.

In the definition of M, for a limit ordinal p, it was assumed that if
V[M,)(P) = 1 (or 0) for some v < y, then V[M;](P) = 1 (or 0) for all 7 such
that v <7 < u. The construction of M, needs to be coupled with lemma 2
(below) so that when M, is formed the assumption above will be satisfied.
That is, lemma 2 is proved for each structure M, as it is constructed.

1 will give some examples in M,, M, and M,. Since standard wifs
include the propositional constants 0 and 1, by definition of M,
V[M,)(ae{x:1}) =1 and V[M,](ae{x:0}) = 0. Let {x:1} be called U and
{x: 0} be called V. Hence V[M,](VeU) =1 and V[M,](UeU) = 1. Using these
two we can construct wiffs taking values 1 or 0 in M,. For example,

V[MJ(Ue{x: Vex}) =1=V[M](Velx : ~xex})
VIMJ(Ue{x: xex}) =1=V[M}(Ve{x: ~Uex})

Let {c} be {x : (Ay)(~yexvyec&.~yecvyex}. Then

VIM,](Ve{V}) = 1 = V[M,](Ue{u})
V[M)(Ue{V}) =0 = V[M,](Ve{u})

Some examples in M; are the following:

VIM,l{vie{x : Vex}) = 1= V[M;](U} e{x: Uex})
VIM3lx: Vexte{x: Uex}) = 1 = V[M;]({Vie{x: ~xex})

Lemma 2 M, s M, for allv < p.

Proof. By transfinite induction on pu. The induction hypothesis: M, < M,
for allv <7, for all 7 < .

(1) w=0: My < M,

(ii) p is a successor ordinal: Let V[M,]J(ae{x :P}) = 1. There is a
n <v such that V[M,](P(a)) = 1 by the method of construction of the struc-
tures. Since n < p-1, M, sM,_, by the induction hypothesis. Hence
V[M,-,)(P(a)) = 1. By the construction of My, V[M,J(ae{x : P}) = 1. Simi-
larly, if V[M,)(@e{x : P}) = 0, then V[M,](@e{x : P}) = 0.

(iii) p is a limit ordinal: Let v < u. Let V[M,)J@e{x : P}) = 1 (=0).
Then V[M,J(@ae{x : P}) = 1(=0) by definition of M,. Let v = pu. Then
M, <M.

Lemma 3 There is an ovdinal ) of the second number class such that
My = Mjy,.

Proof. The increasing chain of structures M, s M, <... s M, <...can be
regarded as two increasing chains of subsets of the denumerable set of all
atomic wifs of the form acbd. One chain is of those atomic wffs taking the
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value 1 and the other is of those taking the value 0. If M, = M,,,, then
M, = M, for all ordinals u, v < yu, since, by the method of construction,
there is no way of changing the values of any atomic wiffs. There is a
denumerable set of ordinals p such that M, # M,,,. But the set of all
ordinals of the second number class is non-denumerable and hence for
some ) in this class, M) = M,,,.

Theorem 1 ve{x : Ple>P(v) is valid in M), for all standard wffs P.

Proof. Let V[M\J(ae{x:P})=1. Let v be the least ordinal such that
V[M,J(ae{x : P}) = 1. v is a successor ordinal. Hence V[M,.,](P(a) = 1.
Since v - 1 < A, M., < M), by lemma 2. Hence V[M,](P(a)) = 1 since P is
standard, by lemma 1. Similarly, if V[MA](ae{x:P}) = 0, then we have
that V[M,])(P(a)) = 0. Let V{M\)}(P(a)) = 1, then V[M,,)l@c{x:P}) = 1.
Since M\ = My, V[M)}(ae{x : P}) = 1. Similarly, if V[M,](P(a)) = 0, then
VMy\J(ae{x : P}) = 0.

Theorem 2 The Abstraction Axiom (*) is valid in M.

Pyroof. By Theorem 1, for any standard wff P, ve{x : P}«>P(v) is valid in
M,. Hence, (Sy)(Ax)(xey<>P(x,2,,..., 2,)) is valid in M), for all wffs P
which are propositional constants or constructed from atomic wffs of the
form x¢ y by using only ~, &, A.

2. The next task is to prove that the Axiom of Extensionality is valid in M).

Let P be a standard wff such that V[M,](P) = 1 or 0. Let v(P) be the
least ordinal such that V[M,p)](P) = 1 or 0. Form the set of all substitution
instances of all the atomic wffs of P which take the value 1 or 0 in M,(p).
Call this the dependent set of P, D(P).

Lemma 4 Let P(a) be a standard wff such that VIM\](P(a)) = 107 0. If, for
each Q(a)e D(P@)), VIMA]Q®)) = VIM)\]Q @), then V[M\](P®)) = V[M](P(a)).

Proof. By induction on the wff evaluation procedure. Let P(a) be an atomic
wif such that V[M)](P(a)) = 1 or 0. Then D(P(a)) = {P(a)}. Hence V[M,](P(d)) =
V[M\)(P(a)).

(i) Let P(a) be ~R(a). Since D(~R (a)) = D(R(a)), for each @(a) c D(R(a)),
V[M\](Q(d)) = V[M,](Q(a)). By the induction hypothesis, V[M,](R(b)) =
V[M,)(R(a)). Hence V[M)])(P(d)) = V[M,)(P(a)).

(ii) Let P(a) be R(a) & S(a) and V[M,](R(a) & S(a)) = 1. Then V[M,](R(a)) =
1 and V[M,](S(a)) = 1. Since v(R(a)) < v(R(a)& S(a)), D(R(a)) C D(R(a)& S(a)).
Hence, for each Q(a)e D(R(a)), V[M,)(Q(b)) = V[M)\](Q(a)). By the induction
hypothesis, V[M](R(5)) = V[M\)(R(a)). Similarly, V[M,](S(b)) = V[M)])(S(a)).
Hence V[M,](P(b)) = V[M)\)(P(a)).

(iii) Let P(a) be R(a) & S(a) and V[M)\}(R(a) & S(a)) = 0. Then, as above,

(iv) Let P(a) be (Az2)R(a, z) and V[M,])((A2)R(a, 2)) = 1. Then
V[M))(R(a, 2)) = 1, for all z. Since V(R(a,2)) < v((A2) R(a, 2)) for all z, then
D(R(a, 2)) C D((A2) R(a,2)) for all z. Hence, for each Q(a)ct D(R(a,z2)),
V[M,\)(Q(b)) = V[M,](Q(a)). By the induction hypothesis, V[M,](R(b,2)) =
V[M,)(R(a, 2)). Since this holds for all z, V[M,](P(d)) = V[M,](P(a)).
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(v) Let P(a) be (Az)R(a, 2) and V[M,]((A2) R(a,z)) = 0. Then, as above,
V[M\(P(b)) = V[M,)(P(a)).

Let P be an atomic wff (not 1 or 0) such that V[M,](P) = 1 or 0. Define
the corresponding standard wff of P, C(P), as follows: Let P have the form
ac{x : Q@(x)}. Then C(P) is Q(a).

Let P be a standard wff such that V[M\](P) =1 or 0. Let P have
dependent set, D(P). We define a general dependent set of P, GD(P), as
follows:

(i) The dependent set D(P) of P is a GD(P).
(i) ¥ V[M,)J(R)=1or 0 and R is an atomic wff (not 1 or 0), then
D(C(R)) is a GD(R).

(iii) Let S ¢ GD(P), then (GD(P) NS) U QUS GD(Q) is a GD(P).

This assumes V[},](@) =1 or 0, for all Qe S. Note that lemma 5
(below) should be coupled with the definition of a general dependent set so
that the assumption can be made before the construction of the general
dependent sets GD(Q).

Lemma 5 Let P be a standard wff such that VIM\](P) =1o0r 0. If Q& GD(P),
then, V[M,]@) = 107 0.

Proof. By induction on the stages of construction of GD(P) for all standard
wifs such that V[M,](P) = 1 or 0.

(i) By definition of D(P), if Q¢ D(P) then V[M,](Q) = 1 or 0.

(ii) I @& D(C(R)), where R is an atomic wiff (not 1 or 0) and V[M,(R) =
1 or 0, then V[M,](Q) = 1 or 0.

(iii) Let S € GD(P) and Te(GD(P) N'S) U U GD(Q). If Te GD(Q), for

some Q¢ S, then by the induction hypothesis for GD(Q) V[M\(T) = 1 or 0.
If Te GD(P) NS, then, by the induction hypothesis for GD(P), VIM\(T) = 1
or 0.

Lemma 6 Let P be an atomic wff such that V[M,](P) = 10r 0. If GD(P)is
not D(P) then, for each Q € GD(P), V[M,p-1)]@Q) = 107 0.

Proof. By transfinite induction on the ordinals v(P). The induction
hypothesis is that the lemma holds for all atomic wffs @ such that
v(Q) < v(P).

(i) v(P)=0: P is 1or 0. The only GD(P) is of the form D(P). Hence
the lemma holds vacuously.

(ii) v(P) is a successor ordinal: Use induction on the stages of
construction of GD(P).

(ia) D(P) is not used as a general dependent set in this lemma.

(iia) If V[M)](R) =1 or 0, R is an atomic wff (not 1 or 0) and if
Qe D(C(R)), then V[M,(g-](@) =1 or 0. In the process of construction of
general dependent sets of P, R is either P itself or is a member of a
GD(P). If R is P itself, then V[M,(p-)](@) = 1 or 0. If R is a member of a
GD(P), then, by the induction hypothesis, V[M,p-,)](R)=1 or 0 or
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V[Myp)](R) =1 or 0, the latter being the case when R is a member of
GD (P). Hence v(R) < v(P) and if @ € D(C(R)) then V[M,p-1)](Q) = 1 or 0.
(iii) Let S<C GD(P). By the induction hypothesis for GD(P),
V[Myp-1](@) =1 or 0, for all QeS. By the induction hypothesis for the
ordinals, the lemma holds for any GD(Q) except for D(Q). Let T ¢(GD(P) N

du US GD(Q). If T & GD(Q)(GD (Q) # D(Q)), for some Q £ S, then V [My(p-1)|(T) =
Qe
lor 0. If Te GD(Q), where GD(Q) is D(Q), for some Q¢ S, then, since D(Q)

is {®}, T ¢ GD(P). By the induction hypothesis for GD(P), the lemma holds.
If Te GD(P) NS, then, again, the lemma holds.

Lemma 7 Let P(@) be a standard wff such that V[M)\](P@))=1 or 0.
Consider any general dependent set D' of Pla), such that, in the process of
construction, (ii) is not applied to any atomic wff of form c €a. If, for all
Q@) e D', V[M]Q®)) = VIM\]Q(@)), then V [M,](P®)) = VIM\](P@)).

Proof. By induction on the stages of construction of general dependent sets
of all standard wffs P(a) such that V[M,](P(a)) = 1 or 0, and such that (ii) is
not applied to any atomic wiff of form c €a.

(i) Let D' = D(P(a)). Then, by lemma 4, the lemma holds.

(ii) Let D' = D(C(P(a))), where P(a) is an atomic wff. We need only
consider P(q) in the form ae{x : Q). Hence C(P(a)) is Q(a). V[M,](Q(a)) =1
or 0. By the lemma condition, if R(a)&D(C(P(a))) then V[M,](R(b)) =
V[M\)J(R(a)). Hence, by lemma 4, V[M,](Q(b)) = V[M,](Q(a)). Therefore,
VMG elx : Q) = V[MJ@eix : Q). Hence V[M,)(P(B)) = V[M)](P(a)).

(iii) Let S C D' and for each Q(a) €S, let the lemma hold for D' and the
GD(Q(a)). By the condition of the lemma, for all T(@)e(®D' N S).uU

Q(l)JS GD(Q(@), V[M\(T() = V[M,|(T(a). Since GD(Q@) € (D' N J) U

(l)J GD(Q(a)), for all Q(a)eS, by induction hypothesis, V[M,](Q(b)) =
Q(a)es
V[M,](Q(a)), for all Q(a)eS. Also, for all T(a)eD'NST, VIM(T(b)) =

V[M\)(T(a)). Hence, if U(a)eD', V[M,)(U(b)) = V[M\)](U(a)). By induction
hypothesis for D', V[M,\](P(d)) = V[M,]P(a).

Lemma 8 If V[JW)‘](aEC) =1 or 0 then atc has a general dependent set
without any wffs of the form acb for any b, except a. The general
dependent sets so constructed are such that (ii) is not applied to any atomic
wffs of form a'€a.

Proof. Let the wif aec be W. The proof is by transfinite induction on v(W).
The induction hypothesis is that the lemma holds for all wffs a ed (call it X)
such that v(X) < v(W).

(i) v(W)=1: Let V[M,J(@ec) = 1or 0. Leta and ¢ be different. Then
V[Myl(Claec)) is 1 or 0. Hence D(C(aec)) = {1} or {0}. This satisfies the
lemma. If a is ¢, then D(aec) = {a e c} satisfies the lemma.

(ii) v(W) is a successor ordinal >1: Let V[M,yl@ec) =1 or 0. If
a is ¢, then D(aec) ={aec} satisfies the lemma. If @ and c are different,
V[Muw-1)(Z(@)) =1 or 0, where Z(a) is C(W). Hence, D(Z(a)) is a general
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dependent set of W and has a subset S of all atomic wffs of the form aeb,
where b is not a. For all @, if Q¢ S, then V[M,,-,)](Q) = 1 or 0. Hence, by
induction hypothesis, all these wffs @ € S have general dependent sets GD(Q)

without wffs of the above form. Form the set (D(Z(a)) N S) U U GD(®),
QrS

which has no atomic wiffs of the above form. This isa general dependent
set of W which satisfies the lemma.

Lemma 9 If acce>atd has value 1 in M), for all a, then c ec<>d £d has
the value 1in M,.

Proof. Call cec, W. Let V[M,](W) = 1or 0. By lemma 8, W has a general
dependent set D' without atomic wffs of certain forms and constructed in a
certain way. For the sake of lemma 8 the right hand c of cec is regarded
as different from the left hand c¢. So (ii) is applied in forming a general
dependent set of cec, but apart from this one instance all the usual
conditions apply. By lemma 6, all members of D' have the value 1 or 0 in
Myy-1), since, by lemma 8, D' can be constructed so that it is not D(W).
Hence W is not a member of D'. Hence D' has atomic wffs containing c,
only of the form aec or not at all. By condition of the lemma, if Q(c)e D'
then V[M\(Qd)) = V[M,](Q(c)). By lemma 7, V[M\J(dec)=V[M](cec).
Since (ii) was applied to ce€c in forming the general dependent set D', the
substitution of d for ¢ occurs only in the left hand ¢ of cec. By the
condition of the lemma, V[M,](ded) = V[M)](dec) and hence V[M,](ded) =
V[My](cec). Similarly by letting ded be W and substituting ¢ for d,
V[My\](c€c) = V[M\](ded). Hence the lemma is proved.

Theorem 3 The Axiom of Extensionality is valid in M,.
Proof. The Axiom of Extensionality is the following:
(Av)(vexes>vEY) D (A2)(XE 26> YE 2)

We will prove: if ve ces>vedis valid in M), then ce ze>d¢ 2z is valid in M.
Let V[M)](cec') =1 or 0. By lemma 8, cec’ has a general dependent set
D' without any wffs of the form ceb, for any b except c. Hence the only
occurrences of ¢ in D' are of the forms a€c (ais not ¢) and cec. Because
of the condition of the theorem and because of lemma 9, if Q(c) € D', then
V[M\(Q@)) = V[M)](Q(c)). By lemma 7, V[M))(de ') = V[M,](ce c'). Hence
ce ze>de z is valid in M, and the theorem is shown.
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