335

Notre Dame Journal of Formal Logic
Volume XII, Number 3, July 1971
NDJFAM

SOLUTIONS TO FOUR MODAL PROBLEMS OF SOBOCINSKI

G. F. SCHUMM

In Sobocinski’s [1], [2], and [3] several questions are left open, among
them

Q1. Is K1.1.1 a proper extension of K1.1?
Q2. Is K2.2 a proper extension of K2.1?
@3. Is S4.1.1 a proper extension of S4.17?
Q4. Is S4.1.3 a proper extension of S4.1.2?

All four questions are here settled in the negative, a familiarity with these
three papers being presupposed. We shall also assume a nodding acquain-
tance with Kripkean relational models and with the fact that a is a thesis of
S4 if and only if for every S4 model ¥ = (8,8,%), i.e., in which ® is a
reflexive and transitive relation on &, ¢(a,®) = 1 for each valuation ¢ on §.

Ad @1 and Q2. We shall show that
CLCLCLCCpLqLCpLgCpLqCHpLqCLCLCpLqLqCLCLCNpLgLgLg

is validated by every S4 model and thus is a thesis of S4, from which it
follows that Grzegorczyk’s axiom CLCLCpLqLqCLCLCNpLgqLqLqg is a
thesis of K1.1 and K2.2.
Suppose ¢ is a valuation on an S4 model (8, ®,%) such that
¢(CLCLCpLgLqCLCLCNpLgLqLq,®) =0,

from which

¢(LCLCpLqLq,®) = 1 (1
¢(LCLCNpLqLg,®) = 1 (2)
¢(Lq)®) =0. (3)

The task is now to show that
¢$(LCLCLCCpLgLCpLgChpLqCpLq,®) = 0, (4)
and this will complete the proof. From (1) we get
¢(CLCpLqLq,®) = 1
and from this, together with (3),
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o(LCpLg,®) = 0.
Hence there exists an $, ¢ & such that ®R9, and
$(CpLg,$,) = 0.
Now suppose for reductio that there exists an $e & such that $, %9 and
¢(CLCCpLgLCpLqCpLg,$) = 0,
from which
¢(LCCPLgLCpLq,9) = 1
¢(Lg,9) = 0.
By (2) and (7)
¢(LCNpLq,9) = 0,
and hence there exists an $; ¢ & such that $RNH, and
$(0,9.) = 0(Lg,92) =0
from which it follows that
¢(CpLg,9;) = 1.
But from (6) we also have
¢(CCpLgLCPLg,$2) = 1
and so
¢(LCHLq,$2) = 1.
However, by (1), (8), and the fact that ®R$, by the transitivity of %
¢(LCpLq,9:) = 0
and we have a contradiction. Hence
¢(CLCCpLgLCpLaCpLq,9) = 1
for all e & such that 9,09, from which it follows that
¢(LCLCCpLgLCpLqCpLq,$,) = 1.
From (5) and (9) we therefore have
¢(CLCLCCpLqLCpLgCpLgCpLq,$,) =0
and thus (4).

(5)

(6)
("

(8)

(9)

In this regard, it is interesting to note that CMCMCpMgMqCMCMCNp-
MgMgMgq, the formula obtained simply by replacing all L’s by M’s in
Grzegorczyk’s axiom, can serve in place of CMLpLMp as the proper axiom

of S4.2. For it is an easy matter to verify that both
CCMLpLMpCMCMCpMgqMqCMCMCNpMgMgMq

and



FOUR MODAL PROBLEMS 337

CCMCMCPMNCppMNCppCMCMCNpMNCppMNCppMNCppCM Lp LMp

are validated by every S4 model and are thus theses of S4. Consequently,
this variation on Grzegorczyk’s axiom is a thesis of S4.2, while S4.2 results
from its addition to S4.

Ad Q3 and Q4. Let 8 be the result of substituting p /CpLp and q/ CNpLNp
in KCLCLCpLppCM LppCLCLCqLqqCMLgq. We shall show that CBCLCL-
CPLpLPpCMLPpLp is validated by every S4 model and so is a thesis of S4,
from which it obviously follows that CLCLCpLpLHpCMLpLp is a thesis of
S4.1 and S4.1.2. Suppose ¢ is a valuation on an S4 model (®, %,%) such that

¢(CLCLCPLpLpCMLpLp,®) = 0,

from which
¢(LCLCPpLpLY,®) = 1 (v
¢(MLp,8) =1 (2)
¢(Lp,®) = 0. (3)

The task is now to show that
$(8,®) =0, (4)

and this will complete the proof. By (3) there exists an $,¢® such that
GRH: and

o(p,$1) = 0. (5)
From (1) and (5) we then have

$(CLCPLPLp,$:) = 1
#(Lp,$1) = 0

and so
$(LCPLD,9,) = 0;
whence
$(p,$2) = 1 (6)

for some P:e® such that $;RP,. Since GNP, by the transitivity of R, it
follows from (5) and (6) that

¢(Lp,®) = ¢(LNp,®) = 0
and hence that
o(CpLp,®) = 0 or $(CNpLNp,®) = 0. (7)
By (2) there exists an $; ¢ & such that ®%H; and
¢(Lp,9s) = 1,
from which we easily get
$(LCPLP,93) = 9(LCNPLNp,$s) = 1

and hence
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¢(MLCpLp,®) = 9(MLCNpLND,®) = 1. (8)
Next, suppose for 7eductio that there exists an ¢ & such that 8% and
¢(CLCCPLPLCHPLHCHLp,9) = 0.

Then we have

¢(LCCPLPLCHLp,$) = 1 (9)
¢(Lp,9) = 0. (10)

By (10) there exists an $,¢ ® such that 9, and
¢(5,94) = 0, (11)

from which, together with (1) and the fact that 8R$, by the transitivity of
R, we have

¢(CLCHLPLY,®,) = 1
¢(Lp1®4) = 0

and so
$(LCPLP,$4) = 0. (12)
But we also have
$(CpLP,$4) = 1
because of (11), and this, together with (12), yields
¢(CCPLPLCPLp,94) = 0
contrary to (9). Hence
¢(CLCCPLPLCHPLHPCPLD,9) = 1

for all 9 e&® such that R, and so

¢(LCLCCPLPLCHLHCHLD,®) = 1. (13)
Finally, suppose for veductio that there exists an ¢ ® such that @R and

¢(CLCCNpLNpLCNpLNpCNpLNp,$) = 0,

from which

¢( LCCNpLNpLCNpLNp,$) = 1 (14)
o(Np,9) =1 (15)
¢(LNp,9) = 0. (16)

By (1) and (15) we have

¢(CLCpLpLp,9) =1
¢(Lp,9) = 0

and so
o(LCpLp,D) = 0.

Hence there exists an 95 €8# such that §R$s and
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o(Np,9s) = p(Lp,9s) = 0. (1)
But then there exists an Pse & such that ;R 9¢ and
¢(p,96) = 0, (18)
from which, together with (1) and the fact that ®R9s, we have
¢(Lp,%e) = 0

$(CLCPLPLD,$e) = 1

and so
¢(LCHLp,$s) = 0.
Hence there exists an 9,¢ & such that $R9,; and
$(p,97) = 1. (19)
Now by (14) we have
o(CCNpLNp LCNpLNp,$s) = 1.

But

$(CNpLNp,9s) = 1
by (17), and so

o(LCNpLNp,$s) = 1.
Hence

$(CNpLNp,%6) = 1,
from which, together with (18), we have

$(LNp,$6) = 1
and so
¢(Np, $7) = 1
contrary to (19). Hence
¢(CLCCNpLNpLCNpLNPCNpLND,$) = 1
for all $e & such that 8RP, and so
¢(LCLCCNpLNpLCNp LNpCNpLND,®) = 1. (20)
From (7), (8), (13), and (20) it follows that éither
¢(CLCLCCPLPpLCHPLHPCPpLPpCMLCHLpCHLpH,®) = 0
or
¢(CLCLCCNpLNp LCNp LNpCNp LNpCMLCNp LNpCNpLNp,®) = 0,

and therefore (4).
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It has come to my attention that the questions settled in this note have
been resolved independently by Krister Segerberg using a somewhat differ-
ent strategy.
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