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THE GEOMETRY OF SOLIDS IN HILBERT SPACES

THEODORE F. SULLIVAN

In [6] A. Tarski presents a definition of concentric solids in Le$niew-
ski’s deductive system of Mereology [1, 2, 5]. If solid is interpreted as
sphere in Euclidean geometry, Tarski showed that the set of equivalence
classes of spheres determined by the definition of concentric corresponds
to the set of points of the Euclidean space. Thus Mereology could be used
as a foundation for Euclidean geometry. In this paper* we shall show that
the above correspondence still holds in the case where the space is taken to
be a real separable Hilbert space of dimension =2.

The definition of concentric presented below is based on the primitive
relation of Mereology, ‘*A is part of B,”” where A and B are restricted to
be instances of the name solid. In a Hilbert space § this relation will be
interpreted as the sphere A is a subset of the sphere B where a sphere is a
set of the form {x/|| x - all < #} with ae§, » >0, and || || denoting the
norm of 9.

We begin with the development of Tarski's definition of concentric. We
note that the definitions below will be formulated using only the primitive
relation of Mereology and definitions already given.

Definition 1 A is disjoint from B iff A and B are solids and whenever X is
part of A then X is not part of B. (We note that for open balls in a Banach
space this definition is equivalent to the statement that A and B are disjoint
sets.)

Definition 2 A is externally tangent to B iff (i) A is disjoint from B and
(ii) if A is part of X and is part of Y with B disjoint from X and disjoint
from Y then X is part of ¥ or Y is part of X.

*This paper 1s a part of the author’'s doctoral dissertation, Contridbutions to the
Geoinetyy of Solids, written under the direction of Professor Robert Clay and
accepted by the University of Notre Dame in partial fulfillment of the requirements
for the degree of Ph.D. in Mathematics, June, 1969. [ would Like to express my
gratitude to Professor Clay for his encouragement and advice.
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Definition 3 A is internally tangent to B iff (i) A is part of B and (ii) if A
is part of X and A is part of Y and X is part of B and Y is part of B then X
is part of Y or Y is part of X.

Definition 4 A and B ave extevnally diametvical to C iff (i) A and B are
externally tangent to C and (ii) if A and B are part of X and Y respectively
and X is disjoint from C and Y is disjoint from C then X is disjoint from Y.

Definition 5 A and B arve inlevnally diametrvical to C iff (i) A and B are
internally tangent to C and (ii) if .X¥ and Y are disjoint from C and A is
externally tangent to X and B is externally tangent to ¥ then X is disjoint
from Y.

Definition 6 A and B ave concentric iff (i) A is identical to Bor (ii) A is
part of B and whenever X and Y are such that both are externally diametri-
cal to A and each is internally tangent to B then X and Y are internally dia-
metrical to B or (iii) interchange A and B in (ii).

Theorem If © is a real separable Hilbert space of dinension =2 then the
sel of points of © can be mapped bijectively to the set of equivalence
classes of concentric spheves determined by Definition 6.

The proof of this theorem is contained in the following lemmas in
which we shall characterize the definitions above in terms of statements
about points in . We note that the norm of § is denoted by || || and the
inner product is denoted by (,). Further we shall use the following
convention: A, B, C, X, Y will denote spheres with centers a, b, ¢, x, and y
and with radii 7, 7, »5, ¥, and s respectively.

Lemma 1 Let u, v, and p be points of §. Then ||v-ull=|lu- pH +
I'p - vl iff theve exists 0 <t <1 such thatp =u + Kv - u).

Proof: This lemma is a consequence of the Cauchy-Schwarz inequality for
Hilbert Spaces [3].

Lemma 2 If A and B ave extevnally tangent then theve is a unique pe $ with
[ p - all=» and || p- bll = (p is the unique point of tangency betieen A
and B).

Proof: A externally tangent to B implies A and B are disjoint which implies
[lb-all>7. Solet t=v/llb-all and p=a +¢(b-a). It is clear that
0<¢<1. If ||p-bll < then we choose #' such that #' [|a - bl| <4, -
lp - bll and 0 < # < £ Then if we let q=a + (/- #')(b - a) we have qe A
and q¢ B which is a contradiction. On the other hand if || p - b|| > 7, we let
t = (llp - bll - 7)/2lla - bll. Then we may set q = b+ ¢ (@ -b), \=
IxI Ix-qll <#w+tlla-bll},and Y={yllly-bl|<n+tila-bll}. It
follows that X and Y" are both disjoint from A and both contain B. Further,
if welet ,=(llp-bll+n)/2/la-bllandsetu=b+¢(a-b)andv=a+
t, (b - a) then we have ue X, ve Y, u¢Y, andv¢Y. Thus Y Z Y and YV £ X.
Therefore, || p - bll = #,. Now assume q # p satisfies the conclusion of this
lemma. Then by Lemma 1 we have || b-all< |la-qll +Ilq-bll. But
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lb - all = la - pll + [|p - bll which produces a contradiction since
lla-pll=r,=1la-qlland |[p - bll=7,=|b - qll. Therefore p = q.

Lemma 3 Let A and B be two disjoint spheves. If a point p salisfies
p=a+t(b-a),0<t<1, |lp-all=r,and |lp-bll=rthen Ais exter-
nally tangent to B.

Proof: Let X be such that B is part of X and A is disjoint from X. We
show that || p - x|| = 7 and that there exists 0 <# <1 such that p=a +
/' (x -a). To establish || p - x|| = » we note that since || p - al| = », there
is for each ¢ > 0 a point qe A such that |/ p - ql| < ¢ and q satisfies p = a +
t" (q - a) for some 0 < " < 1. Applying the hypothesis X is disjoint from A
we have v = [|q - x|l = |[lq - pll+ [lp-xI|<!lp-xll+& Thus» = ||p -
x|l. To establish |/ p - x|| =» we note first that since |/ p - bl| =1, we
have for each ¢ > 0 a point q e B (and therefore in X) such that |/ p - q/! < &.
Therefore || x - pl| < # + ¢ by the triangle inequality and the assumption B
is part of X. Thus |/ p - x|/ =#. Finally assume there does not exist
0< ¢t <1 such that p=a + ¢ (x-a). Thenby Lemma 1 |/a- x|| <l|la-
pll+ |lp - x|l =, +» This implies A and X are not disjoint, which is a
contradiction. To finish the proof of the lemma we let 1" satisfy A is
disjoint from Y and B is part of Y. Then we have || p - y|l = s and there
exists 0 < ' <1 with p=a + ' (y - a) by the argument above. Finally it
follows that if s = » then ¥ = X and if » = s then X T Y.

Lemmas 2 and 3 characterize the relation A is externally tangent to B.
Proofs similar to these establish:

Lemma 4 A is internally tangent to B iff A is part of B and theve is a point
psuch thatp=a+t(b-a),0<t<1, [lp-all=r and|lp-bll=r,.

We now characterize the relation externally diametrical. We shall use
some elementary properties of Hilbert spaces which can be found in
[3]. pp. 44-46. These properties are listed in our next lemma.

IA

Lemma 5 Given a poinl p +0 of § therve is an ovthonovnal basis {b;}, 2
i =n =W, such that p = (p, byby, (p, by) > 0, and for each qe B we have q

; @, b)b; and ! qll* = L (q, by)*.

i=1

Lemma 6 Let A and B be externally diametvical to C. Then p,-cCc=
-(py - c) wheve p,=a + L, (c -a) and p, = b + &, (c - b) satisfy the conclusion
of Lemma 2.

Proof: (see Figure 1 below) Assume ¢ = 0. The conclusion then becomes
p. = -p.. If p; # £p, we derive a contradiction as follows: Let b,, . . ., b, be
an orthonormal basis having the properties of Lemma 5 where p is taken to
be p,. Since p, # +p, it is easily shown that | (p,, b))| < (p,, b;). Let q =
1/2 {[(p1, b)) + (pz, b by + (pz, b2)by + .. . + (ps, by)ba), let £ =4 (py, b))/
[(py, b)) + (ps, by) ], and let w= 1/t + 1/ + (1] ql]® + 3r3]/2r5. Now let X
and Y be the spheres such that X" has center «p, and radius (« - 1) Il'p:ll and
Y has center up, and radius (« - 1)|| p,||. Using Lemma 3 it follows that X
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and Y are externally tangent to C. Furthermore A is part of X and B is
part of ¥ and fqeX and f{ge Y, a contradiction. Therefore p, = +p,. If
p, = p. then it is easily shown that A is not disjoint from B, again a
contradiction. Thus p, = -p,. If we now remove the restriction ¢ = 0 the
result follows easily since a translation will preserve disjointness and
nondisjointness.

As a consequence of this lemma and Lemma 2 we note that c =a +
t(b -a)for some 0 <{<1.

up, up,

‘i‘i"

Figure 1.
As a converse to Lemma 6 we have:

Lemma 7 If the spheves A, B, and C satisfy: A is extevnally tangent to C,
B is extevnally tangent to C, and c =da + t(b -~ a) with 0 <t <1 then A and B
ave extevnally diametvical to C.

Proof: By Lemma 2 we have the existence of p, and p, such that p, = ¢ +
tl@-c)ypa=c+t(b-¢),0<¢t <1, 0<, <1, le'GH:TI, le‘CH:
73, llp,-bll=%, and [[p,-cll=%,. Now let ¥ and Y be open balls
satisfying A is part of .X, B is part of Y, and C is disjoint from X and Y.
From the proof of Lemma 3 we can find #{ and /; such that 0 <¢] <1,
0<t;<1,p,=c+t{(x-c), and p, =c +¢{(y - c). The hypothesis c =a +
t(b - a) and the previous sentence now imply the existence of 0 < ¢ <1
such that ¢ = x + ¢’ (y - x).

Lemma 1 then implies |/ x - yl| =s +2%, +¢ >s +¢. It now follows
that X is disjoint from Y.

Having characterized the notion of externally diametrical in Lemmas 6
and 7 we note that similar proofs establish the following characterization
for internally diametrical:

Lemma 8 If A and B ave intevnally tangent to C then A and B ave internally
diametrical to C iff theve exists 0 <t < 1such thatc=a +t(b -a).

Our next two lemmas show that A is concentric to B iff A and B have
the same center.

Lemma 9 Given spherves A and B if a # b then A and B ave not concentvic.
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Pyroof: (see Figure 2 below) Assume A and B are concentric and without
loss of generality we take B to be properly contained in A. First form
lines /, and [, as follows: [, is the line determined by a and b; I, is taken to
be any line distinct from [, such that bel, (recall the dimension of § is
=2). Since $ is a Hilbert space there exists a point d on /, such that for
all points p on I, (except d) we have || d-all<|[p-alland |/ p-all®=
Hp -dll*+[ld-all® [3), chap. 2, §4. We now construct on [, the points
d,9',e,e',g, and g’ as follows: There exists q # q' such that |[[a - ql| =
7, =!la - q'l]; there exists e + e’ such that || b - el| =7, = || b - e']; finally
there exists g # g’ such that |le - gll+ |lg-all =»,=1le" -g'll+|lg -
all (the existence of g (and g’) follows from the fact that the real function
f@® =tllq-dll +1l (d-a) +¢(q-d)Il is continuous and so there exists
0 <t < 1such that f(¢{,) =»,. Soletg=4d +¢(q-4d)).

Figure 2.

We now let X and Y be spheres with x=g, y=9', = 1[/b-gll,s =
l'b" - g'll. It is easily established using Lemma 7 and the above that X and
Y are externally diametrical to B. Using the definition of g and ¢’ and
Lemma 4 we have that X and Y are each internally tangent to A. However
if we assume A and B are concentric then Lemma 8 implies a = g + ¢(g’ - g)
for some 0 <!/ < 1. This implies a¢€l,, a contradiction.

Lemma 10 Let A and B be open balls with a =b. Then A and B ave
concentric.

Proof: We assume without loss of generality », <#,. Assume X and YV
satisfy the hypothesis of the definition of concentric (ii). X and Y externally
diametrical to A implies by the note to Lemma 6 that there exists 0 <¢ < 1
such thata = x + £(y - x). Since a =b we have b = x + £ (y - x) which implies
by Lemma 8 that X and Y are internally diametrical to B.

We now conclude the proof of the Theorem. We use [A] to denote the
set of open balls concentric to A.
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Lemma 11 There exists a bijection from $ to the set of sets [A]wheve A
is an open ball of the sepavable veal Hilbevt space 9 of dimension = 2.

Proof: Given ae  let A be any sphere with center a. Let f(a) = [A].
Lemmas 9 and 10 easily imply that f is welldefined and that it is a bijection.

We conclude this paper with a counter example to our theorem in the
case where 8 is an arbitrary Banach space [4] of dimension at least 2. For
our space B we take the space Rx R whose elements will be denoted by
(x, ) with xeR and yeR and whose norm is defined by: || (x, v)|| =
max {|x], [y[}. To show that the bijection of Lemma 11 does not hold we
shall prove that the relation of concentric fails to be an equivalence
relation. Our method of proof will be to show that no sphere is externally
tangent to the sphere U whose center is (0, 0) and whose radius is 1.
Concentric then becomes just the subset relation. To this end let S be a
sphere with center (u, v) and radius » > 0 disjoint from U. We observe that
the points (v, y) of S satisfy either [x|> 1 for all x or [v|>1 for all y;
otherwise, there is a point (¢, w)e (S~ U) with £ = x(1 - s) and «w = y(1 - s)
where (x| =1, [yl =1 ands =1/2min{r - |x - ul, » - [y - v, 1}. Without
loss of generality we shall assume x > 1 for all x where (x, y)eS. To show
S is not externally tangent to U let X be the sphere with center (u+(|u|%/u),
v +7) and radius 27 and let ¥ be the open ball with center (u+(|u|v/u), v - )
and radius 2. Then the inequalities |u + (lulr/u) - x| = lu - x|+, |v +
y-yl=lv-yl+»,and [v -7 -y|=|v-yl+restablish: (1) S is part of X
and (2) S is part of Y. Further X is disjoint from U for if (v, v) eX then
[ + (Jal7/1) - x| < 27 which implies |x| > 1 since |«| > 1 by our hypothesis
about S. Similarly Y is disjoint from U. Finally since the norm of the
difference between the centers of X and Y is 2# it follows that the center of
X is not an element of Y and the center of Y is not an element of .

REFERENCES
[1] Clay, Robert E., Contributions to Meveology, Ph.D. dissertation, Umversity of
Notre Dame (1961).

[2] LeSniewski, Stanistaw, ‘‘Podstawy ogodlnej teoryr mnogosci I'* (Foundations of
General Set Theory 1), Prace Polskiego Kota Naukowego w Moskwie, Sekcja
matematyczno—przyrodnicza, Moscow (1916).

[3] Maurin, Krzysztof, Methods of Hilbert Spaces, Warszawa (1967).

[4] Nagumo, Mitio, Introduction to the Theovry of Banach Spaces, Vol. 1, Instituto de
Mathematica, Universidade Do Rio Grande Do Sul (1961).

[5] Sobocinski, Bolestaw, ‘‘Studies in Leséniewski's Mereology,* Polskiego Towa-
zystia Naukowego na Obczyznie, Rocznik V (1954-1955), London, pp. 34-43.

[6] Tarski, Alfred, Logic, Semantics, Metamatheinatics. Papers from 1923-1938,
translated by J. H. Woodger, Oxford (1956).

University of South Carolina
Columbia, South Carolina





