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SUMS OF AT LEAST 9 ORDINALS

MARTIN M. ZUCKERMAN

1 Introduction* Ordinal addition is noncommutative. For each positive
integer n, let nιn be the maximum number of distinct values that can be
assumed by a sum of n nonzero ordinals in all n\ permutations of the
summands. Then for n — 3, mn < n\ furthermore,

lim —r=0.
n^oo n\

Formulas for mn were given by Erdδs, [1], and Wakulicz, [3] and [5]; from
these formulas it is readily established that for n — 10, n Φ 14,

where n = 5& + I for k, I nonnegative integers with I — 4, and where for
nonnegative integers r ands,

_ j r - s for r > s,
] 0 for r < s.

For positive integers n and k let Σn be the symmetric group on n
letters and let En be the set of all k for which there exist n (not necessarily
distinct) nonzero ordinals al9 a2, . . . , oίn such that

LJi-Λ aΦU)

takes on exactly k values as φ ranges over Σn. It is known that En =
{ 1 , 2 , . . . , mn} for n = 1, 2, 3, 4, 6, 7, and 8 ([2], [4], and [6]), but that
E5 = {l, 2, . . . , m5} - {30} ([5]). In this paper we show that En is properly
included in {l, 2, . . . , mn} for all n ^ 9.

For every ordinal number a > 0, let

(1) a = ω λ l α 1 + ωλ 2α2 + . . . + ω λ rα r
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be the (Cantor) normal form of a; here r, α i ? a2, . . . , ar are positive
integers and λx > λ2 > . . . > λ& > 0 are ordinals. In (1), λx is called
the degree of a (written, deg a) and aΛ, the leading coefficient of a. If deg α =
λi, we call a a \γ-ordinal. By the remainder of a we shall always mean
ωλ2a2 + . . . + ωλrar (or zero, if r - 1).

Unless otherwise specified, variables will range over (nonnegative)
integers.

2 77z£ Main Result Let n - 1. The positive integers £ 1 ? kz, . . . , ks are
said to form an Sn-system if

and whenever Σ^i fc = w, then z J Ί L (1 + U 2ίi"1) ^ kJVis2 (1 + k{ 2ki~ι).

In any Sw-system for n ^ 3, kx must be 1, and for n ^ 9 and 2 ^ j ^ s, kj
is 4, 5, or 6 ([3], pp. 256-260); thus for n ^ 9, s > 3.

Lemma 1. For w > 9, Zέ?/ 1, ^ 2 , -, ŝ form an Sn-system and let
Σ//=i Zf = «, where Zx, Z2, . . . , lt are positive integers that do not form

an Stt-system.

Then hUU (1 + U 2/*'-1) < Π L (1 + k{ 2ki~λ) - 36.

We omit the routine proof of Lemma 1, which utilizes the calculations
of [3], pp. 256-260 and [5], p. 239. We now show that for n ^ 9, En is
properly included in {1,2, . . . , mn}. To this end we define sn = maχ(En -
{mn}), n ^ 1. It suffices to show that sn < mn - 1 for n ^ 9.

Theorem 1. For all n — 9, En is properly included in {1, 2, . . . , mn}. In
fact,

(a) for n = 9, 10, 14, 15, and 20, sn = mn - 4;
(b) for n = 11, 12, 16, 17, 18, and for all n ^ 21, sn = mn - 8;
(c) for n = 13 «wrf 19, sw = ww - 16.

Proof. For any w ̂  1, let α?!, o?2> , «« be any ordinals of which

(A?,- are of degree λ, , i = 1, 2, . . .^, s,

/where λx > λ2 > . . . > λs, and Σ/f=i /̂ = w.

Erdos, [1] and Wakulicz, [3] showed that au oι2, . . . , an yield at most

* i Π - = 2 ( l + *, 2^-1)

distinct sums in all n\ permutations of these summands and that, in fact,
there exist ordinals al9 a2i . . . , Gfw that yield >;/„ sums; here ku k2, . . . ,
kSi of (2), form an Sw-system. Furthermore, for n ^ 9, it follows from
Lemma 1 that for the purpose of our theorem we need only consider
ordinals aly a2, . . . , an, subject to (2), for which &1? k2, . . . , ks form an
Sn- system.

Let n ^ 9. Let

«! = ω λ l ^ 1 ? 1 +aiμ + ω λ 2 ^ l j 2 + « l j 2 + . . . + ω λ s ^ 1 ? s + α 1 > s
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a2 = ω 2 ^ 2 , 2 + «2,2 + + ω s ^ 2 , s + a2,s

a3 = ω λ 2 ^ 3 ) 2 + α 3 > 2 + . . . + c o λ s ^ 3 ) S + α 3 ? s

0 V * 2 = ω λ 2 ^ 1 + f e 2 , 2 + ak1+k2,2 + . . . +

^l+^2 + +^S-l+2 = ω S<^k1 + k2

+' ' + ks-l + 2>S + α ^ l + ^ 2 + + ^ S - l + 2 ? S

oίn = ω s&n,s + an,s,

where ££Ί i and ^ t #/ are positive integers for

and ^ ί > ; are nonnegative integers otherwise; cntj is the sum of those terms
of αff which are of degree d, where λ/ + 1 < d < λy, 1 — z'^ n and i — j < s,
and «/)S is the sum of those terms of α,- which are of degree <λ s , 1 — i — n.

Consider all ordinals of the form

ft = ω λ 2 ^ ( 2 ) + ̂ -2,2 + ω λ 3 ^,- 2 > 3 + «i2,3 + w λ 4 ^ 2 ? 4 + α, 2 ) 4 + . . . + ωλsa«i2,s + ai2ίS

β3 = ω λ 3 ^ ( 3 ) + β/3j3 + ̂ λ 4 ^ 3,4 + βi3,4 + . . + w X s ^ 3 , 5 + α,-3?s

& - ω λ 5 ^ ( S ) + a i s , s ,

where for each j , 2 — j — vs, we have

(3) ΣJ S , *μ < </ ^ Σ ; = 1 *μ

and

^(y)= ^̂ zy,y +Tjfl,i,j(i e J ), where Jy is some subset (possible empty)

| 1 + Zyμ=1 kμ , 2 + 2_/μ=1 fy , - . - , Σ μ = 1 ^ I - {*/}.

Then for any 0 <E Σ W ,

Σ / S I «Φ(/) is o f the form Z)J=1 β^(ί ) ,

where ψ G Σ s . It follows that either

Σ/J=i Qf̂ (z) = βi or else Σy?=i «Φ(/) is of the form

(5) ft + Σ ί = i β , μ ,

where 2 ^ j2 < j3 < . . . < j t ^ s. Let/(μ) = kj , μ = 2, 3, . . . , t; then there
are at most
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possibilities corresponding to the index set

(6) {A, 72, ,Λ}={1,Λ, ,7/}, t^ 2

(and exactly one possibility for the former case).

Suppose there were less than kj2ki~ι possibilities for some βj, 2 ^ j ^

s. Then corresponding to each index set (6) containing j , at least kj2ki~1

sums (5) would be eliminated. We shall show that sn > nιn- kj2ki~1 > mn-

32 for each j = 2, 3, . . . , s; thus we need only consider ordinals aly

a2, . . . , an for which

, v j there are precisely kj2ki~1 distinct sums for

( each of the corresponding βj, 2 ^ j ^ s.

(7) implies that there are precisely 1 + kj2ki~1 distinct sums of the form

βi + βj for each j, 2 ^ j ^ s. Hence we need only be concerned with index

sets (6) in which t — 3. We note further that considerations along the lines

of [3], pp. 261-263, show that (7) implies that for each such j , if U,V(ΦU)

satisfy

Σμllkμ < U ^ Σ^= 1 kμ , Σ ^ kμ < V < Σ^= 1 &μ ,

then au and av have distinct leading coefficients and distinct remainders.

Consider a sum of the form (5) in which / — 3, and let Γ = {j2, j3, . . . , jt}

where {1} U Γ is the corresponding index set (6). For γ(=Jk) <Ξ Γ, let γr =

jk-! and let γ+ = jk + 1 in case k < t. In the notation of (3) and (4) any sum of

the form (5) can be written as

(8) c o λ l ^ 1 ? 1 + elyl +Σ(ωλγ(Osiγl>γ +Σ&i>γ(i G Jγ) + a,iγ,γ) + eiγ>γ) (ye Γ),

in which iλ = 1 and for each γ e Γ? eiγ>y consists of all terms of α, y that

are of degree less than λy and (in case γ = jk with k < t) greater than λγ+.

There is one possibility for ( ^ x i, βx i, fl/\j^, and by (7), there are /?)/2^y"1

possibilities for

(9) <£&i.γ(i <Ξ Jy) + ̂ y , y , eiγ,γ , O<iy>y+)

for each y <Ξ Γ - {̂ } as well as for

(10) &fci,Y(i e Jy) + ̂ ίy,y, eiy,y>

for γ = jf Consider all ordered (t - 1)-tuples whose ith coordinate is an

ordered triple of the form (9) corresponding to y = ji + 1, i = 1,2, . . . , t - 2,

and whose (t - l)st coordinate is an ordered pair of the form (10). Two

such distinct ordered (t - 1)-tuples can yield the same sum (8) if and only if

for some γ <E Γ - {jt}, for u, v{φιι) such that

Σ p 1 h < u < T/^ kμ, ΣY

μ:ϊ kμ<v^ Σ £ i h, D^V 1 feμ < z sΣΪ=1 kμ

and for distinct subsets J and K of

{i + Σ^-.Γ1 h, 2 + Σ^Γ 1 kμ,... , Σ& kμ} - {z},
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(11) eu.γ = ev,γ, &u,y

+ Φ Cbv,y*, a s well a s

(12) £Z'u,γ+ +ΣtZ'iιγ+(ί e J) = ̂ v,γ

+ + Σ ^ , y

 + (z e K).

If these conditions are met, then corresponding to each subset L of

j l + Σfμ=l kμ, 2 + E ^ l 1 kμ, . . . , T/μ--l kμ | - {li, v},

as well as to each r such that

t r = l i i γ ' = 1,

(13) Ly'.i < < y y ' ^ ,

we have

ω y (^r ,y + Tj(2^i>y{i E. L U {v}) + C2su,γ) + ^«,y

= ω λ y ( ^ r > y + ΣOsitγ(i e L U {w}) + ̂ , y ) + e v , y

+ ω λ > / + ( ^ , y + + Σ^iιγ+{ί <ε K) + fcZtY+) + ez>γ+.

C o n s e q u e n t l y , a t l e a s t kγι2
ky~2 of t h e s u m s (8) a r e r e p e a t e d .

M o r e o v e r , if δ, ε, ζ a r e s u c h t h a t 1 — δ < ε < £ — s , t h e n for any index

s e t (6) c o n t a i n i n g δ = jj, ε = j f + 1 , and ζ = j t + 2 , l — i — ί - 2 , t h e above a r g u -

m e n t a p p l i e s with δ, ε, ζ r e p l a c i n g y f , y, y + , r e s p e c t i v e l y . T h u s for δ, ε , ζ

a s i n d i c a t e d , a s m a n y a s

u c\max{θ.δ-2\ +ke-2 + s- ί

of the sums (8) might be eliminated.

We now show that for δ = 1, ε = 2, and ξ = s, there are, in fact, ordi-

nals, aly a2, . . . , an, subject to (2), for which &i(=l), k2, . . . , ks form an

Sw-system, and which yield precisely mn - 2^2"2 sums. Let

a, = ω 2 s - 2

α 2 = ω 2 s " 3 + ω 2 s " 4 + ωlOO

α, = ω 2 s " 3 2 + ω 2 5 " 4 + ω ( 2 * s + 99)

α 4 = ω 2 5 " 3 4 + ω 2 s ' 4 2

a5 = ω 2 s " 3 8 + ω 2 5 " 4 3

«*!•*, =ω 2 s - 3 2^- 1

+ ω

2 -^ 2 - l )

^ 1 + * 2 + 1 = ω 2 s " 5

+ ω

2 s " 6

α* 1 + i 2 + 2 = ω 2 s - 5 2 + ω

2 s " e 2

«4 1 +^+3 = ω 2 s - 5 4 + ω

2 s - 6 3

α * 1 + V +* s-2+ 1 = ω 3 + ω 2

«Ai+A2+...+ *s-2+2 = ω 3 2 + ω 2 2

α * i ^ 2 + . . >*s-2 + 3 = ω 3 4 + ω 2 3
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ak1+k2+...+ ks-ι+i = ω + 1

<*k1+k2+...ks-1+2 = co2 + 2

«A1+*2 + ...+ife5-1+3 = ω4 + 3

an = ω2ks~λ + ks.

Let βλ, β2, . . . , βwbe as above. There are kj2ki~ι distinct possibilities

for each such βj. The only index set that we need consider with respect

to repetition of sums is {1,2, s}; for any other index set, {l, j 2 , . . . ,jt},

the corresponding sum (5) has exactly

ΠμS2fe/ μ2*/μ" 1

possibilities. Let γ = 2; then yf = 1 and γ+ = s. Let w = 2, t> = 3,

2 = 1+ Σ p 1 &μ , c7= J2 + Σ ^ 1 &μ , 3 + Σ^Ii &μ , . . . , ni,

K = φ. Then (11) and (12) hold for these values of u, v, z, J , K9 and for no

others. There are 2^2"2 subsets of {2, 3, . . . , 1 + k2] - {u, v} as well as

exactly one value of r satisfying (13); thus exactly 2k2~2 of the sums (8) are

eliminated. It follows that sn = mn - 2h"λ"ί for n ^ 9.

For an Sw-system, we reindex if necessary so that k2 = min{fea, ^ 3 ,

. . . , fes}. By [3], p. 260, we have kz = 4 for w = 9, 10, 14, 15, and 20; kz = 5

for n = 11, 12, 16, 17, 18, and for n ^ 21; k2 = 6 for « = 13 and 19.
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