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Second-Order Quantifiers and the

Complexity of Theories

J. T. BALDWIN* and S. SHELAH**

In this paper! we classify all theories of the form (7, £) where (7T, £) is
the collection of £ sentences valid on the models of the complete first-order the-
ory T and £ is one of the following: second-order logic, permutational logic,
or monadic logic. We regard any theory into which second-order logic can be
interpreted (in the strong sense used here) as hopelessly complicated. We par-
tition those theories in which such an interpretation does not exist into four
classes and find a prototype for each class. One of the classes contains unsta-
ble theories; the other three are stable. In the unstable case we show the follow-
ing. First, the permutational theory of the class interprets second-order logic so
only the monadic theory is interesting. We show the monadic theory of the class
is at least as complicated as the monadic theory of order. Now by one measure
the members of this class cannot be differentiated: (under weak set theoretic
hypotheses) all the monadic theories have the same Lowenheim number —that
of second-order logic. In contrast we show that the Hanf number of the monadic
theory of order is strictly less than the Hanf number of second-order logic. This
proof requires the computations of Hanf and Léwenheim numbers of various
theories of (well) orderings. These computations are interesting in their own
right. If T is stable we use a Feferman-Vaught type of theorem to decompose
models of these theories into trees. The nodes of these trees are small models
and the height of the tree is uniformly bounded over all models of 7. The other
three cases arise when this tree is: (a) well-founded, (b) imbeddable in A<“, or
(c) otherwise. This allows us to compute the Hanf and Lowenheim numbers of
such theories. A more detailed exposition of the methodology and aims of the
paper appears in the survey (Section 1.2) of results which follow.
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One motivation for this paper arises from a glance at the literature about
second-order quantifiers. There has been a lot of work done in monadic logic
(mainly about orderings and trees) and some on permutational logic but noth-
ing on other second-order quantifiers (Qj ,2-step nilpotent group)? 7. What distin-
guishes these two quantifiers? This question was largely answered in [21]. Up
to a strong notion of interpretability there are only four second-order quanti-
fiers of which one, first-order logic, is a degenerate case, and another, second-
order logic, is hopelessly complicated; this leaves monadic and permutational
logic. But another glance at the literature raises another question. Why does
research in monadic logic focus on theories of order and trees and why is
research in permutational logic concerned entirely with the theory of equality?
Much of this paper is devoted to answering this question. We show that if 7 is
a “nontrivial” first-order theory then (7,1-1) is bi-interpretable with second-
order logic, so only pure permutational logic is interesting. We find there is one
class of structures which provides an interesting monadic logic that had been
overlooked (the trees: A=¢). However, in a rough sense made more precise in
this paper, the classes of trees N<“, A=¢ and linear orders exhaust the interest-
ing monadic theories. We obtain some specific results about these theories.

In another way this article can be viewed as propaganda for classification
theory as the present material demonstrates the importance of the earlier work
on classification theory by applying it in a nontrivial context.
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1 Introduction Section 1.2 is a survey of the paper; Sections 1.3 and 1.4
elaborate upon some distinctions in the definitions of Hanf numbers and inter-
pretations which arise in the course of the paper.

1.1 Notations and conventions Our notation is standard but we list here
some slight variations and some conventions we adopt which are not fixed in
general usage. We denote structures by capital letters M, N, ...and |[M] is the
cardinality of the universe of M. We use small letters r, s, ¢ for second-order
variables and R, S, T to name subsets (relations) on a model. A barred letter
denotes a finite sequence of variables or parameters. We write /7 € M instead
of m € M (lg = length). If ¢(X%, @, R) is a formula (with @ and R param-
eters from M) ¢(M, @, R) denotes {m € M: M k ¢(m, a, R)}.

T, denotes the theory in the language of equality which has only infinite
models. Th(<) (or occasionally LO) denotes the first-order theory of infinite
linear orders. (T,2nd) denotes pure second-order logic.

A language L or similarity type (7) is a collection of relation and function
symbols of specified arity. A logic £ is a function which assigns to each similar-
ity type 7 a collection of £(7)-sentences, and a truth predicate k¢ which to
each pair (M, ¢), M a r-structure, ¢ an £(7) sentence, assigns a value of true
or false. When we deal with fixed similarity type we may write £-sentence rather
than £(7)-sentence.

For \ a cardinal and « an ordinal, a set 7 © A=* or A<* (sequences of ele-
ments of A with length < or <« respectively) which is closed under a subsequence
is a tree under the partial order of extension. We write 7, 7, etc. for elements
of 1. If Ig(n) is a successor then » ~ denotes the unique predecessor of »; n ~ j
denotes the result of concatenating n and (/). () denotes the empty sequence.
If {a;: i < a) is a sequence then A4; denotes {a;: i < j}.

1.2 Survey of the paper In the later 1950s, model theorists began to study
not only the properties of first-order predicate logic (e.g., preservation theorems)
but also properties of models which were not first-order expressible. Early pur-
suits of this theme were the study of such properties as “omitting a type” and
“being a two-cardinal model”. It was quickly realized that those properties could
be expressed in more sophisticated languages: L, , in the first case and L(Q)
in the second. This discovery spurred investigations of these logics.

Another theme of contemporary model theory is the study of the relative
complexity of various theories in an arbitrary logic £. Of course this study began
with the early interpretation results regarding decidability. The investigation of
interpretations continues through the study of theories in stronger logics, e.g.,
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the monadic theory of successor, order, etc. Another approach is to classify first-
order theories by whether they satisfy various non-first-order properties, e.g.,
“has a prime model”, or by the complexity of certain associated invariants, e.g.,
n(T, \) (the number of models of T in power ). This kind of classification
culminated in the development of stability theory.

In this paper we combine these two themes in the following program. Con-
sider two theories 7; and 7, formulated in a logic £. To compare their
strengths, choose a stronger logic £’. Now think of 7 and T, as £’-theories
and investigate their properties.

We divide all countable first-order theories into five classes: The first, those
which interpret second-order logic, we regard as beyond analysis. Each of the
other classes is associated with a class of structures. The second is associated with
the class of linear orders. In the other three cases each model of the theory with
cardinality \ is associated with a tree of height <®,. The three cases correspond
to A<X1, the full tree A<“ and well-founded subtrees of A<“. The rationale for
this classification is based on the relative interpretability of theories with second-
order quantifiers.

There are several notions of interpretation which play a role in this paper.
Here, we only indicate when different notions are used; a careful delineation of
the distinctions occurs in Section 4. We deal only with theories with no finite
models. We write T, for the theory in the language with only the equality sym-
bol which has this property. For convenience of exposition we restrict discus-
sion in the introduction to countable theories. Much of our work extends to
uncountable languages but we are inconsistent in our stress on that fact.

In this paper we focus on those £ obtained by adjoining to first-order logic
those second-order quantifiers considered by Shelah in [21]. Informally, we
adjoin to first-order logic quantification over arbitrary second-order variables
which must satisfy a specific first-order condition ¢(7) in a language whose only
nonlogical symbols are the 7. Thus we can say “there is a permutation r such
that...”. We cannot say “there is an automorphism 7 such that. . .”. (The asser-
tion that r is an automorphism requires additional nonlogical symbols which are
not permitted.) Formal definitions of this notion and the ones in the next few
paragraphs appear in Section 2.1.

Shelah proved in [21] that if Qg7 is any such quantifier then (7w, Q7))
is bi-interpretable with one of: (7., 1st) (first-order logic); (7, Mon) (monadic
logic); (T, 1-1) (permutation logic); (7, 2nd) (second-order logic). (An ex-
position of this argument, supplemented by the methods of this paper occurs
in [2].)

Our intuitive claim is that if second-order logic is not interpretable in (7,
Qus) then (T, Qy(s)) is simple. We make this precise by drawing a number
of conclusions from the hypothesis of noninterpretability. We deduce a struc-
ture theory for models of T from this hypothesis. To test the value of this
structure theory we use it to compute the Hanf and Léwenheim numbers relative
to T for various logics.

In Section 2 we make precise our notion of interpretation and summarize
the combinatorial properties of formulas which are sufficient to imply (7,
2nd) is interpretable in (7, Mon) (written (7, 2nd) < (7, Mon)). In Section
3.1 we extend the analysis of generalized sums from [22] to infinitary monadic
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logic and we allow the sum to be amalgamated over a “heart” N. We refer to
this construction as a free union over N. If every model of T has a decompo-
sition as a free union over a countable submodel of countable submodels we say
T is strongly decomposable. If for some «, each model of 7 can be decomposed
as a tree (with height <k) of countable models, we say T is tree decomposable.

Our basic classification of theories is based on whether (7, Mon) or (T,
1-1) interpret (7,, 2nd). This analysis is simplified if we first ask whether the
monadic theory of order (Th(<), Mon) is interpretable in (7, Mon), for
(Th(<), Mon) =< (T, Mon) implies (T, 2nd) < (T, 1-1). We show in Section
8.1 that T is unstable if and only if the monadic theory of order is interpret-
able in (7T, Mon).

Our viewpoint on theories which interpret the monadic theory of order (i.e.,
unstable) is explained more fully in the introduction to Section 8. The follow-
ing results indicate the situation.

We prove that for unstable T (T, 2nd) < (7, Mon) (cf. Definition 2.1)
if T has the independence property. We show that (7., 2nd) % (Th(<), Mon)
by a computation of Hanf numbers. (Note that Gurevich and Shelah [7] have
constructed an interpretation of second-order logic into the monadic theory of
order but not one with the strong model theoretic properties we demand here.)

Consider now those theories which do not interpret (Th(<), Mon), i.e.,
the stable case. Our basic intuition is that all models of such theories are “short”.
Complete information about a finite sequence of elements depends on only a
countable number of other elements—those below (in a certain tree) the elements
in question.

The basic tool in our investigation of stable theories is developed in Sec-
tion 4.2. For any subset A and elements a, b of a model of a stable theory we
define the fundamental equivalence relation: aE4b if t(a; A U b) forks over A.
In general of course, this relation is not transitive but we show that it is if (7,
2nd) £ (T, Mon).

For any model M of T and any N <M, E, decomposes M into a free
union over N of the equivalence classes of En. (For each equivalence class
X, XUN<M.)

There are now several classes of theories T such that T is stable and
(T, 2nd) % (T, Mon).

The “simplest” class contains those T such that (7, 2nd) % (7, 1-1). We
characterize this class in Section 7. We show that in this case the fundamental
equivalence relation is actually “a is in the algebraic closure of A U {b}”. Thus
the cardinality of each equivalence class is <|T| and T is strongly decompos-
able. We also show that (7, 1-1) is bi-interpretable with pure permutational
logic, and that the Lowenheim number of finitary monadic logic restricted to
models of T is X,.

Now suppose only that (T, 2nd) % (T, Mon). We show in Sections 3.2
and 4.2 that T is tree decomposable if and only if 7 is stable. Now there are
three subcases depending on the complexity of the trees associated with 7. If T
is not superstable then we show in Section 7 that the class of trees A= can be
infinitarily monadically interpreted in 7. If T is superstable there are two cases
depending on whether all the trees associated with T are well-founded (T is
shallow) or not (T is deep). Again in Section 7 we show that for deep theories
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all trees of the form A<“ can be interpreted in T (via infinitary monadic logic).
We show that this interpretation pushes up the lower bounds on the Hanf and
Lowenheim numbers of infinitary monadic logic restricted to 7. In Section 5 we
compute exact bounds on these numbers for shallow 7.

The following chart summarizes the analysis outlined above.

Assume (T, 2nd) £ (T, Mon).

(Tw,2nd) < (T, 1-1)  (Tw,2nd) % (T, 1-1)

(Th(<),Mon) < (T, Mon) prototype
(unstable) (Th(<),Mon) impossible

(Th(<),Mon) £ (T, Mon) | tree decomposable

strongly decomposable
(stable) prototypes A<¢, \=¢

The sense of “prototype” is much stronger in the stable case than in the
unstable. In the stable case we have the bi-interpretability results of Section 7.
In contrast, in Section 8 (especially 8.2) we see that (Th(<), Mon) is in a
certain sense the simplest unstable theory which does not interpret (7,, 2nd).
An investigation of the sense in which it is a “typical” such theory continues.

1.3 On the significance of Hanf and Léwenheim numbers Intuitively, we
think a simple logic £ should have low Lowenheim and Hanf numbers so the
computations of those numbers serve as a test question. In the case of
Lowenheim numbers it is easy to make this notion precise. If Is¢ = « then the
collection of validities of £ depends only on sets whose rank can be bounded
in terms of k. Thus the dependence of the validities of £ on set theory is slight
as they remain the same in any model of set theory provided only that we fix
a small initial segment of the rank hierarchy.

In the case of Hanf numbers this intuition is harder to pin down. Partly
this is because there are a number of variants of the notion of Hanf number
which must be considered. We discuss these variations now; in Section 1.4 we
show how an appropriate Hanf number can be used as a test of noninterpret-
ability.

1.3.1 Notation For any sentence ¢ the spectrum of ¢, spec(d) = {« :
k= Ko IM k ¢ |M| = «}. We relativize this notion to a theory: Specr(¢) =
{k=Ro:IMETU ¢, M| =«}. We say ¢ is bounded if spec(¢) is a set. We
say M is a largest model of ¢ if N k ¢ implies [N| < |M]|. If ¢ has a largest
model of power \ we say ¢ characterizes \. Let x and A be Hanf or L6wenheim
numbers of some logic; we say k is bounded in terms of \ and write k N\ if
k< 3,(N). If k and \ are each bounded in terms of the other, we write x ~ A.
(Of course, the choice of the function X ,(x) is arbitrary; it is large enough for
our purposes and a correct general definition is unclear.)

Note that we have explicitly ignored finite models.
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1.3.2 Definition
(a) For any logic £ we define the following Hanf numbers:
(i) The Hanf number of £ (hg) is the least « such that for any £-sentence
¢: if ¢ has a model of power x then ¢ has arbitrarily large models.
(ii) The Hanf number of £ for theories (Hg) is the least « such that any
L£-theory & which has a model of power « has arbitrarily large models.
(iii) The Hanf number of £ relative to T (h}) is the least « such that for
any £ sentence ¢ in the language of T if TU {¢} has a model of power
k it has arbitrarily large models.
(iv) The Hanf number of £ for theories relative to T (HE) is defined anal-
ogously to (ii).
(v) The Hanf number for omitting types of T (H.O.T) is the least cardi-
nal « such that for every type p (over the empty set), if 7" has a model
of power « omitting p then T has arbitrarily large models omitting p.

One further complexity arises when dealing with infinitary languages.
Hanf’s general argument for the existence of Hanf numbers requires that the
logic have a set of sentences. The languages Lo, , or Lg, . (cf. [8]) have a proper
class of sentences if all similarity types are considered, but only a set for any
fixed similarity type (cf. [10], p. 46). Thus we define

(vi) The Hanf number of £ relative to the similarity type T (h}) is the least
k such that for any £(7)-sentence ¢: if ¢ has a model of power « then
¢ has arbitrarily large models.

(b) We define a similar family of Lowenheim numbers. To save space we write
out only the definition of Is¢ and /sZ. However, LSg, IsZ, and LST are defined
analogously.

The Lowenheim number of £(/sg) is the least x such if the £-sentence ¢
has a model, it has a model of cardinality <«.

The Lowenheim number of £ relative to T is the least « such that for any
£L-sentence ¢, if TU {¢} has a model it has model with cardinality <«.

There is no established convention on the question, “Is the Léwenheim
number the least x such that each sentence has a model of power <« or the
least  such that each sentence has a model of power =«?” Thus, the Hanf and
Lowenheim numbers we have defined must be carefully distinguished from the
following variants:

(i) g = sup{«: There is an £-sentence characterizing «}.
(i) Isg is the least cardinal « such that each sentence with a model has one
of cardinality <k.

1.3.3 Notation When we write H/ _(ron), hLTwl’w(Mo,,), etc., we intend
L to specify that we are discussing sentences in the language of 7. Of course in
these examples the extension of L by a finite number of unary relation symbols
would make no difference since they could be existentially quantified in finitary
monadic logic. However, in either case the addition of countably many addi-
tional unary predicates is significant. Accordingly, when L is the language of
T we denote by L the expansion of L obtained by adding countably many unary
predicates.



236 J. T. BALDWIN and S. SHELAH

The following examples illustrate two weaknesses of considering
h{, (von as an invariant.

1.3.4 Example Consider the standard example [13] of a theory T with
H.0.T = 1,; any model of T contains two infinite sets P, and P;, a unary
function S and constant 0 € P, such that (P, S, 0) is a model of the theory of
integers with 0 under successor. Now let ¢ be the L, ,(Mon)-sentence which
asserts that P, contains only a single copy of (Z, S):

vO{[Q S PoaVx(xE O« SxE Q)]
- [vy(yeP,-y€eQ)l} .

Moreover, let E be a binary relation between Py and P; which satisfies the
axiom of extensionality. Now any model of T'U {¢} has cardinality <23, so
kL, momy = (31)*.

Iterating this example exactly as in the original construction shows
hLT,,,,w(Mon) =

The difficulty here is that L, ,(Mon), although ostensibly a finitary lan-
guage, inherently possesses some of the power of an infinitary language.

1.3.5 Example On the other hand by taking a disjoint union of the theory
in the previous example with the theory of an infinite set we find a fairly
complicated theory T with the same language but with h[w,w(MO”) = Ro.

We deal simultaneously with both of these problems by using A7, 1 w(Mon)
as our preferred invariant. The first example showed we might as well use L,
since for some theories the complexity of L, , is implicit in L, ,(Mon). By
moving to L, ,(Mon) we are able to eliminate possibilities like the second
example since we are able to fix the simple part of models of the theory. For
example, by adding unary predicates we are able in monadic logic to keep
models of Th(=) countable.

In fact, the natural closure point for our methods seems to be L., ,(Mon).
In Section 3.1 we prove a Feferman-Vaught theorem for our notion of gener-
alized sum. This theorem asserts that the generalized sum preserves LS \(Mon)
equivalence for appropriate o and . Just as in proving results in first-order logic
we add constant symbols to witness instantiations, we add unary predicate sym-
bols to witness existential monadic quantification. This construction relies heavily
on the number of variables instantiated at one time (A\) and on the number of
alternations of quantifiers («), but very little on the length of conjunctions.
Thus the natural language is L ,(Mon) (formally defined in Section 3.1).

If we move to L, ,, we are able to get the analogous results without the
necessity of adding additional unary predicates.

1.4 On the complexity of theories Although much of the emphasis of this
paper is on second-order quantification, we do produce a new classification of
first-order theories. A classification of theories is just a partitioning of theories
into classes such that the common properties of the theory in each class are
of overriding importance for the problem at hand. The most naive such classi-
fication is into those theories which have or do not have one specific prop-
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erty. More useful classifications retain their value from one problem to another.
Thus, the stability classification was designed to study the spectrum problem for
first-order theories, but has ramifications for L, ,, elimination of generalized
quantifiers, and now the study of second-order quantifiers. The stability clas-
sification suggested the importance of studying the combinatorial properties of
first-order formulas. Here, we study the combinatorial properties of finitary
monadic formulas. The notion of interpretability provides an organizational
scheme for our classification (as opposed to the ad hoc nature of the stability
scheme which succeeds based on its consequences, not on any a priori coher-
ence). It is thus important to examine the notion “interpretation”. We consider
several abstract properties one might demand of an interpretation.

1.4.1 Definition The £,-theory T, is syntactically interpretable in the
£,-theory T, if there is a map * assigning to each £;-sentence ¢ an £,-sentence
¢* such that T } ¢ iff T5 | ™.

This is the weakest notion of interpretability. It has no effect on Hanf or
Lowenheim numbers.

We will now consider several notions of interpretability which demand
some model theoretic content of the interpretation. Namely, we will insist that
the interpretation exert some control on the cardinality of models.

1.4.2 Definition There is a spectrum-preserving interpretation of the
Li-theory T, into the L£,-theory T, if there is a map * mapping each
£,-sentence to an £,-sentence ¢ * such that for each £,-sentence ¢ there is an
£,-sentence ¢* such that Specr,(¢) = Specr,(¢*).

It is immediate that:

1.4.3 Lemma If there is a spectrum preserving interpretation of the
&-theory T, into the £,-theory T, then Isd} = Is2 and h{} = h{2.

With the aid of these notions we can see that there are some weaknesses
in our position that second-order logic is the most complicated logic. It is of
course clear that there are first-order theories with Turing degree above that of
second-order logic. However, if T is “normal” (e.g., finitely, recursively or even
arithmetically axiomatizable) this is impossible and (7, 2nd) has a spectrum
preserving interpretation into (7., 2nd). The following example (worked out
with Victor Harnik) shows that some sort of “normality” assumption is
necessary.

1.4.4 Example There is a first-order theory 7 such that there is no spectrum
preserving interpretation of (7, 2nd) into (7w, 2nd).

Proof: Let {¢;: i < w) be a list of the bounded sentences of pure second-order
equality theory. Suppose ¢; has a model of cardinal »; and let n = sup(y;) (y is
the Hanf number of second-order logic).

Construct a theory 7 and a second-order sentence ¢ such that if M £ TU
{¢} then for each i there is a definable subset X; of M such that X; is a
model of ¢, and M = UX,-. Now, there is no ¢* in second-order logic with

i<w
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Specr(¢) = Spec(¢™). For Spec(¢) is bounded by 5 while each Spec(y) for ¥
a sentence of second-order logic is bounded below 7.
(This example also shows A Loy, o(2nd) > hi,, Jena)-)

We will show in Section 8.2 that by adding infinitely many unary predicates
we can convert one of our usual interpretations into one in L, ,(Mon) which
is almost decreasing and thus preserves the Hanf number.

The normal conclusion of a classification theorem has the form, “all the-
ories in this class have that property”. In our situation we cannot get that result
in some cases but we get one which is, in some sense, stronger. For example,
we cannot show specifically a function f such that for every stable but not super-
stable theory T such that (T, 2nd) £ (7, Mon), hg’é‘o_w(Mon) = f(a). But, we
can prove (Section 7.1.15) that such a T is bi-interpretable in ]:ww(Mon) with
a class of trees A=“. Thus we reduce the problem to a computation for a
specific class of models and show that this Lowenheim number is a property not
of the individual theories, but of the class. Here is a similar result (Section
7.1.14): if T is superstable and deep then T is bi-interpretable in L, ,(Mon)
with the collection of trees A<“. We use these trees to designate the class in
Tables 1 and 2 which summarize the results of this paper on the Hanf and
Loéwenheim numbers restricted to T for a countable stable theory 7. An entry
of =« or <k indicates a lower or upper bound respectively over all theories
in the class. An entry of (<«)”* indicates there is no uniform improvement of
the bound over all members of the class. An entry of « indicates the bound is
exact for each theory in the class. We have results for uncountable languages
and L. (Mon) for uncountable « which will be mentioned in the relevant

sections.
The question marks and lack of lower bounds in the finitary case arise for

two reasons. We do not have a finitary monadic interpretation of A<¢ into an

Table 1

Infinitary Logic (L& ,,(Mon))
(For simplicity, take a = w;.)

Hanf Number
Lowenheim Number (for sentences)
A= ko(ar) 3™
A=“(deep) k1(a) 25(*%)
)\je‘;th (1= (shallow) (37 (35)F
strongly decomposable (apt (3n*

Here «p(«) and k() are functions which do not depend on 7. We
conjecture x(a) < ko(ax).
*)3, if a is a limit ordinal and cf(a) > .
(**)3,, if o is a limit ordinal.
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Table 2
Finitary Logic (L, ,(Mon))

Léwenheim Number Hanf Number
ASe ? (=3,)*
A<“(deep) ? (=3,)*
Aepth (1) =g (shallow) <min( g, 3,) (=min(24,3,))*
strongly decomposable Ro Ro

Some of these values can be improved by considering nicely decom-
posable theories (Section 6.2).

arbitrary stable but not superstable T with (7, 2nd) # (7, Mon). In the case
of A=¢ we find such an interpretation in Section 7.2. However, the theory of
trees \= is still very complicated. In [20] Shelah proves (assuming V = L) that
the Lowenheim number of this class is the same as second-order logic.

2 Interpretations and codings In this section we define precisely the second-
order quantifiers and our notions of interpretation. In Section 2.2 we introduce
the notion of a codable theory and use it to provide several sufficient conditions
for interpretability used in the paper.

2.1 Second-order quantifiers Here are the basic definitions of this paper.
This section describes the results of [23] and indicates how we vary from the
notions defined there.

2.1.1 Definition Let ¢(7) be a first-order sentence whose only nonlogical
symbols are 7 = (rg,...,r,_1) and equality. For any language L, we define
a generalized logic L(Qg ) with the following semantics. Let M be an L-
structure and let L’ = L(F).

Mk Qu»¥(F) if for some relations Ry, Ry, ..., R,_; on M (of appropri-
ate arity_) B
M E ¢(R) AY(R).

We will consider pairs (7, Qy (7)) where T is a first-order theory and Qs
is a second-order quantifier. Thus, syntactically (7, Q) is the collection of
L(Q4 (7)) sentences true in each model of T.

To simplify notation we assume that for each quantifier Qs all the rela-
tions symbols have the same arity (depending on ¢). If we extended the
definition of interpretation (2.1.2 below) to allow formulas ¢(F) where the r;
have several arities, it would be a trivial matter to show any such Qg bi-
interpretable with a Qy5) where all the s; have the same arity.
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2.1.2 Notation Let ¢(5) = ¢(sp,...,S5,—1) be a formula of pure identity
theory with s; a k-ary free relation variable. For any set, A, R,(A4) denotes
the set of tuples {(Sy,...,S,_;) where S; is a k-ary relation on A and A4 F
¢(S0:-"’Sn—l)' _ _

Thus we can write S € R, (A4) to abbreviate 4 F ¥(S).

By second-order logic we mean “quantification over binary relations”. Of
course, for infinite domains this is the same as quantification over n-ary rela-
tions (for all finite n).

We focus our attention on four cases: (7, 1st), (7, Mon), (T, 1-1),
(T, 2nd). Here, (T, 1st) and (7, 2nd) are simply the first- and second-order
theories of the models of 7 and (7, Mon) is the monadic theory of 7. Thus if
T = Th(<) is the theory of linear order, then (7, Mon) is the monadic theory
of order. (7, 1-1) requires somewhat more explanation. In this case M F
Of¢d(f) just if there is a permutation o of M with order two such that
M k ¢(a). Clearly, this is the same as quantifying over equivalence relations
such that each class has <2 elements. (The equivalence classes are the orbits of
the permutation.) It follows from [11], Lemma 5, that this is the same as quan-
tifying over arbitrary permutations.

We restrict our attention to these quantifiers because Shelah showed in [21]
that, up to interpretability, this is a complete list. To discuss this result we first
make precise our notions of interpretability.

Instead of describing an interpretation as an effective map from the
sentences in L(Qq () to those in L(Qys) ), we emphasize the interpretation of
the quantifiers and leave the induction describing the rest of the translation to
the reader. (It follows from Lemma 1 in [21].) One reason for this emphasis is
that we are not dealing with first-order logic and do not have the Léwenheim-
Skolem theorem at our command. Thus we spell out in the definition a unifor-
mity which trivially follows from less-complicated definitions in the first-order
case. More important distinctions were discussed in 1.4.

In [21] Shelah defined Qy(, to be interpretable in Qs if there is a
formula x (%, 7, §) such that for any infinite 4 and any R such that 4 k Y(R)
there is an S satisfying 4 F ¢#(S) and an @ such that 4 F VX¥(x(%, @, S) <
R(X)).

We extend the study here to interpretations of Qy 7 into theories (7,
Qs5)). We allow the range of the variable r to be any set which is a (uni-
formly over all models) definable subset of a model of T. The defining formula
is first order but may have both first- and second-order parameters.

We denote by T, the theory (in the language with no nonlogical symbols)
of an infinite set.

In both our notions of interpretation we allow both individuals and unary
predicates as parameters. We speak of monadic interpretation when the inter-
preting formulas also contain quantifiers over sets.

In the following definition @ picks out the domain of the interpretation and
the x; define the R;. Note that since ¢(ry,...,7,_1) contains no nonlogical
symbols, for any A, in particular one of the form 4 = ¢(M, B, S), A k
®(Ry, ..., R,_;) makes sense if the R; are relations on A of the appropriate
arity.
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2.1.3 Definition Let ¢(rg, ..., rn_1) = ¢(F) be a formula in m k-ary rela-
tion variables, ¥(5) a formula in m’ k’-ary predicates, and T a first-order theory
with no finite models.

(@) (Tw, Qu(r) is first-order interpretable in (T, Q) if there exist n < w
and first-order formulas

7I'()_), §0v . -’gn—l)v o(x’ )_)y §0y- . -9§n—l)

and
Xi(XOa‘ sy Xk—1» J'7, §0a‘ . -)§n—l) (l< m) >

where $; is an m’ tuple of k’-ary relation variables such that:

@) IfMET,aeMandS,...,S5,-; € Ry(M) and M k =(a, S,,. ..,
S,_1) then (M, a, Sy,...,S,_;) = B is an infinite set and R,(B) =
{UxoM, @'y 565 s 5n-1)s s Xm1(M, @', 53,...,5,_1)): @ € M,
s/ € Ry(M)}.

(ii) For all k = R, there exist M F T, a € M and 3,...,3,-1 € Ry(A)
with |0(M, a, S, . ..,5,_1)| =k and Ew(a, 5o,...,5,_1).

We write (Te, Qpr) = (T, Qus)-

The definition (a) applies only to interpretations of (7w, Os(r). We have
required no structure on 6y(M, a, S) except that specified by ¢ (7). We will
apply the following more general notion in Sections 6, 7, and 8.

We continue to employ all the notation introduced in (a).

(b) Let T, be a first-order theory in the relational language Lo. (Ty, Qy(r)) 1S
first-order interpretable in (T, Qus)) if (Tw, Qo) = (T, Qu)) and for
each relation symbol R € L, there is a formula xz(X, 7, 50,...,3,-1) (with
Ig(X) equal to the arity of R) such that

(l), if Mk Tl and M k 7['((7, S-o, ey gn—l) then XR(M’ a, S(), ey gn—l) =
0(M, a, Sy, ...,S,_;) for each R and (B, {xzx(M, @, S;,...,S,_1):
R € Lo}y F To. L

(i)’ For every N k T, there exist M £ T\, a € M and S,,...,S,_, €
R¢(M) such that w(a, So, ey Sn—l) and N = <0(M, a, So, ey Sn—l),
{XR(M’ a, SO’ tey Sn—l): Re LO})

We write: (Tla Q¢(f)) = (Tz, Q\HS‘))'

©) If (T, Qur)) = (Ts, Qu) and (T, Qus)) < (T1, Qy(r) we write (T7,
Osm) = (T3, Qus)-

We will require one further generalization of the notion of interpretation.
Namely, in (b) we can replace the first-order theories 7, T by arbitrary classes
Ky, K, (and assertions M k T; by M € K,) and/or replace the logic with quan-
tifier Q) by an arbitrary logic £.

(d) We then write (Kj, £;) <¢ (K;, £,) if there is an interpretation of K|, into
K, (modified as noted above) with the interpreting formulas in £.

In order to discuss interpretations which preserve Hanf numbers we re-
quire the following definition. (The phrase “bounded in terms” is defined in
Section 1.3.1.)
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2.1.4 Definition Suppose (T}, £1) <¢ (T,, £,) as in Definition 2.1.3(d).
The interpretation is a/most decreasing if for each M  II, | M| is bounded
in terms of |6(M, @, Sy, ..., S,_1)|-

The following result is now easy.

2.1.5 Theorem If there is a nondecreasing interpretation (T, £,) <g
(Ta, £,) with £ < £, then hfl < hd2.

In [21] Shelah proved:

2.1.6 Theorem

(1) (Te, Ist) T (Tw, Mon) ¥ (T, 1-1) ¥ (T, 2nd)

(i) For any Qu7), (Tw, Qy(r) is first-order bi-interpretable with one of those
four theories.

Now although, (T, 2nd) % (T.., Mon), it is quite possible for a particular T
that (T, 2nd) < (T, Mon) (e.g., any theory with a pairing function). Such an
interpretation indicates T is complex. Our aim is to demonstrate this by show-
ing that if no such interpretation can be made then (7, Mon) is “simple”.

2.2 Some sufficient conditions for interpretations In this section we collect
some lemmas which provide the tools for the principal interpretation results in
the later sections. There are two examples which should be kept in mind. The
prototype of a first-order theory with (7, 2nd) < (7T, Mon) is the theory of two
cross-cutting equivalence relations. The prototype of a first-order theory with
(T, 2nd) < (T, 1-1) is the theory of an equivalence relation with infinitely many
infinite classes. (These examples are discussed in more detail in Sections 4.2.2
and 6.1.)

To show (T, Q) < (T, Q) it suffices to satisfy condition (ii) of
Definition 1.3(a) with =, 8, x; such that M F = (&, 5, ..., 5,—;) implies

Rd)(B) = {(XO(Ms a,> S(’)) L] ’S;l—l)’ sy Xm—l(M, aly S(/)’ e ’5;1—1):
@’ € M 5§ € Ry(M)}

as the other inclusion can then be obtained by an easy modification of =.
The following obvious remark illustrates the definition of first-order
interpretation.

2.2.1 Definition The theory T has a definable pairing function if there are
formulas ¢(x, y, z), po(x, ¥), p1(x, ¥) which define the graphs of functions
p(x, ¥), po(x), pi(x) such that p(po(x), p1(x)) = X, po(p(x, ¥)) = x and
pi(p(x, y)) = y.

2.2.2 Lemma If T has a definable pairing function then (T, 2nd) <
(T, Mon).

We want to weaken the hypothesis of this lemma as follows.

2.2.3 Definition
(i) The theory T admits coding if there is a model M of T containing infinite
sets By, By, C such that some first-order formula ¢(xy, X1, ¥, Z, By, Bi, C)
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defines (when appropriate constants d are substituted for the Z) a 1-1 function
from B, x B, onto C.

Note that by the Lowenheim-Skolem theorem if 7" has one such model it has one
of every infinite cardinality.

Many theories which admit coding (e.g., any nontrivial infinite group)
satisfy the even stronger property that the formula ¢ does not require unary
parameters.

(ii) T admits strong coding if there is a formula ¢(x;, X,, 7, Z) such that for
some M there definable ir_1finite subsets By, B;, C and a sequence of parameters
d such that ¢(x;, X, ¥, d) defines a 1-1 function from By X B; onto C.

We next show, essentially, that if 7T admits coding then 7 has a monadi-
cally definable pairing function (although the argument doesn’t proceed that
way). This theorem has content since Lachlan showed (cf. [1: Section 5)]) that
no superstable theory admits a first-order pairing function while there are super-
stable theories which admit coding.

2.2.4 Lemma If T admits coding then (T, 2nd) < (T, Mon).

Proof: 1t suffices to interpret an arbitrary relation. Thus, according to Defini-
tion 2.1.3, we must find formulas 0(x, z, §), =(Z, §), and x(x, y, Z, §) such that:

() If Mk T, a€ M and U is a sequence of subsets of M such that M F
" w(a, U) then 6(M, @, U) = B is an infinite set and R, (B) = ®(B x B).
(ii) For all k = Ry, there exist M k T, @ € M and subsets U of M with |0(M, a,

U)| =k and M F n(a, U).

Let M k T and let f(x, y) defined by y/(x, y) be a coding of By X B, by B,
with |By| = | B,| = «. Fix 1-1 maps « and 8 of B, into B, and B, respectively.
Define P;, P, mapping By to By, respectively B,, by f(Py(y), P>(¥)) = .

“Now let w(U,, U, U,) assert ¢ is a definable coding of U; X U, by U.
Let 8(x, U) be Uy(x) and let x(x, y, U) be U;(f(P;(x), P»(x)). Then condi-
tion (i) is satisfied by each R € ®(B, x B,), interpreting U, as {b € By:
R(a™!(P(b)), B~ (P,(b)))}. Condition (ii) is immediate.

The formula ¢ only needs to be first-order to guarantee that it can be
applied uniformly to arbitrarily large models. So the same proof yields:

2.2.5 Corollary If there is an £-formula ¢ for £ € {Mon, 1-1} such that
for arbitrarily large « there is a model M of T with |M| =« By, B;, C € M such
that ¢ codes By X B, into C then (T, 2nd) ¢ (7, £).

We will now consider (7, 1-1). Recall that although we are restricted
to quantification over permutations of the universe we can define arbitrary
subsets (e.g., by the set of fixed points of a permutation) and such notions as
“V has the same cardinality as the universe”. (3ff%(x) = x A f(x) # x A
vx U(f(x)) v U(x)).

We want to provide a similar sufficient condition as that in Lemma 2.2.4
for (T, 2nd) < (7T, 1-1).
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2.2.6 Lemma If there is a first-order formula ¢(x, y) such that for some
M k T and some A S M, ¢(x, y) defines an equivalence relation on A with
infinitely many infinite classes, then (T, 2nd) < (T, 1-1).

Proof: Note first that by the Lowenheim-Skolem theorem, if the hypothesis
holds for one M it holds for a model in every infinite power.

Consider a model M of T with a subset A such that |4| = k and ¢(x, )
defines an equivalence on A with « classes, each with cardinality x. We will find
two subsets of power k coded by a third and conclude the lemma at hand from
Corollary 2.2.5.

Let Up and U, define a partition of 4 which respects the equivalence rela-
tion ¢ and such that each U, contains « distinct ¢ equivalence classes. Let f be
a bijection between U, and U, such that for each pair of ¢-equivalence classes
X< Uy, YSU, |f(X)NY|=|1|. Let U, Ui be a set of representatives for the
equivalence classes in U, U, respectively. Then each element x of U, codes the
unique pair of y, z satisfying y € U{, ¢(x, y), z € U; and ¢(f(x), 2).

The following result is known so we only sketch a proof.

2.2.7 Corollary (T, 2nd) < (Th(<), 1-1).

Proof: Let M be a linear order of power k which is k-dense, and such that x can
be embedded in M. Let U, pick out a set {a; : i < k). Now define ¢(x, y) as
Ax X (Up(xy) A Up(xa) AVZ (Up(Z) 2 2 =X VZIZX)AX < X< XA
X1 <y < Xx3). Then ¢ defines an equivalence relation with «-classes of cardinality
=«. So, as in the proof of Lemma 2.2.6, T can be coded by use of the permuta-
tional quantifier so (7, 2nd) < (7, 1-1).

3 Decompositions of models

3.1 Infinitary monadic logic and generalized sums Shelah devised in [22] a
formalism for back and forth arguments in monadic logic which is particularly
useful in proving Feferman-Vaught type theorems. In this section we give a
somewhat more detailed account of this formalism and extend it to infinitary
monadic logics. We define the notion of a free union over N of a family of
models which intersect in N and prove a Feferman-Vaught theorem for this
notion. In the second section we use this theorem to calculate upper bounds for
Hanf and Lowenheim numbers of theories whose models can be decomposed
as free unions of “small” models.

By L, (Mon) we mean the language built by allowing conjunctions of
fewer than k-formulas and quantifications over strings of <\ set or individual
variables. L \(Mon) denotes the formulas of rank <« (cf. [10]). In the proof
of the Feferman-Vaught type theorem which we give below it is convenient to
induct not over quantifier rank directly but rather over the object mT¢ which
we are about to define. Roughly speaking, mT,?‘“(M ) lists all the possible
complete expansions mTg (M, P) of M. We do not give mT§ a specific English
rendering but it can be thought of as a strong monadic theory of rank « (i.e.,
corresponding to formulas with quantifier rank «). The role of & is to deter-
mine the number of possible additional predicates we are considering. Specifi-
cally, k will be a function with domain containing «. The range of k will be A
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when we discuss Lo, ,(Mon). We deal only with relational languages. Except
when specified the language may have infinitely many symbols.

In specifying an infinitary language there are five parameters which may
be taken into account: the number of relation symbols in the language (|L]),
the number of individuals or relations which can be quantified over (\), the
number of variables which can appear free in a formula (3), the quantifier
depth («), and the size of Boolean combinations which are permitted («). The
fairly standard notation L takes account of all of these except 8. So does the
definition of mT§¢ (L) defined immediately below. We will later define a finer
hierarchy which takes note of (.

3.1.1 Definition ~
(a) Fix a language L. For any function k mapping {—1} U v into a set of cardi-
nals, any cardinal A and any ordinal «, we define the following:

(i) For any L-structure M and any sequence P of subsets of M with
Ig(P) <\, mT,?(M, P) ={3xp(x, S): M F 3xp (%, P); lg(¥) < k(-1)}
(where ¢ is a possibly infinite conjunction of quantifier-free formulas).
The role of k(—1) is explained in 3.1.2.

mTgt (M, P) = {mT&(M, P, Q): Ig(Q) < k(«)}.
mTY(M, P) = \UmTE(M, P) if 6 is a limit ordinal.
B<s

(i) mTg(L) = {mTg(M): M an L-structure}
(i) mT2(L) = {mTg(M): rngk < (p + |L])}.

(b) We will also use pT¢ (M, P) and pTg(L) which are defined as in part (a)
except that in the successor stage we require that the sequence Q partitions M.
For the same k, pT§ is less expressive than mTg. Thus if k has length R, with
pT¢ we can only guarantee a set is infinite; with mTy we can show it is larger
than the continuum. However, by increasing the length of k (in this case to
2%0) we can find a pT§ which is as expressive as mTg.

(iv) To connect these concepts with a more common notation we define
by induction L, \(Mon). A Boolean combination in this definition
may involve arbitrarily long conjunctions and disjunctions.

L&,)\(s', X) is the collection of all Boolean combinations of quantifier-
free L-formulas in the unary predicate variables {(s;: i < u < \) and
the individual variables (x;: i < u < \).

L& (3, %) = {3r3g¢(F, 7, §, X): ¢ a Boolean combination of formulas
in LE (75, X7)}.
L% \(5, %) = UL (5, X) for § a limit ordinal.

a<\

We write Lg \(Mon) when the particular set of variables §, X is not
important.

3.1.2 Notes
(a) The definition of mT,g (M, P) involves existential formulas so that it
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determines the Boolean relations between any finitely many of the P. In partic-
ular, mT°(M, P) = mT°(M’, P’) implies (when k(—1) = 2) that P; is a single-
ton iff P} is a singleton. Thus quantification on individuals as well as subsets
is encoded by the mTF%.

(b) The possibility of v = « arises only to guarantee that mT,g is defined
for 8 < a when we prove a result by induction on «.

(c) The role of k(—1) is just to make the finite language finitary logic case
fit into our general rubric. In that case we set k(—1) as one plus the supremum
of the arities of the relation symbols in L. This guarantees that mT,? (M) is
finite. Otherwise we set k(—1) = Ro.

(d) We define both mT and pTg because the first corresponds more
closely with the LS, \(Mon) (see 3.1.5 below) but the second is more convenient
for our computations.

In our discussion of Lowenheim and Hanf numbers the cardinalities of the
MTF play a crucial role. The following remark is used for Hanf number calcu-
lations; the succeeding refinement is needed for the Léwenheim numbers.

3.1.3 Lemma  IfK: o — N+ |L| then [MTE(L)| < 311ari(N + |L]).

Proof: mT,?(L) = {mT,?(M): M and L-structure} is the collection of all
(consistent) collections of existential quantifications of infinite conjunctions.
There are < (X + |L|) possible conjunctions and so mT2(L) has cardinality
<3,(\ + |L|). Note that the cardinality of mT2(L) does not depend on \.

Suppose [mTE(L)| < 31 gr1(A+ |L]). Then |mTE*'(L)| = [{mTE*" (M):
M an L-structure}| = [{mTE(M, P): M an L-structure, lg(P) < k(8)}| <
st (N + L),

Suppose 8 is a limit ordinal and for y < 8 |mT{(L)| < 3j4,+1(N + |L]).
Then |mT,§(L)| = |{mT,€(M): M an L-structure}| = 3y,5, (N + |L|); for the
map sending I’;’IT,’(-J(M) to (mT{(M): v < @) is a 1-1 map from mT§ (L) into
(UmTV(L)> . We have shown 3.1.3.

¥<B
The number of elements of mT¢ (L) which arises as mT¢ (M) with M of

fixed cardinality does not depend on «. That is,

3.1.4 Lemma For every o, k, L and \, if W* = {mTg(M): M an L-
structure |M| < \} then |W¢| < 2 I,
Proof: The isomorphism type of M determines mTg (M).

The next result, easily established by induction, links the mTj with stan-
dard infinitary languages.
3.1.5 Lemma For each o, k, \ and L and each t € mTg (L), if \* denotes
gup (k(B)), there is a Boolean combination y, of L% +(Mon) sentences such

<a

that mTg(M) =t iff M E .

Note that while quantifier rank and the number of quantifiers are both impor-
tant the length of conjunctions is not significant here. Thus, at least in this
context, the distinction between L, ) and Ly+ ) is minor.
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Note that we have interpreted each mT¢ (L) into an L »-(Mon). A con-
verse interpretation is possible but the relation between k and \* is not the same.

We now describe a kind of “disjoint union” of a family of structures.
Disjoint union is a misnomer in two senses. First, the components are not
actually required to be disjoint, but are amalgamated over a “heart” N. More
importantly, in the intuitive notion of a disjoint union there are no relations
between clements in different components. Here we permit some such relations
but only those which depend on the components separately and not on any inter-
action between them. The following example will illustrate this point as well as
illuminating the role of the heart.

3.1.6 Example Let T=Th(Z; S, R) where Z is the set of integers, S is the
successor relation, and R is an equivalence relation with two classes: the evens
and the odds. Now if M is any model of 7 and N is an elementary submodel
containing a single component (i.e., an equivalence class for the equivalence rela-
tion, “finitely far apart™), we can write M as a free union of M; over N where
each M, is the elementary substructure with universe N U C; and C; is a com-
ponent. Now R divides each component into two classes. To see whether R(a,
b) holds for ¢ and b on different components ask whether for some
neN, R(n, a) AR(n, b).

The key idea for this notion of free union over N is that the holding of
R(a, b) “should depend” only on ¢(a; N) and #(b; N), not on t(a ~ b; N). We
analyze “should depend” as follows: Let M; be a collection of L-structures
which pairwise intersect in N. The universe of the new structure will be UM,.

In order to describe the collection of n-tuples from M for which an r-ary
relation R holds we must consider the partitions of n. We assign to each parti-
tion a sequence of types over N such that an n-tuple partitioned in that way (by
intersection with the M;) and realizing that sequence of types will satisfy R.
Since we must assign various such correct partitions to R by a map ¢ we proceed
formally to define a free union of (M, : i < ) over N (with respect to o) as
follows:

We make the following definition for notational convenience.

3.1.7 Definition If (M; : i< a) is a sequence of L-structures such that
i # j implies M; N M; = N we call the M; a sequence with heart N.

3.1.8 Definition Let (M, : i < o) be a family of L-structures with heart N.
To define the free union (with respect to o) over N of the M; we need first the
following auxiliary notions:

(i) An n-condition 7 is a pair (O, p) where O is a partition of » into
sets O, ..., 0, with |6;] =/, and p = {py,. .., px_1) Where p; is a
quantifier-free /;-type €S(N) for i < k and p, = b is a sequence of /,
elements of N.

(ii) o is a map which assigns to each relation symbol R of L a collection
of m-conditions (where m is the arity of R).

(iii) Let |M|=UM,. Let @ =ay,...,a,_) in M. Partition n as follows:
Let o = {i : a; € N}. If for some M), , ..., M, _,, with the p;; dis-
tinct, a — Nc U (Mp, — N) then 6; = {i :a,€ M,}. Now a

I<j<k
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satisfies the n-condition (0, p) if © = (f,...,0¢_;) and for each

Now M is the following structure:

(@) [M| = UM,.
(b) RM = {a : a satisfies an n-condition in o(R)}.

We denote this structure as (J°{M; : i € a}. Note that there is no relation
N

between ¢ and «.
We say M is a free union over N if for some (M, : i < a) and o,
M= \J'{M:i€a}.
N

The restriction that the types p; which appear in a collection are quantifier
free is not as strong as might at first appear. When we decompose models of
a stable theory in Section 4 we will see that we can guarantee this condition. For
other applications, it is only necessary to check that the usual device of expand-
ing the language by definitions to produce a theory which has elimination of
quantifiers does not affect the result. In those instances (e.g., Section 6) where
we restrict to a finite language we can eliminate quantifiers only as specifically
needed in the argument. This will keep the number of relation symbols in the
language finite.

Several years into the preparation of this paper we discovered that the
definition of a free union could be made more strict by replacing the p; in the
definition of an n-condition by quantifier-free finitary formulas. With this
revised definition all the important results of this paper (e.g., 3.1.13) would go
through and the mTg (M) could be redefined to start with first-order formulas
rather than infinite conjunctions. This would improve the Hanf number com-
putations in Section 3.2 for L%, ,(Mon) and a < w. This relatively minor
gain did not seem to justify an extensive rewriting of the paper. However, we
point out here what is probably the correct definition of a free union and in
Section 4 where the decomposition theorems are proved we indicate how to
extend the result to this strong form.

We must introduce the following notions to make inductions in monadic
logic about free unions with hearts.

3.1.9 Definition If (M, : i< «) is a sequence of L-structures with heart
N, the family (P; : i < o) with P; € M; is a compatible family if P, N N =
P;N N for all i and j. We extend this definition naturally to (P; : i < o) where
P, = (P} : j < B) is a sequence of 3 subsets of M.

3.1.10 Notation If P, = (P/ 1 J < B) is a compatible family of subsets of
(M; : i< ) then |J° (M;, P,) denotes the structure obtained from |J’M; by
N N

denoting U P/ by P/ for j < B.

3.1.11 Context We work with a sequence (M, : i < a) of L-structures with
a heart N with |[N| = |L| and we assume L contains names for the elements of N.
Note that if 3 € M; = N, , € M; — N, M = | J°{M, : | € o} and

N

mT,g(]V[i, a;) = mT,?(]V[j, a;) for some k then tyr(@; N) = tye(as; N).
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3.1.12 Notation In the following M = (KM, P;) : i€ Iy and M’ = (M,
Pj) : j € J) denote compatible families with heart N. Each P; denotes a
sequence (P, ; : / < \) of subsets of M; (similarly for M;). For any « and k, we
construct structures with universes I, J respectively for the language with 3.,
unary predicates by defining appropriate subsets of 7 and J. Let t € mTyX(L):

O, ={iel:mTgM, P) =1t}
and
Qi={jeJ: mTgMj, P)) =t} .
Q=(Q,:temTY(L)); Q' =<Q/ : t € mTX(L)) .
For B < o let L? denote L supplemented with k(8) unary predicates and

B Wik = {s:s€mT{(L) and 31 €I and
R  M; with lg(k) = k(B) with s = mT (M;, P, R)} .

In the following, k is fixed so we shorten W#¥ to W¥.
3.1.13 Theorem For any «, o, k and F such that for each 8 < «, F(8) =
\We|, pTa(I, Q) = pT#(J, Q') implies mTE(U"m) = mTE(U"‘m’)-
N N

Proof: The proof is by induction on «. If « = 0, let 3Xp (¥, P) € mT,?( U° 5!1)
N

where ¢ is an infinite conjunction of quantifier-free formulas. Then for some
ae U"E)TL, E¢(a, P). Fix a partition of @ — N into sequences @; = (a;; : j <
N

k;y for I less than some m with @, a maximal subset of M, N contained in a.
Thmkmg of the q;, as smgleton subsets, let s, = mTk (M,, P,, @) and 1, =
mT (M,, P). Fors € mTk (L") (when L’ is the result of adding /g(@) unary
predlcates tol),let Us={iel: mTk (M,, P;, a;) = s}. For each [ <m, Q, # .
Since the Q, partition 7, the Q; partition J, and pT2(I, Q) = pT2(J, O'),
|Q,,| = IQ,,I (mod R,). For each [ since / € U;, N Q,, it is possible to choose
J € Qi, @ € Mj such that mTO(Mj’, Pj, aj) = s;. By the definition of free

decomposition U M’ k 3xp(x, P').
N
Limit ordinals are routine; we turn to the successor case: o =y + 1 for

some v. If r € mT,§'+1<U"‘m> then for some R with /g(R) < k(y), t =
N
mT{ << 7o, R>> Let R; be the sequence obtained by intersecting the mem-
N

bers of R with M;. Then ¢ = mT}(U” (M, P;, R,)). Now for s € mT{ (L, R)
N
let
U={iel: mT{(M, P,R)=s}; U={U,:s€ W} .

Note that the U partition I. Let r = pI(I, Q, U). Since pT NI, O) =
pTY*(J, Q') and F(y) = [W7| =1g(0) there is a partmon U’ of J such that
r=mT"(J, Q’, U’). Now if j€ U; N Q/, mT{ M /!, P/) = tand s € f so there
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exists an R; such that mT¢ (M}, P}, R}) = S. Now by induction mT} ( U’ s,

bp;, R,-)) mTk<U (M;, P;, R )) =ts0OtEm 7+1<U M’) as required.

Observe that while we treated I as a set with no structure, the identical
argument works if we replace I by some structure J (e.g., a linear order). This
observation is exploited extensively in Section 8.

In order to apply this result to compute Hanf and Loéwenheim numbers we
need an explicit characterization of when mT&(I, Q) = mT#(J, Q).

3.1.14 Definition Let Q be a partition of 7, and Q’ a partition of J with the
same ordinal length. Then (I, Q) =, (J, Q') if for each i either |Q/| = |Q/| < u
or both |Q,|, |Q;’| are =u.

3.1.15 Lemma Let O, Q' partition 1 gnd J respe_c_*tively with lg(Q_) =
Ig(Q") < N. Ify= (supF(B)) + N and (1, Q) =,+ (J, Q") then pTF(I, Q) =
pT#(J, Q).

Proof: « = 0. All that can be said by an m7T, ,;(I U) is that each Q; has a certain
finite cardinality or is infinite. o« = 8 + 1: If t € mT&(1, Q), t = T6 I, O, R)
with Ig(R) = F(B). For each i (Q;) =,+ (Q/), so we can choose R’ so that
|R; N Qil =#p)|R/ N Q| for each j and i, so by induction ¢ = mT— , 0,
R") € mT&(J, Q’). Reversing the process we finish the induction stage. For
limit ordinals the result is immediate.

3.1.16 Notation For any « and k, if 7 is chosen to satisfy 3.1.13 when the
O, are interpreted as in 3.1.12, we say pT# (I, Q) determines mTg (M).

Our notion of free union is analogous to the algebraic concept of an
“external” direct sum. We want now to define the corresponding “internal”
notion, an L-congruence. In Section 4 we decompose a model M by constructing
a sequence of L-congruences and obtaining from them a representation of M
as a free union.

We are going to construct equivalence relations E on a model M such that
the type of a finite sequence b over a set A © M depends only on the types over
A of the subsequences of b which are in the same E-class.

Considering the theory T, Th(Z, s) of integers under a successor function
will make the following definitions clearer. Any model M of T decomposes into
countable components (the component of x = {s"(x) : n € z}). To know the
type over the empty set of an n-tuple of elements you need only know which
elements are infinitely far apart (i.e., in different components), and for those
elements in the same component, how far apart they are. These components
naturally correspond to the equivalence relation on M: “x and y are finitely far
apart”. To completely describe an n-tuple, it suffices to give the type of those
subsequences which are in the same component and the restriction of the equiva-
lence relation to the sequence. In giving a general account of this phenomena
we sometimes must replace the equivalence relation by a more complicated
structure. We also consider one further factor: we have to replace types over
the empty set by types over a small set. This leads to some ambiguity in
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Definitions 3.1.19 and 4.2.1 below. We define an L congruence on M over A
as an equivalence relation on M — 4 with certain properties. In Section 4 we
define the fundamental equivalence relation £4 on all of M (where the elements
of A form singleton classes). These two notions are harmonized by restricting
E, to M — A.

The following definitions provide a convenient notation for generalizing
the last example. A similar, but more detailed development occurs in [15], VII.

3.1.17 Definition The model N is indexed by the index model (Z, R) (where
R is a binary relation) if there is 1-1 function f from N onto I. Letting
a, =f"a), we write N = {a, : « € I}. We say @ and b in N are similar if f(a)
and f(b) are partially isomorphic in (I, R).

In the particular case where we index elements by themselves (i.e., N = X))
and R is an equivalence relation we obtain the following more concrete notion
of two sequences being similar.

3.1.18 Notation Two sequences @ = {a': i< n) and b= (b': i< n) are
similar for the equivalence relation F if there is a partition of » into, say, k sets
Jo, - .., Jk_; such that b’Eb’ if and only if a’Eq’ if and only if i and j are in the
same member of the partition. We write @ = (a, . . ., @x—,) Where a; = {a':
i€ Jj}.

Below, A denotes a collection of formulas closed under conjunction and
disjunction, e.g., the quantifier-free formulas, the Z¢-formulas. In particular,
A, denotes the quantifier-free formulas.

3.1.19 Definition The equivalence relation £ on M — A is a (4, A,)-
congruence over A if for any two similar sequences from M — A, (a, ..., dx_;)
and ((76,. . "dllc—l)’ tAl(&j; A) = tA‘(ﬁj; A) for J < k implles [42(5; A) =
t,(@’y A). If Ay = Ay = A we write A- for (4, A,)-; if A; = A, is the set of all
formulas we write: L-congruence. We may say M is E-decomposable over 4
(with respect to A).

Note that to establish that E is a A-congruence over A it suffices to show
thatifa=a,” ... "ay_;and @’ =day " a;” ...~ @, are similar sequences as
in 3.1.18 and #,(@y; A) = ta(as; A), then ta(dg; AU {ay, ..., ax_1}) = ta(@s AU
{@,...,a:}).

Observe also that if M is E-decomposable over M, then truth in M is not
affected by the order in which the components of E are listed. We will exploit
this observation to simplify the statements of some of our lemmas.

We can extend an E satisfying 3.1.19 to an equivalence relation on all of
M by putting each element of A into a singleton equivalence class. We may have
occasionally slipped into this viewpoint.

We establish now that the notion of A-congruence is even stronger than
it appears at first sight. In fact, we will show that an L. ,-definable A,-
congruence is, in fact, an L, ,-congruence. This result is proved by a straight-
forward induction. It is not used in the main line of the paper.

3.1.20 Theorem Let E be an LY, ,-definable Ay-congruence on M over A.
Then E is an Lg, ,-congruence for each a = vy.
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Proof: Without loss of generality, suppose the language L contains names for
the elements of A. We show by induction on « that E is an (L%'S, LS ,)-
congruence. When « = v-w we have the theorem. That is, we show by induc-
tion on the quantifier rank o of ¢ that for every ¢(X) and every k (with
lg(,?) k) if @ and @’ are E-similar sequences of length k such that for each i,
tprtd(a; A) = tptte(al; A) then M E ¢(a) iff M E ¢(a’). If o = 0 the result is
given and limit stages in the induction are easy. The interesting case is qr(¢) =
a + 1 and ¢(a) = 3x Y(x, @) where gr(y) < o. Then for some b, M k (b, a).
Let x(y) be the LY S-formula A 1p (b, A).
Now, if for some i, FE(a;, b), (3y) (x(¥) A E(y, z)) is in tp%" et (a;; A)
and so in tp”'*"‘“(a, A). Choose b’ to satisfy this formula. If ~E(a;, b) for
each i < k then for each i, M k 3y(x(»)) A (YY) (E(y, a/) = —x(»)) (since this

sentence has quantifier rank v + o + 1) so M F 3y|x(¥) A /\ —E(y, a)|.

i<k
Choose b’ to witness this sentence. Now @ ~ b and a ~ b’ are similar sequences

which component by component realize the same L% 2-type so by induction
they realize the same L' 3-type. In particular, M k y(b’, @’), i.e., M k ¢(a’) as
required.

By a similar proof (not by propositional logic, since in Theorem 3.1.19 we
assume the components are L, ,-equivalent) we can show:

3.1.21 Theorem If Eis an L, ,-definable Ay-congruence on M over A then
the E is an L, ,-congruence.

3.2 Tree-decomposable theories In this section we define the notion of a
tree-decomposable theory and divide the tree-decomposable theories into three
species which must be investigated by divergent means. Then we prove that the
principal properties of an arbitrary tree-decomposable first-order theory, namely
T, is stable and we can compute upper bounds on hZ for various £. In
Section 5 we improve these bounds for special kinds of tree-decomposable
theories.

By a “tree” throughout this paper we mean a subset 7 of the collection of
functions from an initial segment of « to N\ (written A=*) such that if 7 € I and
oS rtheno €I

We write p * 7 if every proper initial segment of p is a proper initial segment
of 7.

3.2.1 Definition The model M is decomposed by the tree I < | M| =* if there
exist models {(M,, N,) : n € I} such that:

@) |N,| =|T| for every 9.
(ii) n S pthen NS N, cS M, S M,.
(iii) For 7 € I, such that for some j 7~ j € I, there are index sets J and
functions ¢ such that:
(@ M, = U" {M,~;:j€ J} and
(b) M= U ({M,~j: jE€EIJ}U{M,UN,:p#7butp*7}).
(iv) M, = M if Ig(n) is a limit ordinal N, = UN, and M, = N M,.

7€ 780
V) M=U{N, :re1.
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We say M is k-tree decomposable if it can be decomposed by some tree of
height «.

In fact, (iii) — (ii). If we omit (iii)(b) the decomposition is like that in [9]
and [23]. Because of the stronger assumptions in this paper we do not need to
discuss prime models and can recover M at each stage of the construction.

We associate with each model M decomposed by a tree [ a family <(E|, :
p € Iy of equivalence relations. Namely, E, is the equivalence relation on
M — N, which induces the partition of M — N, given in (iii)(b).

3.2.2 Definition
(o) Let A\ be a cardinal and « an ordinal then a free of height o and width
A is a collection of functions 7 such that for each o € I dom o Ca,
rmgocS \,ifo€eland 7 S o, Telanda—sup ((dom o) + l)

(i) For a cardinal «, the theory T is k-tree decompeosable if every model
of T admits a decomposition by a tree of height a < «.

@ii) If Tis a 1-tree decomposable we say T is strongly decomposable.

(iii) If every model of T is decomposed by a tree with no infinite path then
T is shallow.

(iv) Note that if T is shallow then we can assign to each model of T an
ordinal depth (M) (dp(M)) which is the least ordinal assigned by the
Kleene-Brouwer ordering to a tree which decomposes M.

(v) For an ordinal «, T is a-tree decomposable if every model of T has
depth =a.

Differing slightly from standard notation, we take the Kleene-Brouwer or-
dering to assign ordinals to the nodes of a well-founded tree I S \<“ as follows.
If ¢ is an endpoint then ord(c) = 0; otherwise ord(o) = sup (ord(c " i)) + 1.

The ordinal of the tree is ordinal of the empty node. Thus every model of
a strongly decomposable theory has both height and depth 1. The height of the
tree is relevant only in computing Hanf numbers while the depth affects both
Loéwenheim number and the Hanf number.

Note that if T is strongly decomposable all the constituent models have
cardinality <|7.

3.2.3 Definition Any tree-decomposable theory which is not shallow is deep.

Deep theories divide according to whether their height is greater than
w + 1 (i.e., whether or not each tree associated with a model can be imbedded
in A<®). The impact of this distinction will be investigated in the future.

The next few results provide evidence for the intuition that tree-
decomposable theories lack complexity.

3.2.4 Theorem If for some k, T is k-tree decomposable, then (Th(<),
Mon) £pon (T, Mon).

Proof: Suppose to the contrary that there is a formula ¢(x, y, Z, F), a model M,
and sequences @, R such that ¢(x, y, @, R) defines a linear order B of length
greater than sup(3,, «). (If (Th(<), Morn) were interpretable in (T, Mon) we
could find an arbitrarily long order.)
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Assign a node 7, to each b € B by letting 7, be the least ¢ such that
b € N,. Now partition the two-element subsets of B into « classes by {x, y} €
C,if ryla=7,labut 7(a) # 7,(a) and {xy} € Cy if 7, = 7,. By the Erdos-
Rado theorem there is a subset By © B with |By| > 3,(|7, 2*) which is homo-
geneous for this partition. Since for each 7, |N,| < |T|, B§? is not a subset of
Cs. Fix o with B{® < C,,. Let 7 be the largest common segment shared by all
7, for b € By. Then each b € B, is in M,~; for some / and no two are in the
same M, -;.

For some » and k the truth of ¢(b;, b;, a, R) depends only on mTg (M,~;,
b;, @, R) and mTf(M,~;, b;, a, R). But since |Bo| = 1,(|T|) = 3,(|N;]) we
can find distinct b; and b; with the same n — k theory and neither equivalent to
any @. Thus M k ¢(b;, bj, @, R) if and only if M k ¢(b;, b;, @, R) contrary to
the choice of ¢.

The previous argument shows there is no L, ,(Mon) interpretation of the
monadic theory of order into a k-decomposable theory. A similar argument
would show there is no Lg \(Mon) interpretation, although the bound on
maximal linearly ordered sequences would significantly increase.

3.2.5 Corollary If for some «, T is k-tree decomposable, then (T, 2nd) £
(T, Mon).

Proof: This is immediate since (Th(<), Mon) < (T, 2nd). We will prove a
strong converse to this corollary in Section 4.

3.2.6 Corollary If for some «, T is k-tree decomposable then T is stable.

Proof: This can be shown by directly computing the number of types or applying
Theorem 8.1.6; if T is unstable, (Th(<), Mon) < (T, Mon).

We could also derive Corollary 3.2.5 from the following results.

3.2.7 Theorem If for some «, T is k-tree decomposable then (T, 1-1) £
(T, Mon).

Proof: Suppose to the contrary that there is a formula ¢(x, y, 7, s, F) €
L,,(Mon), a model M and sequences a, R and a set B such that |S| > sup(3,,
2%)* and every permutation 7 of B is defined by ¢(x, y, a,, S, R,) for
appropriate choice of @, and R,. Exactly as in 3.2.4 there exists a By € B and
an N, such that no elements of By are in the same N,~;. Now fix a permutation
m of B such that if b € N,~; — N, then 7(b) € By — N,~. Choose @,, R, to
define . Since |By| = 3,(|N,|) there exist b;, b; € By such that mT¢(M,, b;, @
S, R,) = mT{ (M, bj, a,, S, R,). Now if b; = w(by) we have k¢(by, b;, @
S, R;). But then by the definition of free union we also have k¢(bo, b, @y, S,
R,). This contradicts the assumption that ¢ defines a permutation.

Now we compute an upper bound on hLT; (Mon) for an arbitrary 8 -tree
decomposable theory 7. We will improve this result for shallow theories in
Section 5. We show that it is best possible (for arbitrary tree-decomposable T')
in the strongest possible sense in Section 7.

The idea of the argument here is that o determines a bound on the total
number of possible mT¢ (M) so if we have a tree decomposition of a model M

™
4
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so that “many” of the nodes N have the same theory mTg (N), then we use the
Feferman-Vaught type theorems of Section 1 to blow up M to an arbitrarily
large model.

There are a number of variants on the basic theme. The most important
is the distinction between A% (the Hanf number for sentences) and H (the
Hanf number for theories). Other parameters which affect the computation
are |L| and «, p where we consider L, ,(Mon).

As a warmup to suppress the cardinal computations we compute upper
bounds on hL +(Mon) and H Lo o(Mon) (3.2.8) for T an Ry-decomposable theory.
In 3.2.9 we compute an upper bound hLa (Mon)- 1N 3.2.10 we apply this result
to compute an upper bound on hLa (Mon)- 1D 3.2.11 and 3.2.12 we show that
if « is a limit ordinal this bound can be improved. Finally, in 3.2.13 we show
how to improve the bound H, Z:-; u(Mon) when « is a limit ordinal.

As they are stated these bounds are not best possible for o < w. This is
essentially an accident of our notation. We report the remedy after 3.2.12.

We state the results for countable languages. The extension to uncountable
languages is routine and just clutters up the notation.

3.2.8 Theorem If T is a countable Ry-decomposable theory then
@ A7, omy =< (3,)
(ll) HZ;,_“,(Mon) = (:lw)+'

Proof: (i) Let |M| = 1, and write M = |J°(M; : i € I} with I < (3,)<“.
N
Then there exists a 7 such that M = U° {M) : k€ K} where (@) K=J U {p :
Ny

p-S7 and p # 7}, (b) My = M~ if k€ J, (c) M, = M, UN, if k € I and
k=<7 butk™ #7” and (d) |K| = |M| = 3. (Details on the choice of N, can
be found in the proof of 3.2.9.)

Now if ¢ € L, ,(Mon) the truth value of ¢ is determined by mT¢ (M) for
some n < w. But if A = |mTE (L)|, then Nt < 3, so there exists L € K with
|L| >\ and mTg(M)) = mTg(M,,) for every I, m € L. For any \ form M,
as U {N; i€ KU} with N;= M; if i € K and N; = M, for i < \ (and / any

leCd member of L).

(i) Let |M| = (3,)* and decompose M as above, now guaranteeing
K| = (3,)*. For each n < w [mTf(L)| < 3,. So if X, is the set of j such that
mTg(M;) occurs less than 3, times, | X,| < 3. Thus there exists an m € K such
that for every n |{/ : mT{(M,,) = mT{(M))}| = 3} Now we can find arbi-
trarily large models M’ with mTg(M) = mT¢(M’) for all n and k by adding
additional copies of M, over N.

3.2.9 Theorem Let a« = w and M a model of the countable R -decom-
posable theory T. If IM| = k > 3{,4+1(n) then for every \ = « there exists a
model M)\ with [M)\[ = \ and M)\ EL%;,F, M.

That is Hfy  vony < (J14as1(n))™.

Proof: We know that M is decomposed by some tree I with height <;. Then
some node 7 € I has 3% ., successors. For, if each has u < 3, successors
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then pu®0 < (23«)® <3 _,, contrary to hypothesis. So fo_r_ some 7, wWe can
decompose M to satisfy the following conditions: M = (J° {M, : k € K} where:
Nr

D) K=JU{p:p S7 andp # 7}
(i) M, =M if k€ J

(i) My =M;UN,ifkelTand k- 7~
(v) [K| = [M[> 2gs1.

We want to choose M, with cardinality N such that My =,a  r0on) M. We
will make M, = U {A4,: 1€ KU \} for appropriate choice of the A,. Letting

for re mTg (L) Q, ke K: mTg(My)=t}and Q/ ={l€ KUN: mT¢(A)) =
t}, we must choose the A4, so that mT#(K, Q) = mT#(K U \; Q') where F is
chosen from k as in 3.1.13. To apply that theorem we see that W must be
taken as mTg (L) so F(B) = 3y4p41(A+ L) < Iy44+1. By 3.1.15 it suffices to
choose the A4, so that (K, Q) =35 041 (KUN, Q) and this is guaranteed by
@iv).

We can obtain the result for 47 as follows:

3.2.10 Corollary Let T be an x;-decomposable countable theory. Then
hLT‘S‘o,#(Mon) = (314alp))-

Proof: If ¢ € LS, ,(Mon), then by Definition 3.1.1 ¢ = 3xy} where it is a
Boolean combination of formulas in L[Z,,,u(Mon) for some B < a. Let Mk ¢
and (M, P) k ¢(P). By 3.2.9 applied to L(P) since |M| = 3" 4, we can find
M, = (M,, P’) such that (M,, P’) =8, ,(Mon)(M, P). Thus M, F ¢.

Note that this particular argument depends essentially on our rather
arbitrary refusal to close L%, ,(Mon) under finite Boolean operations. To
recover this theorem when such combinations are allowed the proof of 3.1.3
must be revised to deal with finite Boolean combinations of theories (i.e., of
mTg(M)).

We pointed out after the Definition 3.1.10 that the definition of free union
could be made to demand that conditions be finite quantifier-free formulas. In
that case, Theorem 3.1.13 holds when the mTg hlerarchy is replaced by an nT¢
hierarchy which is defined in the same way except nTk (M, P) is the collection
of first-order formulas 3xy(%, P) true in (M, P). Theorem 3.1.13 can be
proved for this hierarchy. Theorem 3.1.13 is improved to |[nTg(L)| < 24(|L|).
This allows one to conclude HLTgo,u(MO,,) < 2 ,(w) for all a.

Now, by an argument like that for 3.2.8(i), we can improve the upper
bound on h[g;,#(Mo,,) for limit «. If T is not Xy-decomposable this argument
works only for a with ¢f(a) > w. In 3.2.12 we see this hypothesis on « can be
avoided for Xy-decomposable theories.

3.2.11 Theorem If T is a countable R,-decomposable theory then
h[gn’“(Mo,,) < 3s(n) where b is a limit ordinal with ¢f(8) > w.

Proof: Let M k T with |M| = 1;. We know that M is decomposed by some
tree I with height <R,. Some node 7 of I has at least 3 successors. For, if each
node has u < 3, successors then |M| = J;(p)*° (= J5(p) since cf(8) > w
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[11, Theore_r_n 6.17, p. 239]. Thus, we can find 7 to decompose M as follows.
M= \J°{M, : k € K} where
Ny

(i) K=JU{p <7 andp # 7}

(i) My,=M, ifkeJ

(iii) My =M;UN,ifk€land k- 7"
(v) |K| = [M] > 35(n).

Now if ¢ € L2, . then for some (8 < 6 the truth value of ¢ is determined by
mT,;(M) If A\ = ]mTk (L)], * < Js(u) so there exists a subset L of K
such that for every [, m € L mTk M) = mTk (My). For any A form M,
as U {N;: i€ KU} with N; = M, if i € K, N; = M, (over N,) for i <\ and

/ any fixed member of L. Then mTk M) = mT,; (M,) and we finish.
If T is X,-decomposable the decomposition of M in 3.2.11 does not
require ¢f(8) > w so we can conclude:

3.2.12 Theorem If T is a countable Ry-decomposable theory then for any
limit ordinal 8, hfs  vom < Js(k)-

Shelah has later shown that for limit 6, H L8, . (Mon) = < 3s(p), for an R ;-
decomposable theory.

Note that if | T| unary predicates are adjoined to L, they are absorbed by
the computation of the 1. Thus h{a (Mon) = hls (Mony and H Z;x (Mon) =
Hj ,20 (Mon) for infinite «. This observatlon is only requlred to show that some
of the computations in Section 8.2 which require expansion to L are best
possible.

4 Decomposition in stable theories The main result in the section asserts
that T is tree-decomposable if and only if 7 is stable and (7., 2nd) % (7,
Monr). This result depends on the apparatus of stability theory so we list in
Section 4.1 the main properties of forking which we invoke here. In Section 4.2
we introduce the fundamental equivalence relation aE4b if and only if #(a;
A U b) forks over A, and we show how it induces a tree-decomposition of every
model of a stable theory 7 satisfying (7., 2nd) % (7T, Mon). In Section 4.3 we
show the fundamental equivalence relation is sometimes monadically definable.
This result is essential for Section 7, but is not used elsewhere in this paper.

4.1 Properties of forking We list here the salient properties of the forking
relation which hold in a stable theory and on which we rely in the next section.
See [12] and [15] for further definitions and proofs.

Whenever we write ¢(B; A) we refer to the type of some fixed enumera-
tion of B.

4.1.1 (Finite character)

(i) t(4; BU C) forks over B if and only if for some finite Ay € A4, Cy < C,
1(Ag, B U C,) forks over B.

(ii) Moreover, if ¢(@; A U b) forks over A there is a formula ¢ (%, 7) (over A)
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such that for any b’ and @’ such that #(b; A) = t(b’; A) if F¢(@’; b’) then
t(a'; AU b") forks over A.

4.1.2 (Monotonicity) t(A; BU C) does not fork over B if and only if
t(A; BU C) does not fork over BU C, and ¢t(A; BU C,) does not fork over
B (for any C, < C).

4.1.3 (Symmetry) t(A; B U C) forks over B if and only if #(C; A U B)
forks over B.

4.1.4 (Extension) If the type p over B does not fork over 4 and B < C there
is a g € S(C) with p € g such that g does not fork over A.

4.1.5 (Existence of non-forking types) For any a and A, f(a; A) does not
fork over A.

The following two important properties can be deduced from the preced-
ing properties.

4.1.6 t(a” b; AU B) does not fork over A4 if and only if #(a; A U B) does
not fork over A and #(b; A U B U {a}) does not fork over A U {a}.

4.1.7 If t(a~ b; A U B) does not fork over A4 then #(a; A U b) forks over
A if and only if ¢t(a; BU b) forks over B.

We also refer from time to time to the stp(a; A) (see [15], III). The key
fact we use is:

4.1.8 Theorem Suppose {a; : i < a) is a sequence such that for all i, j if
stp(a;; A) = stp(a;; A) and t(a; A U A;) does not fork over A, then {a; :
i < o} is an indiscernible set over A.

We frequently write d.n.f. for “does not fork”.

4.2 The fundamental equivalence relation Throughout this section we deal
with a stable theory such that (7, 2nd) £ (T, Morn). For any set A € N a
model of 7 we make the following definition.

4.2.1 Definition xE y if t(x; A U y) forks over A4, or x = y.

If T is stable, for any A, then E 4 is symmetric and reflexive. If we omitted
the clause, “or x = y” it would only be reflexive on the elements of N which are
not algebraic over A. The following examples show that when (7, 2nd) < (T,
Mon), E, may not be transitive. For any equivalence relation & we denote by
[a&] the &-equivalence class of a.

4.2.2 Example The language L has two binary relations, E,, E;. The
theory T, asserts that each E; equivalence class is split into infinitely many E;_;
equivalence classes. Now if agEga, a,Ea, and —ayEga,, —agE a,, Eg is not an
equivalence relation since it is not transitive.

4.2.3 Example The language L has one unary relation U and one binary
relation R. In any model M of the theory T each element of = U(M) is linked
to exactly two elements of U(M) by R (and every pair from U is linked
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to a unique element from —~U(M)). Choosing a, b, c € ~U(M) such that a
“codes” {ag, a1}, b codes {a;, a}, and ¢ codes {a,, a3} we have another
counterexample to transitivity.

It is easy to code an arbitrary binary relation on models of either of these
theories. Lemma 4.2.6 generalizes such a coding. We will show that in our
situation ((7w, 2nd) % (7, Mon)), E, is an equivalence relation and if A = M
is the universe of a model of T then E,, is an L-congruence.

In the remainder of this section we require only that 7 be stable and not
admit coding (although we state this hypothesis as (7., 2nd) £ (T, Mon)).
From these two hypotheses we deduce a number of properties of the rela-
tion E 4.

4.2.4 Lemma Suppose there exist a, B=(b; : i < w), and C ={c, : j < w)
such that:

(i) B is a set of indiscernibles,

(ii) C is a set of indiscernibles over B and there is a ¢(x, y, z) such that
o(a, b, ¢;) if and only if i = j = 0. Then T admits coding.

Proof: For each i, j there is an elementary map f}; interchanging b, with b; and
¢o with ¢; and fixing all other elements of BU C. Thus ko(f;(a), by, ¢;) if and
onlyif k=iand j=11If A = {f;(a); i, j < w}, A codes B x C.

Naturally, this lemma remains true if B and C are replaced by By,
B,,..., B,_, satisfying analogous conditions.
If {g;: i< a} is a sequence, we let A; = {@; : i < j}.

4.2.5 Remark The next lemma shows that if 7" does not admit coding, then
in T, forking defines an equivalence relation on single elements and is totally
trivial. That is, an element @ cannot depend on a sequence b unless it depends
on a single element of . This notion of triviality has been exploited in numer-
ous papers since this one was begun, e.g., [3].

4.2.6 Lemma If T is stable and either

(1) 34, a, b, c such that t(a; A U b) forks over A, t(a; AU c) forks over A
but t(b; AU c) d.n.f. over A, or

(ii) there exist A, a, by, ..., b, such that the b; are independent, for each i,
t(a; b;) does not fork over A but t(a; {by,...,b,} UA) forks over A, or
(iii) there exist A, a, by,..., b, such that t(a; A U b;) d.n.f. over A but
t(a; AU {by,..., b,}) forks over A
then T admits coding.

Proof: (i) We will construct for i, j < w, b;, ¢, such that #(b; " c; A) =1(b " c;
A) but #(a; AU b; " c;) d.n.f. over 4 unless b; = b and ¢, = ¢. Having done
so, we can choose (a,; : i, j < w) such that 7(a, ;; {by, b;}) forks over & just if
k=iandj=1I (Let a; be the image of ¢ under an elementary map which takes
b~ cto b;” c;). Then choosing ¢(x, y, z) such that k¢(a, b, ¢) and ¢(x, b, c)
forks over &, ¢ defines a coding of (b; : i < w) X {¢;:j < w) by {a;: i, j < w}.

For the construction, fix stp(b, A) and stp(c, A). Choose {b; : | <i < w}
so that #(b; A U B; U {a, c}) d.n.f. over A and b, realizes stp(b, A). Let
bp=0b and B = {b; : i < w}. Then choose {c; : 1 = j < w} such that #(c,;
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AUBU {a} U C;} d.n.f. over 4 and c; realizes stp(c; A). Let co=cand C =
{c¢; : i < w}. (Setting by = b and ¢y = ¢ is permissible because ¢(c; 4 U {b})
d.n.f. over A.) Now suppose i # 0 and consider #(a; A U b; U ¢;). By the con-
struction #(c; : AU {b;, a}) d.n.f. over 4 and since i # 0, t(b;; AU {a}) d.n.f.
over A. Thus, by 4.1.6 and monotonicity #(c; ~ b; ; A U {a}) d.n.f. over A. By
symmetry, t(a; AU {c;, b;}) d.n.f. over A. Similarly if j # 0, t(a; AU {c;, bi})
d.n.f. over A. It remains to show #(b; "c;; A) = t(b" c; A). But this is
immediate since #(b; A) = t(b; A), t(c; AU {b}) d.n.f. over A4, t(c;; AU {b})
d.n.f. over A, stp(c;, A) = stp(c, A), and strong types are stationary.

(ii) Without loss of generality we may assume n =2 and A = &. Let ¢y =
b bY and for i < w, choose &; so that #(¢; C;) does fork over & and b'(bz')
realizes stp(b;; @) (stp(b,; @)). Note that for any i, j t(bi, bz, @) = t(b?,
b?9; @). Thus for each i, j there is an a;; such that #(ay; bi, b3; @) = t(a; by,
by; D). In particular #(a;; {b], b3}) forks over the empty set. By the extension
lemma we can assume #(a;; C,) does not fork over {bi, bJ}. Since t(C, —
{bi, bz} {bl, bz}) does not fork over the empty set transitivity of nonforking
yields #(a;; C, — {bi, b{}) does not fork over the empty set. As in part (i),
choosing a formula ¢(x, y, z) so that ¢(a, b;, b,) witnesses the forking of
t(a; {by, by}) over &, we contradict 4.2.4.

(iii) Without loss of generality, we may assume # = 2 and A = . For ease
of notation in the argument we rename a, by, b, as a, b, ¢c. Thus we have
t(a; b) and t(a; c) do not fork over the empty set but #(a; b, ¢) forks over the
empty set. By (ii) we see that ¢(b; ¢) forks over the empty set.

Now choose formulas ¢(y, z) and ¥(x, y, z) to witness this forking. That
is, for any b’ realizing p = #(b; @) and ¢’ realizing g = t(c; &), ko(b’, )
implies #(b’; ¢’) forks over . Moreover, if in addition t(e’ ~ b’; &) = t(a~ b;
@) and t(b’ " c’; D) = t(b" ¢; D) then Y(a’, b’, ¢’) implies t(a’; {b’, c¢’})
forks over b’. Since Ey/(a, b, ¢) A d(b, ¢) we can assume ¥ (x, y, z) = d(¥, 2).
Now choose a set A = {a; : i < «} of realizations of stp(a; &) and a set B =
{bj; j < k} of realizations of stp(b; &) such thatif e€ AU B, t(e; AU B —
{e}) does not fork over e.

We now code 4 X B by a set C of realizations of g. Note that for any
a’'€A,b €B, t(a’, b’; D) = t(a, b; D). Thus for each i, j there exists a ¢;;
with #(a;, b;, ¢;j; D) = t(a, b, ¢; D). We claim ky(a;, b;, cy) if and only if
i=kandj=1I

The “if” is immediate by the choice of c;;. Now suppose kFy(a;, bj, cx1).
In particular, we have ¢(b;, ¢ ;) A ¢(by, ¢k 7). Thus t(by; ¢ /) forks over & and
(by symmetry) ¢(cx ;; b;) forks over &. By (i) #(b;, b;) forks over &. By the con-
struction of B as an independent set, j = /. Using this, we have ¥ (a;, by, k1) A
V(ay, by, c,1). Thus t(a; {b,, c }) forks over b, and #(ay, {b,, c ;) forks over
b,. Applying (i) with {b;} as A we have t(a;; {b), ax}) forks over b,. By (ii) this
implies a; = a; and we finish.

We now show that if M k T, E), is not only an equivalence relation, but
an L-congruence. Thus if 7 is stable and (7., 2nd) % (7, Morn) for any
M E T and any N < M we can decompose M over N. We will in this case
conclude the even stronger result that if X is an equivalence class of Ey then
N U X is the universe of a model of 7.
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4.2.7 Lemma Assume T does not admit coding. If for every b, t(b, A) is
stationary then E 4 is an L-congruence.

Proof: Let @ = a4,...a,_; be the decomposition of @ by E4. We prove by
induction on lg(@,) that f(dy; A U {a,, @,...,d—1}) d.n.f. over A. Since
t(@y; A) is stationary this suffices. Let @, = (a,. .., aly; ¢ denote (ag,. ..,
al~'y; b denote {a, ..., @_,}. By induction we have #(¢; A U b) d.n.f. over A.
We finish by 4.1.6 if we show #(a}; A U ¢U b) d.n.f. over A U ¢. But if #(af;
AU U b) forks over A U ¢, applying 4.2.6 (with A U ¢ playing the role of A)
there is some i, 1 <i < k — 1 and some d € rnga; such that t(af; A U ¢U d)
forks over A U ¢. By 4.1.6 this implies #(d; A U ¢ U af) forks over A. Now
since d is in a different E -equivalence class than each member of &, this
contradicts 4.2.6 (with A playing the role of A).

The following example shows that some restriction on A is necessary if E4
is to be an L-congruence.

4.2.8 Example Let N be a structure with a universe of all functions from
the natural numbers into the integers. Let the language L contain binary relations
E; and F; and define o, 7 € N: Ei(o, 7) if and only if o [/ = 7 i and F;(o, 7) if
and only if o1/ =7!iand 7(i) <0, if and only if ¢(i/) < 0. (Thus the E; and the
F; are infinitely decreasing sequences of equivalence relations. Each E; class
contains infinitely many FE;,, classes and two F; classes.) Now T is stable (7,
2nd) % (7, Mon) but if A is finite, £, is not an L-congruence.

4.2.9 Theorem If T is a stable theory and (T, 2nd) % (T, Mon) then for
any N<X M E T, M is decomposable over N.

Proof: Since (T 2nd) % (T, Mon) T does not admit coding (Lemma 2.2.4).
Thus, by Lemma 4.2.6(i) Ey is an equivalence relation. As every type over a
model is stationary, by Lemma 4.2.7, E is an L-congruence. The result is now
immediate from Definition 3.1.18.

4.2.10 Theorem If T is stable, (T, 2nd) % (T, Mon), M £ T and N <M,
then for each equivalence class X of Ex, NU X is the universe of a model of T.

Proof: We show X U N satisfies the Tarski-Vaught criterion. Suppose @ €
X UN and M E 3vé(v, a). Then for some b E M, Mk ¢(b, @). If be XUN,
we’re done, if not, #(b; X U N) does not fork over N and hence by [15],
I11.4.10, is finitely satisfiable in N. That is, for some b’ € N, E¢(a, b’) as
required.

In the remainder of this section we compile some useful facts about the
relation E 4.

4.2.11 Lemma If a € acl(A) then {a} is an E 4-equivalence class.
Proof: Algebraic types do not fork.
Note that this means no nontrivial equivalence class of E, intersects A.
4.2.12 Lemma If A < B then Eg refines E 4.
Proof: Suppose t(a; A U b) d.n.f. over A. We want to show #(a; BU b) d.n.f.
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over B. Write B = B, U B, U A where B, contains exactly the elements of B
which are E4 equivalent to a or b. Since T does not admit coding, by 4.2.6(ii)
t({a, b} U By; B, U A) d.n.f. over A. But then #({a, b}; By U B, U 4) d.n.f.
over A U B,. Now write B, as C; U C, where C; is B N [aE4], and C, =
[bE4] N B. By the proof of 4.2.7 we have t(a U C;; AU b U ;) d.n.f. over
A. In particular this implies #(a; A U C; U C, U b) d.n.f. over A U B,. Now
applying 4.1.7 we have the result.

4.2.13 Lemma If A” = AU C and C is contained in the E 4 class D then
E . agrees with E, outside D.

Proof: Let a € D and suppose —aE ¢, 7aE 4 b but bE c. We show bE 4.c. In
conjunction with the previous lemma this yields the result. By 4.2.6(ii), #(C;
AU bc) d.n.f. over A;i.e., t(bc; AU C) d.n.f. over A. Since t(b; A U ¢) forks
over A, 4.1.7 yields ¢(b; A U CU a) forks over A U C.

Our next result does not figure directly in the sequel, but is a further
illustration of the simplicity of stable theories with (7, 2nd) % (7, Mon).
Regular types, introduced in [15], V, are types on which a notion of dimension
is well defined. A major difficulty in extending results from superstable to stable
theories is the paucity of regular types over models of an arbitrary theory. The
next shows there is no such problem in our situation.

4.2.14 Theorem If (T, 2nd) % (T, Mon) and T is stable, then for every
A, any p € S(A) is regular.

Proof: We use the characterization of regularity given by V.1.9(3) in [15]. Thus,
suppose p € S(A), B = A U J where each member of J realizes p, ¢ and ¢
realize p. Suppose further that ¢(a; B) forks over A and t(c; BU a) forks over
A. We must show #(c; B) forks over A. By the finite character of forking we
can assume J is finite. So let J = {b; : i < n}. t(a; B) forks over A, so by
Lemma 4.2.6(ii) for some i < n we have aE b;. By the same token, since
t(c; BU {a}) forks over A, either cE a or cE4b; for some i < n. Since E4 is
transitive, cE4b; for some i < n, i.e., t(c; A U {b;}), forks over A, whence
t(c; B) forks over A by monotonicity.

We want to show that the fundamental equivalence relation determines a
decomposition of a model into a free union as discussed in Section 3. For this
we need to show E), is a Ap-congruence. The following lemma is the key.

4.2.15 Lemma If M is a model of a stable theory and ¢ (%, y) is a for-

mula then there is an n such that for any a & M there exist by, ..., b,, € M

such that for any m € M k ¢(a, m) if and only if V{ N o(b;, m) : wc
iew

2n+1|wl = n}.

Proof: Choose by [15], 11.2.20, a finite A and » such that if (b; : i < w) is a
A-n-indiscernible set of sequences then for any ¢ either |{i : F¢(b;, ©)}| < n
or [{i: Fé(b;, €)}| < n. Now choose in M a sequence {C; : i < w) such that ¢;
realizes p; = 15+(@; C;) (where A* is chosen as in [15], 11.2.17). This is possible
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since A* and ¢; are finite. Since there is no infinite decreasing sequence of
natural numbers for some k R(p,,, A%, 2) = R(py, A, 2) for all m = k. Now,
noting that for each ¢ € A*, p; is definable over ¢; by the same formula that
t(a; C;) is, we conclude from ([15], 11.2.17, that {¢; : k < i} U {a} is a A-
indiscernible sequence. Letting b; = ¢,; we have the result by [15], 11.2.20.

We will use the following sharper statement of the result: For each formula
o(X; y, m) there is a quantifier-free formula y4(y, /; Z) such that for each
p = tyr(@; M) for some @ & M, there is a sequence 67,, € N such that for all
i€ M k y4(7, m; d,) if and only if ¢(X; 7, /M) € p.

4.2.16 Lemma If M is decomposed over N by the fundamental equivalence
relation En and {(X; : i € I) lists the equivalence classes of Ey then, setting
M;=X;UN, for some o M = \J°{M;:i€I}.

N

Proof: We must define a map o such that ¢(R) is a collection of conditions
{6, p) such that g satisfies one of these conditions if and only if M F R(a).
The central tool for this result is the definability of types. This tool will apply
directly if @ is partitioned into exactly two sequences by the fundamental equiva-
lence relation. This fact is somewhat obscured by the inductive procedure which
allows us to reduce consideration of an arbitrary partition to consideration of
a sequence of two-element partitions.

For any quantifier-free formula ¢ (X, y, ) with 7 € N let o(¢) be the
collection of conditions ¢, p) such that for some a € M with M k R(a), a is
decomposed by Ey as dy. . . dx—; With @,_; € N, 6 = {lg(ay), . .., lg(a,_,)), for
i<k, p;=ty(a; N) and py_ = a_,.

Now we show by induction on the length of a partition that for any
¢ € M and any quantifier-free formula M k ¢(¢) if and only if ¢ satisfies some
condition in o(R).

If C is entirely in one component ¢(C) € #(¢; N) and we finish. Suppose
¢=(Cp,. .., Cr_qy With C,_; € N, and C satisfies the condition (0, p) € o(¢).
Then there exists @ € M with a similar to ¢. We apply Lemma 4.2.15 to the
formula ¢(X,...,X,-;) regarding X, as the free variable. Then there is a
formula 64(7, dy) which defines g, over N. Since M k ¢(@o, @y, - ., @x_,) Mk
0¢(51, vy Ar_ys 670) Since <dl5 cens Ap_ny A1, (70) is similar to (El, cevs Cr_as
k-1, doy , the induction hypothesis yields M k 04(¢y, . . ., Cx_1, do). Since #(&;
NU{é,...,—_y}) does not fork over N, this implies M k ¢(¢) as required.

We remarked in Section 3 that we could prove Theorem 4.2.15 in an
improved form where the conditions are single formulas. We indicate here the
necessary revision of ¢(R) in the proof of Theorem 4.2.15. We rely on the
following fact about the definability of ¢-types pointed out explicitly in [8] and
as Corollary I11.1.23 of [1]. For each formula ¢ (X, y) and each p € S(A) there
are formulas 62 (%, z) and x5 (7, Z) and a sequence @, € A such that

(i) For some @€ A, 63(%, @) €Ep. _
(i) If 09(%, a@,) € p then for all b € A, x¢(B, a,) if and only if

¢(x, b) € p.
For any pair of types p, ¢ let A? (%) be 02(X, @,) A xJ (X, dg)-
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Now we define o(¢(%)) by induction. oo(¢(¥x)) is the set all pairs of
formulas (N}, 4(%), N},4(¥)) such that for some sequence @ ~ b with #(a; N U
b) not forking over N, t(@; N) = p and #(b; N) = q. Let 6,,1(¢(X)) be

go(v). The sequence of free variables in o;, (¢ (X)) is shorter than
y€0i(¢(R))
that in o; since each is a subset of such a sequence for o;(¢). Thus, the construc-
tion of the ¢; must cease at some stage n. o(R) = Uo,-(R) is the required
i<n
set of conditions.

In 4.2.15 the conditions are quantifier-free types; in the variation just

discussed they are a finite set of existential formulas. Is it possible to form a

decomposition whose conditions are finite sets of quantifier-free formulas?

4.2.17 Theorem Let T be a stable theory such that (T, 2nd) % (T, Mon).
If N is a model of T with |N| = \ then there exist M < N, |M| < |T| and
IS N“D) sych that N is (I, €) decomposable over M.

Proof: We define {{M,, N,): n € I} by induction on /g(n). Let M, = N and
N¢y be any submodel of N with |N¢y| = |T|. Let (X, : i < u) be a list of the
equivalence classes of Ey, (for appropriate p < N\). Then M, = X; U N,.
Suppose for some 3 we have defined a tree decomposition of N {{M,, N,) :
n € Ig} where Ig < N°*!1. (Note that if Ig(n) = 8 + 1, M, is defined, but N, is
not.) Let N, be any elementary submodel of M, with |[N,| = |T| and N, 2
N, -. For appropriate p < A, let (X; : i < p) be a list of the equivalence classes
of EN Note that by Lemma 4.2.13 for any » with v £ 9, v~ =9~, M, —
N,- = X; for some i. Let M,~ = X; U N,. Then M, = U {M,~ : X; S M}

and M = U {M,~; : i < u} for appropriate o (by Lemma 4.2.15). We must

show N = U {M,: Ig(7) < k(T)}. If not, for some » € \*(T) there is an x € N
such that for every a < x(7T), xEMm vlat1 (Where a,), is any element of N, ).
This contradicts the definition of x(7T) (cf. [15], IIL.3).

Note that the role of x(7T) in this theorem is to hold down the height of
the tree. Many families {£, : A € N} induce similar decompositions, possibly
of greater height.

We will invoke in Section 7 the following generalization of 4.2.10.

4.2.18 Lemma  [f T is stable and M k T is tree-decomposed by ({M,, N,) :
n € Iy with I € \*, then for each n < w, N, = U{N, : Ig(n) = n} < M.

Proof: By the usual induction on formulas and the Tarski-Vaught criteria it
suffices to show that if @ € N, and for all @, c € N,,, N, k ¢(a, c) if and only
if Mk ¢(a, c), then if M k 3 X ¢(a, x) (with @ € N,,) then there isa c € N,
such that M k ¢(a, c). For this, fix ¢’ such that M F ¢(a, ¢’). For some »,
¢’ € M,. If Ig(v) < n, we finish; if not, let y = »|n and let @ = @, ~ @, with
@ € N,, @, €U{N, : lg(r) = n, 7 # 1} — N¢y. Then t(c’; N, U @) does not fork
over N, so there is ¢ € N, & N, such that M k ¢(c, @, a,) (by the “coheir”
definition of nonforking).

4.3 Monadic definability of the fundamental equivalence relation We show
here that if T is a stable theory (7, 2nd) % (7, Mon) and M is |M|™ satu-
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rated then for M < N the fundamental equivalence relation is monadically
definable. This result is applied in Section 7 to compute lower bounds (in the
strong sense) on Hanf and Lowenheim numbers. It provides a tool for finding
prototypes for each variety of tree-decomposable theory.

In this section monadic definability means definability in L, ,(Mon), L is
a finite language, and r(L) is the sup of the arities of symbols in L.

Recall that since T is stable for every formula ¢(x, y), every A and
every p € S(A) there is a formula d,¢(y) with parameters from A such that
¢(x, @) € p if and only if d,¢(a). Moreover, if M k T and d,¢()), dyé(¥)
define p € S(M) in this sense then FVyd,¢(7) < dpé (7). In fact, the defining
formula can be chosen as d¢(y, a,). When the reliance on p is not essential we
write d¢ as ¥, (cf. [15], I1.2).

4.3.1 Definition Let N be an X;-saturated model of T and fix My < N,
|M0| - x().

(i) Fo = Fo(My) is the set of A such that My S A < N and for every pair of
formulas ¢(x, 7), ¥(X, 7): vy € A[(VX € Ad(X, ) < Y(X, J) = VX(¢(X, J) <
¥(x, ¥))1.

Note that this condition is immediate if A is a model.

(i) For each 4 € &, if p € S(A), fix a definition d,, of p over 4. If p d.n.f.
over M, choose d), to define p over M,.

(iii) Fix A as the set of quantifier-free formulas of 7. (Note that A includes
¢(X, y) for each possible placement of the semicolon if ¢ is q.f.)

(iv) For My € A < B, B is formally good over A if for every ¢ € N — B with
I(C) <r(L), if g = 1A(C; A) then £,(¢, B) is defined by d,.

We hold M, fixed for the remainder of this section. 4 and M will range
through &, while B will satisfy M, € B S N.

The definition of &, guarantees that the choice of d, to define p in (ii) is
unique. Thus, “B is formally good over A” is a monadically definable predi-
cate of A, B, and M,.

4.3.2 Definition We say xEX" y (x is formally equivalent to ), if for every
B which is formally good over A, x € B« y € B.

Clearly EX" is monadically definable. We would like to show EX" = E,,.
However, we have only been able to establish this result when A = M is a model.
We show Ef%" < E,, and Ey; < Ef". One direction is easy.

4.3.3 Lemma  If M is a model Ei>" < E,,.

Proof: Suppose —aEyb. Let B be the E), equivalence class of b. Then, for any
c & B, t(¢c; BU M) d.n.f. over M and realizes the definable extension of
t(C; M). In particular, £,(C; B U M) realizes the definable extension of #,(C;
M) so B is formally good over M. Thus ﬂaEf}"b.

To show Ey, < E,f}“, we actually show the result for a more general concept —a
protomodel — and then show each model is a protomodel. This procedure high-
lights the properties of a model necessary to show E,; < E,ff‘. Moreover, since
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the class of protomodels is monadically definable they may be useful for further
investigations in this area.

4.3.4 Definition A is a protomodel if E'’" is a A-congruence. (Recall we
fixed A as the set of atomic formulas.)

The following lemma is the crucial step in showing that E4 < E| ,f,‘” if Ais
a protomodel.

4.3.5 Lemma (the automorphism lemma) Let A be a protomodel. Suppose
f is a permutation of N such that:

(@) f1A =14

(ii) BES" C if and only if f(b) EL" f(c)
(iii) For any E™" equivalence class, B, if @ € B then to(a; A) = t,(f(a); A).

Then f is an automorphism of N.

Proof: We need only check that for a relation symbol R, M k R(a) if and only

if Mk R(f(a)). But this is immediate from the definition of A-congruence and
protomodel.

4.3.6 Theorem If A is a protomodel, |A| < |N|, and N is saturated then
E,4 refines EX".

Proof: Suppose t(a; A U b) forks over A. Then #(a; A) is not algebraic. We
must show aEX"b. Let ay= a. Choose a,, a, so that t(a; A) = t(a; A) but
t(a; A; U AU D) danf. over A.

Suppose aoEf1°r a,. Since t(ag; A) = t(a;; A), there is an automorphism g
of N which maps a, to a;. Since E,ff" is monadically definable, this automor-
phism fixes Cy = [aoE ,§°r]. Let f be the identity on N — C and agree with g on
C. By Lemma 4.3.5 fis an automorphism of N. But this is impossible as #(ao;
A U b) forks over A and #(a;; A U b) d.n.f. over A.

Suppose —ayE " a,. Then (since there is an automorphism fixing A4 and
mapping apa; to aa;) ﬂalE,f,"’ a,. So we may choose from {ay, a;, a;} two
elements, say 4o and a;, such that ~agEX" a;, "bE " ay and ~bE " a,. Let h
be an automorphism of N which fixes 4 and maps a, to @;. Denoting [ayE ,2"'
by Co and [¢,EL"] by C; define f as follows:

h(x) xeC,
Sx) =4 hl(x) xeC,
X XéCoUCl .

Again, the conditions of the automorphism lemma are clear. Thus f is an
automorphism. But, as in the previous case, this is impossible and the theorem
holds.

Now we show every model is a protomodel.
4.3.7 Definition If A € B < N then B’ denotes (N-B) U A4.

Clearly, the collection of all sets 4 < B € N forms a complete Boolean
algebra with operations of set intersection and complement. We now show &,
the class of sets which are formally good over M also form a Boolean algebra.
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In the first paragraph of the proof we spell out the fact that formally good
sets are closed under intersection. In the second we give the more complicated
argument for complementation. Only this second argument depends on M being
a model. It is just a variant of the proof of the symmetry lemma. The distin-
guishing property of a model which is used here is that if a type is defined over
a model then it is defined over every superset.

We rely in the next lemma on another version of the definability lemma.
For each formula ¢ (x; 7) there is a formula d¢ (7, Z) such that for each set A
and each type p over A there is a sequence d, € A such that for all 7 € A4,
¢ (X; a@) € p if and only if do(a; 47,,). The specification of the formula ¢ for this
result includes the placement of the semicolon. In this theorem we will consider
formulas which are only distinguished by the placement of the semicolon.

4.3.8 Theorem The set § = {B : B2 M, B is formally good over M} forms
a complete Boolean algebra with operations {N, U, '}.

Proof: Let {A; : i € I} be a sequence of elements from F. Let 4y = N{A4, :
iel}.

Fix i € I and a partition of b as b, b, so that b; € A; and for some
jEI, Bl nAj=®1.

Let ¢9 = ¢(X; 71, 72), and ¢; = ¢ (X, 7;; ¥2). (The difference is in the
placement of the semicolon.) Since @ € 4g S A; and A; is formally good we
have p = t(by; M). Let g = t(by; M) and r = t(b; ™ by; M). We must show
¢0(a; by, by) if and only if dpo(a; d;). Since b, N A; = @, dé,(a, b;; d,) if and
only if (letting x be the defining formula associated with d¢,(X, ¥, Z) for free
variable 7), x(a, d,; d,).

Now we claim that for any M € M, ¢o(7, b;, by) is equivalent to both
déo(m, d,) and to x(/, d,; d,). The first equivalence is immediate from the
definition of a defining type. The second follows since x (7, dp, dq) holds if
and only if do, (i, by, d,) which in turn is equivalent to ¢, (77, by, b,).

To finish the proof of the theorem, we now have dey(a, d,) if and only if
x(a, dp, d, ;) (as these formulas were equivalent on a model) if and only if
d¢,(a, by; d ;) since A; is formally good, if and only if ¢(a, by, b,), since A,
is formally good

Suppose By is formally good over M. We must show B is formally good.

Let ¢(X, ) = ¢(J, X). Suppose d defines ty(a@; M);i.e., foreachme M
¢(a, m) if and only if d¢(/m). Similarly, suppose d’ defines #3(¢; M); i.e., for
each m € M ¢(m, €) if and only if d’¢(7). We have d’ defines t3(¢; M U a)
and assume for contradiction that d does not define #,(a@; M U ), i.e., F¢(a,
C) A —d¢(¢). Now let &, = a, f, = ¢ and define (&; : i < w) {f;: i < w) such that

(1) ¢ realizes the d’-definable extension of #(a@; M) on MU E; U F;.
(ii) f; realizes the d-definable extension of #(¢; M) on MU E;; U F;.

Since & realizes t(a; M), kd'¢(e;) for all i. Similarly, since f; realizes
H&; M), E—de(f;) for all i. Now, (i) implies for i > j ¢(&;, f;) if and only if
ds(f), i.e., 76(&, f) while (ii) implies that for i < j ¢(&, f,) if and only if
ay(e), i.e., ¢(&, fj). Thus we have ¢(¢;, fj) if and only if i < j contrary to
stability.
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4.3.9 Corollary If M is a model then every equivalence class of EI{,‘,’r is
formally good.

Proof: Each equivalence class is a Boolean combination of sets which are
formally good over M.

4.3.10 Corollary If M is a model then M is a protomodel.

Proof: Suppose @ = dy, @y,...,d—; and @ = @, ..., are similar
sequences for E,{,}” and £,(do; M) = ta(@g; M). We must show f5(dp; M U
{@...a_1}) =ta(a@; MU {a,...a:_,}). Let B be the EX equivalence class
which contains @, @;,. By Theorem 4.3.9 B is formally good over M and 4.3.8
then implies B’ is also. But then both @, and & realize the definable extension
of ty(ag, M).

Combining 4.3.3, 4.3.6, and 4.3.10 we have:

4.3.11. Theorem If M <N is a model and N is |M| " -saturated then Ej; =
ES thus E,, is monadically definable.

5 Shallow theories Let T be a theory such that every model is decomposed
by a well-founded tree. We called such a theory shallow in 3.2.2. Each such
theory determines an ordinal, 3, the “depth”, namely the sup of depths of
models of 7. We show that the upper bounds on the Hanf and Léwenheim
numbers in L ,(Mon) of such theory depends only on 8 (and not, as in
3.2.11, on the complexity of the sentence).

The results in this section stand midway between those in Sections 3.2
and 6.3. In Section 3.2 we computed upper bounds on Hanf numbers for
L3, ,(Mon) for arbitrary tree-decomposable theories but had no result on
Lowenheim numbers. Here, we improve the upper bound on Hanf numbers
and find upper bounds on the L6wenheim number Lg,w(Mon) for shallow T.
In Section 7.3 we show that under still stronger hypotheses (nicely shallow) we
can improve these upper bounds if we restrict to L,, ,(Mon). In Section 7.1 we
compute lower bounds on Hanf and Lowenheim numbers to show our results
are the best possible.

The notions of this section should be compared with the discussions of
shallow theories in [7] and [19]. In particular, the upper bounds on n(\, 7))
transfer to this situation.

We defined the Lowenheim number Isf for individual sentences (i.e.,
analogously to #%). The following results are actually stronger, showing that
there are “£L-elementary submodels” of the appropriate power.

5.1.1 Notation

(i) For any language L and any ordinal 3, K® denotes the class of 3-decom-
posable L-structures.

(i) mTg(KP) = {mTgM) : M € K*}.

5.1.2 Theorem Fix a language L.
(i) If M is B-tree decomposable (i.e., M € K¥) then there exists an M’ < M
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with |M'| < (3g(\ + |L|)) * such that for every a and k : a« >\, mTg(M) =
mTE(M").
(i) |mTg(KP)| = Jgii(|L]).

Proof: We prove (i) and (ii) simultaneously by induction on 3. First we show
(i) for B =1, i.e., M is strongly decomposable. Write M = U” M;:iel)
N

for appropriate N, ¢ and I. There are at most 3 (|L|) isomorphism types over

N of L-structures. Let, for each isomorphism type p, M, be a representative of

pand Q,={i€I: M; =y M,}. Now choose I’ < I such that setting Q, =

{iel' : M;=yM,}, {, 0) =,z I Q’y. We will now apply Theorem

3.1.13. By Lemma 3.1.4 for each o, W** < 3;(\ + |L|). Then by 3.1.13 and

3.1.15 for every a and k, mTg(M) = mTg(M') where M’ = | J'(M; : i € I').
N

Now we show (ii) for 8 = 1; i.e., there are only 3,(|L|) equivalence classes
modulo L, |z|(Mon) of models in Kg. By 3.1.13 an arbitrary strongly decom-
posable model M = \J*{M; : i € a}. There are 2,(|L|) possibilities for o,

N

3,(|L|) possibilities for N, and 3,(|L|) possibilities for the isomorphism type
of M; over N. For each possible isomorphism type over N we must specify
either that it occurs > 3,(|L|) times or that it occurs \ times where \ is a
cardinal < 3,(|L|). This gives us J,(|L|) possibilities when we classify strongly
decomposable structures according to L )(Mon)-equivalence.

To continue the proof, suppose we have shown both (i) and (ii) for y < .
To show (i) at the next stage consider a model M with dp(M) =8 + 1 and
decompose M as U“(Mi : i € I) where for each i, dp(M;) < 3. By the

N
induction hypothesis (i), for each i there is a structure M; with |M]| < (35(\ +
|L|))* such that for all @ and k : « > N mTg(M;) = mTg(M}).

Let Q, = {i : M{ = M,} as p ranges over the L, 1|(Mon) equivalence
types of B-decomposable structures. By (ii) of the induction hypothesis,
(I, Q_} is a set with 3g,1(N + |L|) unary predicates. Choose (I’, Q’) with
(I/, Q/) E(Jﬁ+l()\+lL|))+ (I, Q) so that Q; = {l el : M,” = M,} If M" =
U {M{ : i€ I}, then [M"| < (3g41 (N + |L])) " and by 3.1.15 mT¢(M) =
NU
mTg(M”) for all @ and k.

To see if (ii) holds for 8 + 1, note that any 8 + 1-decomposable model can

be written as |J° {M; : i € I} where the M; are all 8-decomposable. There are
N

3,(|L|) possibilities for o, 3,(L) possibilities for N, and (applying the induc-
tion hypothesis) 34.1(|L|) possibilities for the L, ,(Mon) theory of each M,.
Now the L, ,(Mon) theory of M is determined by the number (= 24,,(L) ™)
of M; which have each of these theories, that is, by a function from 35,,(|L|)
into the number of cardinals < 34,(|L|)*. There are < 34,,(]L|) such func-
tions and we finish.

The limit stage of each induction remains. For (i), suppose dp(M) = 6 and
we have proved (i) and (ii) for each ordinal less than the limit ordinal §. Then
M = U’ {M; : i € I} where, for each i, dp(M;) < §. Thus by induction we

N

can replace each M; by an M} with |M}| < 14(|L|) and M/ has the same
L, ,(Mon) theory as M;. Now choose (I’, Q’) as in the proof of the successor
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stage so that (I, Q) =5,(jz,+(I’, @’). By induction, for each , k, |W**| <
35(]L]), so by 3.1.13 and 3.1.15 we finish.
To see that there are only 3;5,(|L|) Le,,(Mon) equivalence types of 6-
decomposable models, write a 6-decomposable M as |J°{M; : i € I}. Once
N

again there are 3,(L) possibilities for ¢, 3;(L) possibilities for N, and 25(L)
possibilities for Lo ,(Mon) theory of each M;. As before, the Lo ,(Mon)
theory of M is determined by a function from 34(|L|) into the set of cardinals
< (34) * and there are, at most, 34, such, so we finish.

[The referee pointed out the necessity of the dual induction to obtain this
result.]

A slight variant of this argument yields an upward Lowenheim-Skolem
theorem. If M is B-tree decomposable and |M| > 3g(\ + |L|), the I found in
the proof of Theorem 5.1.2 will have cardinality > 34(\ + |L|) and so for
some iy, |{i : M; =n M;;}| > 3g(\ + |L|). Thus we can choose J with [J| = «
for any « > (N + |L|). With this modification we prove:

5.1.2" Theorem If M is B-tree decomposable and |M| = (35(L)) * for all
a and k and all k = 15(L)* then there is a model M, with |M,| = k and
mTE(M,) = mg(M).

5.1.3 Corollary If T is B-tree decomposable,
@) s, \momy < 3p(IL| + N).
(i) HL, \momy = (35(IL] + ) *.

We will see in Section 7 that if dp(T) = @ there is a sentence ¢ € Lﬁ,,w(Mon)
such that 7U {¢} has only models with cardinality 2.

6 Nicely decomposable theories The main notion of this chapter —that of
a nice decomposition—is generalized from properties of strongly decom-
posable theories.

Before introducing this notion we discuss some properties of strongly
decomposable theories. In Section 6.1 we prove a theory T is strongly decom-
posable if and only if 7 is stable and (7, 2nd) = (7T, 1-1) and derive some
properties of such theories.

In Section 6.2 we define the notion of a nice decomposition and such
derivative concepts as nicely shallow. We show that if T is nicely shallow then
lsLTw o(Mon) 18 Ro. Further, in 6.2.7 we show the restriction to nice theories is
essential to lower the Lowenheim number to ®,. In Section 6.3 we study
the effect of restricting permutational logic to strongly decomposable theories.
Our main result asserts that for any theory T either (7., 2nd) < (7, 1-1)
or (7, 1-1) is interpretable in (7, 1-1). (Our notion of interpretation in
Section 6 is that in [13] so this notion is defined (cf. note after 2.1.4)). This
allows us to compute the Hanf and Lowenheim numbers of (7, 1-1) then
(T, 2nd) £ (7, 1-1).

6.1 Characterizations of strongly decomposable theories First, suppose T
is a stable theory and (T, 2nd) % (7, 1-1). Then we know (as certainly
(T, 2nd) % (T, Mon)) from Section 4.2 that, for any A, E, is an equivalence
relation. In fact, we will now show that E, (a, b) means exactly that a €
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cl(A U {b}). Thus, in this case we have combined the desirable properties of
forking (symmetry) with those of algebraic closure (transitivity and reflexi-
tivity) to obtain the equivalence relation E4. One example of such a theory is
the class of all unary algebras satisfying f3(x) = x.

A straightforward compactness argument shows that if 7 is strongly decom-
posable then for every N and M, Ey is defined by aEnb if and only if a €
acl(N U b) — acl(N). The next lemma and corollary show the converse.

6.1.1 Lemma If T is stable and if there exist a, b such that t(a; b U A)
forks over A but t(a; bU A) is not algebraic, then there is a subset of a model
of T on which there is definable (with additional unary predicates) an equiva-
lence relation with infinitely many infinite classes.

Proof: Suppose t(a; A U b) forks over A but #(a; A U b) is not algebraic.
Construct (b, : i < w) such that #(b; B; U A) d.n.f. over 4 and ¢(b;; A) =
t(b; A). WOLOG by = b. Fix f;, an automorphism of the monster model,
which fixes 4 pointwise and maps by to b;. Choose i, j < w, a;; such that
t(a;;: AU B) d.n.f. over b; U 4 and extends f;(¢(a; b U A)). Then for each
i,J, k, t(a; j; by U A) forks over A4 if and only if i = k. Choose ¢(x, y) € F(A)
such that ¢(a, b) holds and ¢(x, b) forks over A. Then we have ¢(a; j; by) if
and only if /i = k. Now, adding a unary predicate U to pick out the b,’s, we
define an equivalence relation on the a;; by é(x, y) : 3zU(2) A [9(x, 2) ©

oy, 2)].

6.1.2 Corollary If (T, 2nd) % (T, 1-1) and T is stable, then for every A
the relation aE b if and only if t(a; A U b) forks over A satisfies:

(1) aE4b if and only if a is algebraic over A and a = b or a is not algebraic
over A and a is algebraic over A U b.

(ii) aE4b is an equivalence relation.
(iii) Each equivalence class of E4 has <|T| + |A| elements.

Proof: (i) follows from Lemmas 6.1.1 and 2.2.6. But if (i) holds, then (ii) holds
as “forking” is symmetric and reflexive and “algebraic in” is transitive. More-
over, (iii) is immediate since the algebraic closure of a singleton has < |T| +
|A| elements.

6.1.3 Corollary If T is stable and (T, 2nd) % (T, 1-1) then T is strongly
decomposable.

Proof: Let M k T and let N be an arbitrary elementary submodel of M with
power |7|. By Lemma 6.2.7 Ey is an L-congruence and by Corollary 6.1.2 each
equivalence class of Ey has cardinality <|7|. So T is strongly decomposable.

Very little can be interpreted in (7, 1-1) if T is strongly decomposable,
even if we allow a very powerful logic for the interpretation.

6.1.4 Theorem Let T be strongly decomposable and let £ be any logic such
that truth is preserved by isomorphism. Then Th(<) is not interpretable in the
L-theory of T.

Proof: Let k be much larger than |T| (3,(]|7]) would do) and let M be an
|L| *-saturated model of 7. Suppose some L£-formula ¢(x, y, @) defined a
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linear order (A, <) of length x. Let M be decomposed over N and suppose
M=N |J X,. Further, fix an ordering of each X, = {x* : i < |T|}. Now
a<|M

since A is slo Ilarge we can invoke the Erdos-Rado theorem and (possibly replac-
ing A by a subset) find a set of X_’s such that A N X, = a,, and for « # 3 there
is an automorphism of M fixing N and mapping a, to az. But then A4 is a set
of £-indiscernibles contradicting the hypothesis.

Since permutational logic preserves isomorphism we can combine 6.1.3 and
6.1.4 as:

6.1.5 Theorem Let T be a first-order theory. Then T is strongly decompos-
able if and only if T is stable and (T, 2nd) % (T, 1-1).

Proof: The “if” direction is 6.1.3. “Only if” follows from the next claim.

Claim Let T be strongly decomposable and 7’ be the extension of T
obtained by adding finitely many function symbols and axioms asserting each
is a permutation of the universe. Then 7" is strongly decomposable.

Proof of Claim: Without loss of generality we can assume 7’ contains names
for the inverse to each of the added functions. It suffices to show that, for
any a € M, [alEN S aclp.(a U N’) since the latter set has cardinality less
than |N| + |T’|. But note that any L-formula ¢(x, y) which witnesses
that #(a; b U N) forks over N’ can be written as (¥, y) where ¢ is an L-
formula and each x;(y;) is a term #;(x)(¢;(»)). Thus #(@ N U b) forks over
N where a; = t;(a) (b; = t;(b)). By the triviality of forking for some i/ and j,
t(a;; N U b;) forks over N. As we remarked before (Lemma 6.1.1), a; €
acly(nU b)), b; € acl, (N U b), and a € acl;(a; U N) (since we added inverses)
soa€acl;(bUN).

Now we can deduce Theorem 6.1.5 from Theorem 6.1.4 and the claim.
For, if T is unstable then we can define in 7T arbitrarily long linear orderings of
n-tuples for some n. Applying the proof of 6.1.4 to n-tuples we can see that
(even adding a finite number of permutations because of the claim) we cannot
define such an order in (7, 1-1). Certainly if we cannot define a linear order we
cannot define arbitrary relations so (7, 2nd) % (7, 1-1).

We show in 8.1.7 that if T is unstable then (7, 2nd) < (7, 1-1). Com-
bined with 6.1.3 this yields: (T, 2nd) % (7, 1-1) implies T is strongly decom-
posable.

Note that in proving (7w, 2nd) % (7, 1-1) implies T is strongly decom-
posable, we relied on only two consequences of the noninterpretability: (a) T
does not admit coding, and (b) there is no definable equivalence relation on a
subset of a model of T with infinitely many classes. Using this observation,
we can also characterize this class of theories via a concept introduced by
Buechler [4].

6.1.6 Definition

(i) A type p € S"(M) is strongly nonalgebraic if @ realizes p implies @ N
M=Q.

(ii) The first-order theory T is bounded if there exists a cardinal 3(7") such that
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for every M E T, the set of strongly nonalgebraic complete types over M has
cardinality less than §(T).

(iii) A definable equivalence relation £ on C”" is nontrivial if infinitely many
equivalence classes of E contain an infinite set of n-tuples which are pairwise
disjoint.

6.1.7 Lemma If T is bounded, then

(@) T does not admit a strong coding.

(b) For every n, every definable equivalence relation on n-tuples from a model
of T is trivial.

Proof: Both of these are easy. Suppose, for example that ¢(x, ¥o,. .., Yn—1)
defined a coding of By x B; by C, where |B| and |C| > «. Then, fixing
b,, ..., b, and c, the types p; = {¢(x, bi, ¢)}U {x + m : m € M} as b; ranges
through B, define more than « strongly nonalgebraic types.

6.1.8 Corollary The following are equivalent:
() (T, 2nd) £ (T, 1-1).
(ii) T is bounded.
(iii) 7 is superstable and for every n every definable equivalence relation on M"
for some model M of T is trivial.
(iv) T is strongly decomposable.

Proof: We have shown (i) < (iv). Clearly (iv) implies (ii) since if M is a model
of T and p € S(M) is a strongly nonalgebraic type and p is realized by @ €
M, > M where M, is strongly decomposed over M, then @ must be in an
E\y,-class which does not intersect M, but then #(a; M) is determined by #(a;
M,). From the previous lemma and observation we deduce (ii) — (i), and
the following variation of the treatment in Buechler [4] (also suggested by
Buechler) shows (ii) < (iii).

To show (iii) — (ii), suppose ¢ (%, ¥) defines a nontrivial equivalence
relation. For any cardinal k, choose a model M, containing (b; : i < k) which
are pairwise inequivalent and such that [5;] E contains infinitely many disjoint
n-tuples. Now for each i, the type p; which asserts ¢ (%, b;) but for each j < n,
x;j is not in M is a consistent strongly nonalgebraic type. Thus 7 is unbounded.

For (iii) — (ii), suppose that 7 is unbounded and let M be a saturated model
which has more than 2*0 n-types. Since there are only 2*0 equivalence classes
in the fundamental order there exists a set P with |P| > 2% of types over M
which are equivalent in the fundamental order. Since M is saturated, all members
of P are conjugate over the empty set (cf. [9]). Let P=(p;: i < (2%0)*) and
for each i choose I; = (@, : j < K,) a sequence of indiscernibles in M with
A U (I;; M) = P,. Since the p; are conjugate so are the I;. Since T is super-
stable there is an integer k such that for any k-tuple b from I;, p; is definable
over b.

We can cover the set of two-element subsets of P by the sets Cy, = {{p,
q) : Dy * q,}. By the Erdos-Rado theorem for some ¢ there is an uncountable
subset P of P such that for all p # g € P, Py * qy. Without loss of generality
we call P, P. Let for b < I, with |b| = k, d¢(F, b) define py|¢. Now let
Y (w, U) be vy(do(F, U) « dp(y, w). Clearly ¢ defines an equivalence relation.
To see it is nontrivial note that if b, ¢ are k-element subsets from I, I; with
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i # j, we have —y(b, ¢). For each i, we can choose disjoint sequences (E;:
J < w) such that d¢(7; Ej' ) defines p; for each j. Thus (w, ¥) is nontrivial and
we finish.

Here is a sample of another sort of computation that can be made in this
situation.

6.1.9 Corollary IfxT is a countable strongly decomposable theory then
n(T, 8) < (a + Kg)2 .

Proof: Fix a countable model N of T and consider models M with |[M| = R,
and N < M. Then, since T is strongly decomposable M can be viewed as
a free union over N of countable structures M;. There are only 2!*°l possibili-
ties for the isomorphism type of M;. The isomorphism type of M is determined
by the number of times each countable isomorphism types occur as a factor of
M. That is, for each N the number of models of 7 of power 8, which con-
tain N is stga + xo)Z““’ . Since there are only 2*° choices for N, n(T, 8,) <
(Ol + xo) .

6.2 Nice decompositions and lsLTM( Mon) This section is devoted to charac-

terizing those theories 7 such that ls[w +(Mon) = Ro. We complete this task if T
is superstable and shallow. If 7 is superstable and deep, or stable but not
superstable, Shelah considers the Lowenheim number of (7, Mon) in [16]. If
T is unstable we show in Section 8 that lsLTw .(Mon) = Lowenheim number of the
monadic theory of order. '

Consider now T which are superstable and shallow. If dp(T) = 8, we
know from Section 5 that IsLTw om) = (3g)*. We define two notions of nice
decomposition which imply that if 7 admits a nice decomposition then
lsLTw .(Mon) = 8¢. Unfortunately the stronger and simpler of these two notions
(an ,extremely nice decomposition) does not produce a useful dichotomy; we can
obtain no strong result from its negation. The second notion (a nice decompo-
sition) is more fruitful. If some model of 7 does not admit a nice decomposi-
tion then second-order logic on the continuum is interpretable in 7.

6.2.1 Definition Let (M, : i € I) be a family of L-structures with heart N.
We say M is an extremely nice free union of the M; over (N, H) if there is a
finite subset H S N such that defining a nice m-condition as in (i)’, (ii)” holds.
(i)’ An extremely nice m-condition over H is defined like a condition in Sec-
tion 2, but with the additional requirement that each p; for i < k is a quantifier-
free type over H.

(ii)’" For any @ € M-H and any partition of a into (@, @, .. ., @—;) Where each
a;=an (M; — N) for some j € I and @,_, € N, M F R(a) if and only if
a satisfies an m-condition in o(R) where o(R) is a set of extremely nice
m-conditions.

We first show that strong decompositions are even stronger than we
thought.

6.2.2 Theorem If T is a strongly decomposable theory in a finite language
L, then every model M of T has an extremely nice decomposition.
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Proof: We know that the fundamental equivalence relation decomposes M
as UaMi for appropriate M;, ¢ and N. We must show conditions (i)’ and

N
(ii)’ from Definition 6.2.1 hold.
Note first that it suffices to show:

(*) For every relation symbol R € L, 3 a finite subset Hg of N such that for
all elementary extensions M; of N and any sequence b € N and & in a
single equivalence class of Ey, t,(a; Hg) U tqf(E; Hpg) determines the
truth value of R(a, b).

For, this implies that 7,,(a@; H) k t,,(a@; N) where H=U{Hg : R € L}.
Using this fact it is easy to see that the decomposition is extremely nice.
If (*) does not hold we can find an M = U”M,-, an R, an i, and a
N

sequence H; of finite subsets of N such that for each j there exist @, a; €
M;— N, b;, bj € N with t,,(a;; Hy) = t,4(aj; H)) and t,7(bj; Hy) = t,4(b}; H))
but M; F R(a;; b;) and M; F ~R(aj; b]).

Now let a,, b, a,, b, realize an ultraproduct of <a;), b, apy, <bj),
respectively. Then t,,(a,; N) = tr(a,; N) and t,7(b,; N) = t47(b;; N). Since
for all j < w no element of @ is in the algebraic closure of Ej U Hj, by 6.1.2, no
component of g, is in the same Ej class as any component of b,; similarly for
a, and b/,. Thus by the definition of free union we have R(a,, b,) <
R(a., b) but by the construction kR(a,, b,) A “R(a,, b.).

As mentioned above we can deduce no quotable result from the assump-
tion that some model of 7 does not admit an extremely nice decomposition.
Thus we weaken the notion as follows.

We want to define a notion of nice free union so that if a model M is
decomposed as a nice free union of countable structures over a heart N, then
M has a countable L, ,(Mon)-elementary submodel. To describe the decompo-
sition of a model M we will consider an expansion L* of the language L. The
choice of the language L* will depend on the choice of a countable heart
N for M.

For a finite subset H of N and each n an n-assignment p is a map from
SA(H) into SA(N).

To form L* add to L unary predicates N, I, ¥V, , for n < w and each
n-assignment p, H,, ; for m < w and i < w, a binary relation §, and names for
the elements of N.

As an aid to understanding the following definitions we indicate the
intended expansion of an L-structure M = (J°M; to an L* structure M*.

N

N should denote N, I should denote the index set I. S(m, i) holds if m € M,.
For each n, H, ; is an enumeration of the finite subsets of N. The index j is in
the denotation of H,; if H,; is a minimal subset of N such that for each
n-tuple @ € M; — N, t(a; H, ;) determines f(@; N). (The existence of such a
finite subset will be guaranteed by Lemma 6.2.10 below.) ¥, , denotes the set
of i such that for any n-tuple a € M; — N, t(a; N) = p(t(a; H,;)) if H, ;(i)
holds.

Before we give the formal definition of a nice free union, we must describe
the appropriate notion of a condition.



276 J. T. BALDWIN and S. SHELAH

A nice n-condition is a triple (9 D, p) such that © = (fy,...,60,_;) is a
partition of n, for j< k-1, p; € SA (H,,J) for some H, ; S N, p,,_l € N and
pjis a f;-assignment of S¥H, ,j) into S J(N).

AsequenceaeMwnhaﬂM,j—aj forj<k—-land @aNN=a_,
satisfies the nice n-condition (O, p, p) under the following circumstances:

. For j <k — 1if Hy,,(i;) then p; € S (Hg ;) and @ realizes p;.
. Proy = ax-y-
iii. Fij< k—1 ij (S Voj,pj'
iv. For j < k — 1, g; realizes p;(p;).
6.2.3 Definition Let (M, : i € I) be a family of L-structures with heart N.
Then M is a nice free union of the M; over N if:
(i) For some o, M = U”M~ and S(M*, i) = M,

(ii) ,,,_Iforn<w,z<w
(iii) Each ¥V, , is a subset of I.
(iv) For each relation symbol R € L and any @ € M, M k R(a) if and only if
a satisfies a nice n-condition (O, p, p) with <O, po(Po), - . ., Pk—2(Pr-2)) €
o(R). In this situation, we write M* = (J* M,
e

Now we have a notion of free union about halfway between Shelah’s
original version ([22], 2.3) and that in Section 3. Our conditions are quantifier-
free types in a finite language over a finite set; thus they are formulas. On the
other hand, the infinite heart comes into play via the H,. Let L(H) be the
language obtained by adding names for the elements of H to L. Then each
condition is a collection of L(H) sentences for some finite set H S N. Now
analogously to 3.1.13 (or [22]) one can prove:

6.2.4 Theorem For any o, n, k we can find an 7 such that if M =
U M;, t € mT{(L(H)) and Q,, = {i € N* : mTg(M;, h)scry = 1} then

from pT7 (I, V, Q) we can compute mTg (M).

Note that Q, , as defined in the previous theorem also depends on H but
we suppress this parameter to ease readability.

We briefly indicate the difference in the proof of this theorem from that
of 3.1.13. The program of the induction and the method of refining the
partition is just as in the proof of 3.1.13. The difference is in the method of
checking the truth of the formula. For example, just as in the o = 0 case of
Theorem 3.1.13, we can fmd J e Q,, and aj € M; such that mTk((MJ', ,
p;, aj)heHj) = S,. Since pT— , P, Q) = pT J, P Q’) we also know that
Vlg(aj) pj(l) if and Only if Vlg(tl) pj(-] )

But then t(d,H,of) = t(ﬁijJ) and both Vj ,pj(l) and V.0, (/') hold. So
tala; N) = ta(@j; N). Checking this for each I and assomated J', we see
M’k ¢(a’, P’) as required.

Note that the nice free union is indexed by a set 7 with countably many
unary predicates, the ¥, , and the H, ;. Thus each index set has a countable
L, ,(Mon)-elementary submodel.

6.2.5 Definition The model M is nicely tree decomposed by the tree I if M
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is tree decomposed by I and each of the free unions in Definition 3.2.1(iii) is a
nice free union.

In complete analogy with Definition 3.2.2 we define the notions of a theory
being nicely k-tree decomposable and nicely shallow. (We could define nicely
strongly decomposable but Lemma 3.5 shows that, at least in our context, this
notion is redundant.)

Note that if T is nicely shallow we can attach to each model M of T an
ordinal, the Kleene-Brouwer ordinal of the tree which nicely decomposes M. We
will call this ordinal the depth (M) and ignore non-nice decompositions (which
a priori) might have lower depth.

6.2.6 Theorem If each finite reduct of the countable first-order theory is
nicely shallow, then any model M of T has a countable L, ,(Mon)-elementary
submodel.

Proof: First suppose L(T) is finite. We work by induction on dp(M). If
dp(M) =1, then for some I, 6*, and (M; : i€ I), M = U" {M;:i€e€I}and
v

each M; is countable. By 6.2.4 we can replace / by a countable subset I, and
N* by a countable elementary submodel N, so that |J’ {M; : i € I} is as
Ng

required. If dp(M) =a+ 1, M = Ua' {M, : i € I} for appropriate o*, I, M,.
e

By induction each M; can be replaced by an L, ,(Mon) equivalent countable
model and applying the dp(M) = 1 argument we obtain the theorem.

The proof for countable languages can proceed by applying the above
argument, but noticing that for each finite sublanguage we obtain a closed
unbounded subset of elementary models and the diagonal intersection yields the
required L-elementary submodel.

For superstable deep theories, the concept of nice does not suffice to settle
the size of the Lowenheim number. The monadic theory of single unary func-
tion has Lowenheim number X,. But in 1.16 of [20] an example is given of a
nice superstable theory with large Lowenheim number (i.e., the same as second-
order logic if V=1).

We now show that the requirement that the decomposition be nice is
essential.

6.2.7 Theorem If T is a superstable theory in a finite language which is not
nicely decomposable then second-order logic on the continuum is monadically
interpretable in (T, Mon).

This yields, in particular, that if 7 is superstable then IsLTm o(Mon) 18 Ko if T
is nice and otherwise at least 20,

To prove 6.2.7 we will first define “second-order logic on the continuum”
explicitly, then find a more tractable theory which is bi-interpretable with it and
then interpret this theory in (7, Mon).

6.2.8 Notation

(i) By second-order logic on the continuum we mean (7, Mon) where T is the
first-order theory of the structure ® = (w, 2¢, €, {)) where € is the member-
ship relation between elements of w and subsets of w and () is a fixed pairing.
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(i) Let A = {w X 2, E;, E,) where E; and E, are two crosscutting equivalence
relations; E; has w classes, E, has 2¢ classes, and all classes are infinite.
(Explicitly E,({n, o), {m, 7)) iff n = m; E;({n, o), {m, 7)) iff 6 =7.)

6.2.9 Lemma (Th(Y), Mon) =p0on (Th(®B), Mon).

Proof: (%, Mon) < (®, Mon) is obvious. For the converse, let [7]E,, n € 2
and [n]E;, n < w enumerate the equivalence classes of E, and E|, respectively.
Let R = U{[n]E; N [n]E; : n(n) =0, n < 2% n < w}. Now, via R, each E,
class codes a set of natural numbers, and every subset of w is coded by an
E,-class. In particular, we can code the pairing function on w. Then we extend
this coding pointwise to code arbitrary relations on the continuum.

Thus we want to define from a model M of a superstable theory 7 which
does not have a nice decomposition a structure ¥ = (A4, Ej, E,) as in 6.2.8(ii).
Let M be decomposed over N by the fundamental equivalence relation.

6.2.10 Lemma If T is stable, M = U”M,», |N|*-saturated and some M,
N

realizes infinitely many distinct quantifier-free m-types over N, then (Th(®),
Mon) <pn (T, Mon).

Without loss of generality, we may assume M is |N|*-saturated. Choose
a finite sequence b € M, with m minimal among all pairs (/, ¢) such that
infinitely many quantifier-free /-types over N U ¢ are realized in M. Let
(C; : i < w) witness these distinct types. If i # j then ¢; and ¢; are disjoint. For,
if not, by a weak use of the A-system lemma we could find an infinite sub-
sequence of ¢; which have a common initial segment 4’. But if Ig(d’) = k, there
are infinitely many (m-k)-types over N U b U b’ contradicting the choice of m
and b. Let C° = {¢; : i < w}. Choose an independent sequence {*U C*: o <
«®} such that #(b* U C%; N) = t(b U C% N).

If the length of each ¢ is one, we can easily define the required pair of
equivalence relations by setting E; (¢, cjﬁ ) if and only if tp,(cf; NU b) =
tp,r(c/; NU b) if and only if i = j and E,(cf, cf) if and only if #(cfs NU cf)
forks over N if and only if o = 8. If not, write ¢ as &7 d* for each « and i.
We will define the required equivalence relations on {d;* : 0 < a < 2%0, i < w}.
By the construction #(d*; NU df ) forks over N if and only if o = . Since the
fundamental equivalence relation over N is monadically definable we have an
E, meeting the requirements of 6.2.8(ii).

Thus, we finish if we show E;(d*?, df) if and only if i =/ is also monad-
ically definable. We require some further notation to establish this result. Let
lg(b) =1 and choose subsets By, . . ., B,_; such that for i < /, B; N [d{*] E, is the
i’th member of b°. Thus, using E, and the B;, 5% is the definable closure of d;*.
Let D denote {d;" : « <2%0, i < w}. For df* € D, let ®(d;*) = {t,(d7 " b*"¢;
N): ¢ € [d]E, with Ig(¢) = m — 1}. By the choice of m, each ®(d;) is
finite; by the construction ®(d;*) = (P(d,ﬁ ) for all « and 8. Since for each a,
U ®(df) is infinite we can, possibly by thinning, assume that if i #j ®(df) #

i<w
@ (df ). Remembering that 5° is definable from d* by some function b(d;) we
can define E;(x, y) by:
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(VZ € [X]Ey) (3 € [y]Ey)
Vv e N6 50, 2, 9) = 60, b, 7, 7))
In the last formula /g(Z) = lg(w) = Ig(&f).
The preceding proof was suggested by A. H. Lachlan.
Finally, to finish the proof of Theorem 6.2.7 we need only show that
if some model M of T does not admit a nice decomposition, then letting
M = %VJ”M,-, some M; realizes infinitely many distinct quantifier-free types

over N. But this is immediate since if not we could easily choose a finite set H
so that for p, g any two of finitely many quantifier-free types over N realized
in M;, g # p implies g|H # p|H. Since T is stable for each finite A, there are
only countably many A-n-types over N. As each of the finitely many A-n-types
realized in M; are determined by a finite subset H, ; of N, we can choose for
each n on n-assignment p to decompose M as a nice free union over N.

6.2.11 Corollary Let T be a superstable theory with (Tw, 2nd) £ (T,
Mon) and suppose T is shallow.
If T is nicely decomposable lsLTw,w(Mon, = Rg. Otherwise ISLY;’M(MO,,) =2%o,

Proof: We know that every reduct of T to a finite language satisfies the
dichotomy. If second-order logic on the continuum is interpretable in some finite
reduct of T it is certainly interpretable in 7. If not, by 6.2.6 lsLTw,w(Mon) = Ry.

6.3 The permutational theory of strongly decomposable theories This sec-
tion shows why all study of permutational logic has been restricted to “pure
permutational logic”: Any permutational theory in a finite language either
interprets second-order logic or is bi-interpretable (<,.;) in the sense of 2.1.3
with (T, 1-1) (i.e., pure permutational logic). If (T, 2nd) % (7, 1-1) then T
is strongly decomposable (6.1.3, 8.1.7) and, in fact, extremely nicely decompos-
able (6.2.2). Thus it suffices to find formulas (possibly with permutational
quantifiers) 6(x, y, f), =(J, f), and for each relation symbol R(¥) € L(T) a
formula z(%, 7, f) such that for any set 4, elements @, and permutations F of
Aif A E w(a, F) then (0(A, a, F), {(6x(A; a, F)Y) E T and for every model M
of T there exist A, @, F such that M = (8(A, a, F), (0,(A, a, F)). We do not
need to worry about the questions of interpreting the quantifiers (which are
described in Definition 2.1.2) since both of the logics we are discussing admit
permutational quantification.

6.3.1 Theorem If T is a first-order theory in a finite language (T, 2nd) £
(T, 1-1), then (Tw, 1-1) =1 (T, 1-1).

Proof: Of course (T, 1-1) =;; (T, 1-1). For the converse, note that by 6.2.2
every model of T is nicely decomposable. Since monadic logic is interpretable
in permutational logic we will use monadic formulas and parameters in our
argument whenever convenient. Give a model M of T with cardinality « we will
define the formulas 6z(X, 7, f) then choose parameters @,s, Fj, such that
(6, (O (K, Ars, Frr))) = M. _
Examination of the argument will then show that only the choice of A4,
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and F),; but not the definition of the formulas 6z depend on M. Thus the
interpretation is as uniform as required.
Let M be extremely nicely decomposed over the infinite elementary sub-
model N as U° (M; : i € I) with H as the heart of the heart. Add unary
N

predicates H, and H, to be interpreted on N and H respectively. (Fix a permu-
tation F of M such that (N, F) and each (M,, F) is isomorphic to (Z, S). If
any of M; are finite let (M;, F) form a finite cycle under S.) Call a subset X
closed if x € X implies F(x) and F~!(x) € X. Now define an equivalence
relation on M by x ~ y if and only if they are contained in the same closed
subset. Finally, let 6z(¥, H,, H,, F) be the formalization of the m-conditions
which define R as U" (M; : i€ I). That is, for each partition of X, o assigns
N

a finite set of sequences {pj, ..., px) of quantifier-free types over H such that
R(ay,...,ay) if and only if for some i, each g, satisfies p}(l <j=<k). Clearly
this can be expressed by a single formula.

Shelah has shown that 6.3.1 can be improved by requiring the interpreting
formulas to be first-order formulas (with a finite number of function parame-
ters). This requires about two more pages of argument.

7 Some prototypes In this section we investigate stable theories 7" with
(Tw, 2nd) £ (T, Mon). Of course, this condition applied as well in Sections 5
and 6, but there we discussed even stronger additional conditions. For the
moment, suppose 7T is countable. Then by 4.2.16 and 3.2.11 we have established
upper bounds for the Hanf number of (7, Mon) (in various languages). The
main result of this section describes prototypes for theories satisfying our con-
dition. We will explicitly describe the prototypes only for the superstable and
deep case (A<“) and the strictly stable case. Similar arguments will produce
similar results for shallow and in particular n-tree decomposable theories.

In Section 7.1, we describe the prototypes up to infinitary monadic equiva-
lence. In Section 7.2 ( which was completed later) we show that in the strictly
stable case we can describe the interpretation in finitary monadic logic and in
fact we can refine the description of the prototypes.

7.1 Lower bounds for Hanf and Lowenheim numbers The major result
of this section, Theorem 7.1.14, establishes that structures of the form A<,
A=“ are prototypes for (models of) superstable, respectively stable theories
T such that (T, 2nd) £ (7, Mon). The same reasoning establishes lower
bounds for the Hanf and Lowenheim numbers of infinitary monadic logic
restricted to such theories. We have organized the section around the com-
putation of these bounds. Thus, we first show by example in 7.1.3 that if T
is Ro-tree decomposable that our computation hLTM( Mon) = 1, i best possible
by finding theories 7, and sentences ¢, which are bounded by 3,. Then we
improve the counterexamples to theorems (in the infinitary case). That is, for
every deep T, hLTw LMoy = gy (This is an immediate consequence of The-
orem 7.1.10.)
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7.1.1 Example For n =1 let L, contain unary predicates {P; : i < n) unary
function symbols f and g, and a constant symbol 0.

Let 7, assert that the P; are disjoint, fis a 1-1, onto function with no
finite cycles, and that fand g commute. Moreover, let T, assert f preserves each
P; while g maps P, to P,_, if i > 0, g fixes P, pointwise, for each a g "!(a) is
infinite, and Py(0) holds.

It is now easy to establish:

7.1.2 Lemma Each T, is a complete w-stable theory and (T, 2nd) %
(T,, Mon).

Proof: 1t is easy to see that T, is complete, w-stable, and n + 1 tree decompos-
able so the result follows from Corollary 7.3.15 (below).

7.1.3 Theorem For each n, there are sentences in finitary monadic logic
N and v, such that

() M, E T, U {\,} implies |M,| = 3, and T, U {\,} has a model.

() M, k T,V {n,} implies |M,| < 3, and T, U {n,,} has a model of power 3,.

Now (i) guarantees the Lowenheim number of (3, Mon) = 3, and (ii)
guarantees the Hanf number of (3, Mon) = 3, for J the class of superstable,
Ro-tree decomposable theories.

In the proof of this theorem we require the following formulas which are
easily expressible in monadic logic: comp(y, x) (x is in the f~component of y),
v(») (g¥(y) = 0 for some k < n).

7.1.4 Definition Let M, k T,,. We define by induction on / a predicate
Set)(x, Y). It is defined for any Y € M,, and any x € P,_;(M,) N v(M,). If
/=0 and x € P,(M,) N y(M,,) then Seto(x, Y) = {n: f"(x) € Y}. For x €
P,__1(M,) N\ y(M,) then Set;, (x, Y) = {Set)(x’, Y) : g(x’) = x}.

Note that each Set;(x’, Y) is a subset of 3,(R8,) and is not contained in
M,,. Nevertheless, we are able to define in M, the relation between Set(x, Y;)
and Set(y, Y,).

7.1.5 Lemma For each |, there is a monadic formula ¢,(u, v, Z,, Z,) such
that for x, y € P,_/(M,), Y, Y, S M,,

M,k ¢/(x, y, Y1, Y>) if and only if Set;(x, Y) = Set;(y, Y3) .

Proof: The proof is by induction on /. If / = 0, ¢o(u, v, Z;, Z,) is
YwiYwy[(comp(u, wi) Acomp(v, wy) Ag"(wy) = g"(w3)) = (Z1(w1) « Zr(w2))].
The formula ¢, (u, v, Z;, Z,) is

(Yw; g(wy) = u— (Aw, g(wy) = VASet;(wy, Z,) = Set;(wa, Z3))) A
(Ywig(w)) = v— (3w, g(wy) = U Set)(wy, Zy) = Set)(w,, Z3))) .

Now let ®y = Z and ®,,, be the power set of ®,. Again these are not sub-
sets of M,,, but we will show they are representable in M,, in the following
precise sense.

7.1.6 Lemma There is a formula y,(u, Z) such that for x € v(M,) N
P,_,(M,)and YS M,, M, £ y;(x, Y) if and only if Set;(x, Y) = @,.
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Proof: We require one preliminary notation. Let y;*(u, Z) abbreviate
Vz12:4"(8(21) = 8(22) = u' Ag(u') = u) A2y # 25— Set;_5(zy, Z) # Set;_»(zz,
Z). This expresses that for each u’ € g ~'(u), Set,;(u’, Z) contains each subset
of ®,_, at most once.

Now we define ¥, (u, Z) by induction for /= 1:

I=1: Let Y (u, Z) be P,_i(u) Ay(u) ayi(u, Z) A
vu'vY(gu') =u-3u"g(u”) = unSety(u’, Y) = Sety(u”, Z)).

I+ 1: Let Yy (u, Z) be Pp_jy (1) A1 (4, Z) A
vuvY(g(u') =u—- Qu'gu”) =unSet;(u’, Y) = Set;(u”, Z))) A
w3AY Y (u’, Y)ngu') = u.

Now, it is easy to prove by induction on / = 1.

7.1.7 Lemma Ifl =1, and M, k 3Zy;(x, Z) then |{m € M,, : g(m) =
X}' = J[.

Moreover, it is clear that:

7.1.8 Lemma If | = 0 and M, k Y/ (x, Z), then |{m € M, : g(m) =
X}I = 2,
Thus, setting 1, as 3x3Z y,(x, Z) and N\, as /\ vxVZy,(x, Z) we have the

I<n
required sentences.

Now we use infinitary monadic logic and the results of Section 4.3 to
extend this result to an exact computation of h,_Tg,w( Mony TOr shallow T in a
finite language. We require one technical lemma. (Allen Mekler noted that this
result is true in an arbitrary stable theory.)

7.1.9 Lemma If T is superstable, |M — N| < w and a € C — M then
t(a; M) does not fork over N.

Proof: Assume for contradiction that M — N = b = (by,..., b,_;). There
exists finite @ € N ¢#(b; N) d.n.f. over a. If t(a; M) forks over N then (possibly
enlarging a slightly) there exists a formula ¢(x, b, @) such that for any g with
¢(x, b, @) € q, q forks over @. Now since M < C, for some ¢ € M k ¢(c,
b, @). Then t(c; N) forks over @ and ¢ € M — N, contrary to the choice of a.

We also rely on the observation that ‘¢(a; A U b) forks over A’ is easy to
define in L7+ ,(Mon) by adding a monadic predicate to name 4. The defini-
tion of forking in [11] is directly expressible in this language.

7.1.10 Theorem Suppose T is superstable, (T, 2nd) % (T, Mon) but T is
deep. Then for every a < R, there is a sentence {, € L.’ ,(Mon) such that
T U {Y,} has models only of cardinality 3,,.

Proof: We begin by defining a model M,,. Then we will define a sentence ¥,
whose only model is M,,. Let I, © <“1,, be a tree with depth «. Since T is deep,
repeated application of the preceding lemma produces a sequence of models
(N; : i< w) such that N; < N;,, all members of N;,; — N; are Ej, equivalent,
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t(Niy2; Niy) forks over N;, and |T| = [Ny — Ni| = Ro. Now let I be a sub-
tree of <“1, whose Kleene-Brouwer ordinal is « and define (N, : n € I) by
choosing N, = N; if Ig(n) = j, so that for each », i, j, Ny~ N Ny~ = N,, and
t(Ny~i; Nyy) donf. over N, if i # j. Let M, = U{N, : n € I}. Now if M, =
U{N, : 1 < p}, M, is tree decomposed by {({M,, N,) : n € I). We now show
how to define a copy of 7 in M, by a sentence in Lg, ,(Mon). We add unary
predicates (P} : | < w, i < |a|) and (P’: < w) to L and interpret them in M,
as follows. Fix an enumeration of each N, as (a] : i < p, < |T|) such that if
n < v and &/ is defined then @] = a/. Interpret P/ as {a] : n €I, Ig(n) = [} and
P'as N, = U{N, : Ig(n) = I}. As remarked before the theorem we can monad-
ically define Ep/ in L7+ ,(Mon). Then we monadically define a predicate
C(x, y) such that C(x, y) holds just if y € N, — N, for the shortest # such that
X € Ny: Cx, y) is \ PUx) < Pl(») a N\ ((P™'(x) A =P!(x)) - Epi(x, ¥)).

I<w I<w
Note that C(x, y) is an equivalence relation and we can define a transitive

reflexive relation on M, which induces a partial order isomorphic to I when
we form M,,/C. Define x < y to be \/ P"*'(x) A =P'(y) A = P'(x) A Epi-1(x,

I<w

») and for convenience let x < y be x < y A \/ P'(x) A P*1(y) A =P/ (») A
I<w
=Pl(y).

The remainder of the argument follows that in Theorem 7.1.3 where we
found one theory with Hanf number 3,. We define a collection of sets Sets(x,
Y) for o < |T|* and formulas ¢(x, Y, x;, Y;) and yg(x, Y) for B < |T| such
that

(i) M, E dp(x, Y, x1, Yy) iff Setg(x, Y) = Setg(xy, Y;) for 8 < .
(i) M, E Yo(x, Y) iff Set;(x, Y) = ®,.

Here, ®y = Ry, P,,, is the power set of ®,, and ®; = U ®, if 6 a limit.
a<d

Seto(x, Y) = {i : 3yC(x, y) A \ (P (x) A 2 P'(x) - PI*' ()}
I<w

Setiy1(x, Y) = {Set;(y, Y) : x <y}
Sets(x, Y) = U{Set,(x, Y) : a < &} if § is a limit ordinal.

Let ¢o(x, Y, x’, Y') be A\ (3yC(x, y) Ay € YAP!(y) < 3yC(x’, y) Ay €
i<w;l<w

Y’ A P/(p)) and let ¢144(x, Y, x’, Y') be (Vy(x <y—-3zy <zA$(, Y, 2,

YA (VX' <y-3zy<zad,(y, Y,z Y’))). For limit é let ¢s(x, Y, x’,

Y') be A\ o4(x, Y, x', Y').

a<é

Finally, define ¢, by induction for o« = 1. Let ¢,y; be Iy(x < y A
VZ3z(x < ZA PV, Z) © $4(2, Y))).
Let 5 be )\ vo(x, Y). Taking y, as 3x3Yy,(x, Y) we have the theorem.
a<éd

7.1.12 Notes

(a) The role of Lemma 7.1.9 is to guarantee that each difference N;,; — N; is
infinite. The construction of y,, actually guarantees that |M,| = 3,(y) if v is
the inf{|Niy; : N; : i < w}. Since 3,(1) = 3,(Ry) for a > v w, Lemma 7.1.9
is only important for small values of «.
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(b) In fact, if T is shallow the argument for 7.1.10 yields: If dp(7) = B< |T|*
there is a sentence yg € L7+ 7(Mon) which has models only of cardinality 34.

The proof of the preceding theorem also allows us to find prototypical
theories for the class of superstable deep theories.

7.1.13 Definition Let K, be the class of all subtrees of trees in set: {A<“ :
\ € ord} and K, be the class of all subtrees of trees in the set: {\<%! :
\ € ord}.

Note that the language L of K, and K, contains only one binary relation
(partial order). In the following theorem, bi-interpretability is meant in the sense
of 2.1.3(d).

7.1.14 Theorem
@) If_ T is a countable superstable c{eep theory with (T, 2nd) £ (T, Mon),
(T’ LwI,w(Mon)) El_,wl,w(Mon) (KO’ Lwl,w(Mon))'

Proof: The interpretation of K, into the Ewl,w(Mon)—theory of T is contained
in the first half of the proof of Theorem 7.1.10.

The converse is a reformulation of the decomposability of 7. We must find
a sentence w involving < and infinitely many unary predicate symbols P, Q such
that: (i) if a tree (Z, ¢, P, Q) k =, a specified definable subset of I with rela-
tions defined in terms of < and the P, Q is a model of T and (ii) every model
of T has such a representation.

To prove this, fix a countable model N of T. Let M be a saturated model
of T. We will describe an interpretation of < and countably many unary predi-
cates (P; : i < w) on the universe of M so that M can be defined by L, .-
sentences in terms of < and the P. Since every model of T is a submodel of a
saturated model using one more unary predicate, we achieve (ii). Afterward, we
will describe the construction of = to satisfy condition (i).

Fix a countable model N of T and decompose M as a free union |J {N, :

N

7 € I} for some I < |[M|<“. For each 7 € [ enumerate M, — M,- as {a] : i <
p < w}. For a finite sequence k = (ky, ..., k;_;) of natural numbers we write
ag for (a,zo, R a’:I—l>'

The universe of our tree will be I. There are two important families of
unary predicates which we will define on 1. The first allows us to describe the
types of finite sequences which come from any particular M,. For any formula
¢ (%) with lg(¥) = [ and any partition k = (ky, ..., k,) of [ let

Pey.. ko ={n€ELMEG@, ..., aL)} .

The second family of predicates allows us to recover the truth on sequences
which intersect independent models. Recall that for any quantifier-free formula
¢ (%; y) there is a quantifier-free formula d¢ (¥, Z) such that for any 4 and any
p € S(A) such that for all b € 4, ¢(%, b) € p if and only if d¢(d, a,). For
each quantifier-free ¢ (X; y), associated with do (7, Z) where Ig(X) = ly, lg(7) =
Iy and Ig(Z) = ko + k; + ...+ k,_y let for ko, ..., k,_y, Lo € w=¢, and
Ilg (1:0) = l,

Oko,..., knr,0.Lo(m) = {n : dé(F; a,?(l)o,... "I" 1) defines t,(af ; M,-)} .
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To recover M from I, we will think of M as a subset of 7 X I. More pre-
cisely, we will code a; by (9, 7) where lg(7) = i. Of course in L, , we can
recover /g(7) from 7 so this is permissible. For simplicity of notation we will
henceforth regard the elements of our intended copy, M*, of M as having the
form (n, k). Thus we regard the domain as / X w. We will define for each
quantifier-free formula ¢ (%) a formula d) such that M* k ¢*({no, ko)». ..,
{n;, k;)) if and only if M E ¢(ak0, . ak h.

We first define ¢ * on sequences of the form a ,3’ with Ig(ky) = [ and
lg(k,) = m which are independent over M,. For such sequences,

¢*(<77Aia k()1>9"-9<7”\i, kO)a <77Aj1 k11>""’<77/\j, kl >)

holds if t¢(a M,) is defmed by do (7, a"lo ‘72‘»;—:) and this defining
formula is satlsfled by af,. That is, we need

=10
T -

() Pmy,..., m,s(n"J) if and only if M F ¢(af,, a5
g, . . ., M, which partition /g(¥y) and
(i) Qp,,..., ﬁ,,_,,dd,,;zo(n“i)-

.» @y ) for each

To see that we can recover the entire structure of M from this coding, note
first that if @ = @, ..., @, where @, = M,; N a for i < k, an induction on k
determines the truth of ¢(dg,..., @) from the information specified in the
previous paragraph.

Now to settle d)(ﬁ,%g, Ceey ﬁ,%:) we induct on the maximum length of the 7;.
We define all ¢* on I, X w where I, = {7 : lg(r) < n} by induction on ».

Let each of {7g, ko), ..., {Tm, km) have lg(7;) = 1. Now we induct on m.
If m = 1, the definition is accomplished by the P. If m = [ + 1 and we want to
define ¢ * we have by induction defined d¢*({7g, ko), ..., {Tm-1> km—-1)) and
we say ¢ *({7o, ko),..., {Tm, km)) holds if and only if, letting dé(¥p,- ..,

Ym-15 m) define t(a,; m)s we have do* ({79, ko) » . . s {Tpm1s Km—1), M)
where /m* are the pairs of sequences attached to 7 and Py, .. ., #,,0(Tm) if and
only if d)(ak "'"/0, RN 'T'") for all instances of ¢ in M.

Now assume by induction that we have defined all formulas o * ({70,
ko)s. ..y {Tm, kn)) with lg(7;) < n for all i < m. Let each of {7y, kp),.
{Tm»s k,,,) have lg(7;) = n + 1. Again we induct on m. Note that by the defini-
tion of a free decomposition

M= M ;:je/JU{MUN_:p#+rbutp - S77} .
M

Thus M F ¢(az), . . ., agr) if and only if letting d¢(y; /) define tagr M),
M F do(ag,. .. a,:”’ !, m). Thus we define ¢*({7o, ko), ..., (Tms km)) to
hold just if Pg, ., mne(Tm) if and only if ¢(a;" " 51’"/0,...,5,%':') for all
instances of ¢ in M- and do* ({70, KoYy -« . (T,,,_,, m—1))-
This reduces the calculation of Hanf and Léwenheim numbers for (7,
L,, .(Mon)) to that of K,. We have established lower bounds. A forthcoming
paper of Gurevich and Shelah will investigate upper bounds for (K, wl,w)
(K, = {\=“: X\ € Card}).
The situation for strictly stable theories (i.e., stable but not superstable) is
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a little more complicated. We can associate with each theory, the class K of
trees, which can represent the forking relation in some model of 7. Then the
proof of 7.1.14 yields us bi-interpretation in L, ,(Mon). However, we have
no precise description of the class Kr. The following theorem summarizes our
present knowledge.

7.1.15 Theorem For each countable stable but not superstable theory 7
there is a class K of trees which contains Kj, is closed under subtree, and is
contained in the collection of subtrees of trees {\<*!: X\ € Card}, such that

(KTy L_wl,w(Mon)) EZ(‘,‘,(&,(Mon) (Ta L—wl,w(Mon)) .

The standard example of a stable but not superstable theory (infinitely
many refining equivalence relations such that each E; is split into infinitely
many E;, -classes) satisfies (7, 2nd) % (T, Mon). However, an infinite lan-
guage is not required to obtain such an example.

7.1.16 Example Let L have unary predicates P and Q and a binary relation
R. Define a structure M with universe A= U {{n, n|n, k) : € N\*, n < w,
0<k=<n}. Let PM =)<, QM = \=¢ and RM = {(n, (1, n|n, 1)): n € N\,
n€ wy U {{n, qln, D, {n, n|n, I+ 1)) €N, 1< n, n€ w} U {{n, n|n,
n—1),q|n): n €N, n € w}.

The following chart indicates how these results extend to uncountable
languages.

T uncountable: infinitary monadic logic (L, 7|(Mon)).
For simplicity assume o > |T|.

Lowenheim Number Hanf Number
A=IT] (*) (3.(TH*
A=<IT!(deep) *) {3(TI)Y
A=<ITl(shallow) (3(T)* (3s(IT)*
dp(T) = B = w-
strongly decomposable (3TN (3TN

(*) See [16].

7.2 Strictly stable theories In this section we show that in one direction the
arguments of 7.1 can be improved to yield interpretations in L, ,(Mon) if T is
strictly stable (stable but not superstable) in a finite language.

Thus, the main aim of this section is to prove (with interpretation as in the
sense of 2.1.3(d)):

7.2.1 Theorem If T is a stable but not superstable in a finite language L and
(T, 2nd) % (T, Mon) then (T, Mon) = (mon) (K2, Mon) (where K, is the
class defined in 7.2.2).
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Fix a cardinal N\ and let 7 = A\=°, J = \* and K = A< = I — J. For
n, 7 € I, n A 7 is the maximal common initial segment of » and .

7.2.2 Definition K, is the class of subtrees of (A=, A).

7.2.3 Notation We fix a finite language L and denote by r(L) the maxi-
mum arity of a relation symbol in L. We set A = {¢(¥X; ¥)}: ¢ a quantifier free
and lg(x) + Ig(¥) < r(L).

7.2.4 Construction Since 7 is not superstable we can construct a sequence
of models {(M; : i < w) and an a, € M, — U{M, : n < w} such that for each
i, t(a,; Miy1) forks over M;. Define for y € J and k < w isomorphisms f,; with
Jolk € Sy if k <1 and models M, = f,x(M}) such that

H(Myy; VM, p 2 p < k} U {M, @ v(k) < n(k)})
does not fork over U{M,, : p < k}.

7.2.5 More notation  Let M denote U{M, : 1 € K} and M* denote U{M,, :
n € I}. For n € J let M, denote {M,; : k < w}. Since this is a nonforking tree,
M and M* are models of T and M < M*. (This can be checked using the coheir
definition of nonforking.) Let E = Ejy , = EAf,;’<’> be the fundamental equiva-
lence relation over M, . Note that for n € J, M, — M is the E equivalence class
of a, which we denote as [a,]E.

The rough plan of the interpretation is now evident; for each 5|k we want
to choose an element a,; which first appears in M, to represent the node nlk.
We expect to recover the tree from the forking relation amongst the a, ;. That
is, we will define the tree order from Ejs, . Unfortunately Ej, is not always
monadically definable. However, we can embed M into a saturated M’ where,
by 4.3.11, E)y,, is monadically definable as EAf,,O(’>. The tree of a,; will be a sub-
tree of the tree induced by decomposing M’ over M(,.

For the details of our interpretation we need some more technical appa-
ratus. The following definition is made for an arbitrary formula ¢ (X, ¥); our
chief application will be to take y as A¥(7; z), the formula which defines the
quantifier-free type of a tuple. We can code all quantifier-free formulas by a
single formula A(X; 7) since L is finite. As T is stable, there is a formula
A*(7, 7) such that for each A and each p € S(A) there is an a, such that A(x;
a) € p if and only if A%(a, a,).

7.2.6 Definition If y(X, y) = ¢ is a formula and lg(¥) = Ig(#) = Ig(D)
then E,(#, ¥) is the equivalence relation defined by E (&, D) < Vx(Y(X, &) <
V(E 0). _

If R is an equivalence relation on m-tuples and b is an m-tuple, we write
[B]R for the R-equivalence class of b.

Now we make the key technical definition for this argument. In it we relate
the fundamental equivalence relation E to the equivalence relations E,k arising
from Definition 7.2.6 and the previous discussion.

7.2.7 Definition Foreachn € J, A, = U {[B]Es+: A¥(y, D) defines
k<r(L)
ta(a@; M) for some a < [a,] E with lg(a) = k}.
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The remainder of the argument is most easily understood in terms of C¢.
For background on this notion see [15], II1.6, or [8]. Intuitively, if R is an
equivalence relation definable over M the equivalence class 4 of R is in M¢9 iff
ANM =+ . So for our purposes here we could restate the following lemma as:
for each @ € [a,] E with Ig(a) = k < r(L), if A¥(p, b) defines tA(ci; M) then
[B]Esx N M # . But this is clear since by construction #(M,; M) does not
fork over ]VI

7.2.8 Lemma A4, 91\7,,"‘7<= U Mn|k>
k<w

Now the crucial fact is that A, is not contained in any initial segment
of M,“.

7.2.9 Lemma IfneJand k < wthen A, € M, nlk

Proof: We must show that for some @ € [a,] E with [g(a) < r(L), if AX(y, b)
defines #(a, M) then [b] Exk N My, = @. If not, letting B = (M — M) U M,
B is a formally good set in M U [a,] E over M, ;. But then [a,] E is a union of
EA{I(:M equivalence classes and by 4.3.11 #([a,] E; M) d.n.f. over M, contrary
to the construction.

With this information we will show how to monadically interpret the class
of subtrees of K3 = {{N\=%; S(x, y, 2)): N\ € Card} into (T, Mon) where
S(7, 0,m) means TAo < oAn for 7, 0,1 €N
7.2.10 Lemma  Forr,0€J,A,NA,=A,NM .

Proof: Let k = Ig(o A 7) and let 0 denote the all-zero sequence. Note that
A, = f:(Ap) and 4, = f,(Ap) so

A, N A, = f(A0) N fo(Ap) = frr(Aop) = A, N Mg = A, N MJ

Ao *

Now interpret 7 as a, and S(a,, a,, a,) as A, N A, € A, N A,. The pre-
vious two lemmas show the resulting structure is isomorphic to (A=%, S). Since
by the construction A4, is monadically definable from a, we can now complete
the proof of Theorem 2.1.

Proof of Theorem 2.1: We must construct L, ,(Mon) formulas x(x), ¢(x, y)
and a sentence II such that if M k TU {II}, ¢(x, y) defines on x(M) a mem-
ber of K, and every member is so represented.

It suffices to show that trees of the form \=“ with A = &, can be so repre-
sented since we can then fix any subtree with an additional unary predicate.

The interpretation of (A=“, S) (cf. before 7.2.10) into the associated model
M9 is described in 7.2.4-7.2.10. Let x(x) pick out the elements {a, : 7 € k}.
We saw how to define S in M“?. Since the monadic formula defining S uses
only a finite number of additional sorts from M and M*? is a definitional
extension of M, this formula can be translated into a formula of M and from
it we can easily construct a ¢ defining A.

In this case the choice of II is easy since there is little difficulty in writing
a monadic sentence asserting {x(M), ¢(M)) is isomorphic to a substructure of
A= for some A.
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8 Unstable theories In this section we discuss (7, 1-1) and (7, Mon) when
T is unstable. We first show that the monadic theory of order is interpretable
in (T, Mon) for any unstable theory 7. From this, we conclude by 2.2.7 that
(T, 2nd) < (T, 1-1) so we need only investigate (7, Mon). We show that if
T has the independence property then (7., 2nd) < (7, Mon). Thus we are left
with unstable theories without the independence property. The prototype of such
theories is the monadic theory of order. In Section 8.2 we study the relationship
between Hanf and Léwenheim numbers of second-order logic, the monadic
theory of order, the monadic theory of well order, and the monadic theory of
an arbitrary stable theory without the independence property.

8.1 From n-tuples to 1-tuples The relationship between the theory of order
and unstable theories is expected since, roughly speaking, T is unstable just if
it admits a linear ordering of n-tuples. More precisely, we recall the following
definitions and basic facts.

8.1.1 Definition
(i) T has the order property if there is a first-order formula ¢(x, y) and a
sequence {@; : i < w) in a model M of T such that M F ¢(a;, a;) if and only if
i<j.
(ii) T has the independence property if there exists a first-order formula
¢(X, ) and sequences {a; : i < w), (b, : 0 € 2¢) contained in a model M of T
such that M k ¢(a;, b,) if and only if ¢(i) = 0.
(iii) T has the strict order property if there is a first-order formula ¢(X, 7)
and a sequence {@; : i < w) contained in a model M of T such that M
vx(¢(x, a;)) = ¢(x, a;) if and only if k = [.

If a formula ¢ with monadic parameters satisfies condition (i), (ii), or (iii)
we say ¢ has, e.g., the order property.

For variants of these definitions and proof of the following consult
[11], I1.4.

8.1.2 Fact [11], 11.4.7 T is unstable if and only if 7 has the independence
property or the strict order property.

Note that these properties are defined on n-tuples. Our first task is to show
that using monadic predicates we can define similar relations on individuals. Our
procedure is to extract from a set of order indiscernible sequences satisfying the
desired relation, a subset which satisfies the same relation on one coordinate.

Note that if a formula ¢(x, y) has the order property (on singletons) it is
an easy matter to obtain with an additional unary predicate a formula with the
strict order property. Thus, the “strict” in the conclusion of the following lemma
is a bonus.

8.1.3 Lemma If the first-order theory of T has the order property then some
first-order formula of 2 variables ¢(x, y) (with monadic parameters) has the
strict order property.

Proof: If T has the order property then there is an integer k& such that for
every A there is a A-dense ordered set I, a sequence {@° : s € I) contained in a
model of T and a formula ¢(x, y) with Ig(X) = lg(¥) = Ig(@°) = k such that:
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¢(a*, a') if and only if s < ¢. We prove by induction on k that this implies the
existence of a linear order, which is definable in an expansion of T by finitely
many unary predicates, which is N\-dense on a subset of M. (The A\-density is used
only to guarantee uniformity in the ordering.)

If k = 1, the result is evident.

If £ > 1, we make the following simplifying assumptions. First, by in-
duction, we can assume that no such formula Y (X', y’) exists if /g(X’) =
Ig(¥’) < k. Second, by compactness, and the standard Ehrenfeucht-Mostowski
technique we can assume the {@° : s € I) are order indiscernible. We write
a@* = b° " c* where Ig(b*) = k — 1. We further suppose there exist s < u <
v < t such that k¢(b° " c¥, b' " c?). (This is by symmetry; otherwise we work
with —¢.)

Our aim is to show there is a sequence of k-1-tuples which is linearly
ordered by a formula. Specifically, we will find ug, vy such that if {s, £} N
{ug, vo} = D, ¢(b° " c*0, b' " c™) if and only if s < z. In fact, any ug, vy will
do if we establish:

(*) Forany u, vif {s, t} N {u, v} =D and |{s, t}| = |{u, v}| =2 then s < ¢if
and only if ¢(5° "~ c¥, b' " c?).

We will establish (¥) in several stages by showing that various other alter-
natives contradict the induction hypothesis.

Notation We write u ~ v mod(s, t) to indicate s< t, u # v, u < s+ v <s,
and u < t < v < t. We say u and v are in the same cut determined by (s, ¢).

8.1.4 Lemma If u ~ v mod(s, t) then ¢(b* " c* b' " c?) « ¢(b°"c?,
b'~cY).

Proof: If not, for some u’, v’ with u’ ~ v’ mod(s, t) ¢(b°"c¥, b’ ~c*) A
—¢(b* " c*, b' " c?’). Thinking of ¢(5°~c*, b'~c¥’) as y(b° "¢, b' "',
bV "¢V, b¥ " %) = y(a®, @, a’’, @*’) we have by the indiscernibility of the
{(a® : s € I) that for any ¥ < v in the same interval determined by (s, ) as
u’, v’ (call this interval J) ¢(b°c¥, b'c¥) A =¢(b5c?, b'c*). Thatis, {c*: u €
J} is linearly ordered by ¢(b°x, b'y) contrary to the induction hypothesis.

We will now show that if all ¥ < v in a cut determined by (s, f) satisfy
&(b° " c¥, b' " c?) then this is also true when one of u or v is moved out of the
cut. Technically, there are four cases:

u<v<t-ou<t<v
t<u<v-u<it<v
u<v<s-ou<s<v
s<u<v-u<s<uo.

Since the proofs are similar we prove only one case formally.

8.1.5 Lemma  Ifs<u<uv<timplies d(b* " c*, b " c?) then for s < u <
t<uv, ¢(bsc%, b'cY).

Proof: If not, by indiscernibility, for any s and ¢ ¢(b* ~c*, b' " c?) if s<u<
v<tand =¢p(b* " c*, b TcY)if s<u<t<wv. Fixuy, s<uy<t,let Qbea
new predicate picking out {c’ : v > uy}, and let ¢’(X¥’, ') be:
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vz[(Q(2)) AD(b* T ™, X' T 2)) = @ (b T e, y' T )] .

Now ¢’(b?, b9) if and only if p < g holds for uy < p, g < s. For, if v < p then
v<qsokp(b'c*, bP c?) Ad(b'cHo, b9c?). But if g < v < p then E¢(b'c™o,
bPc?) A =¢p(b'c*, b9cV). Thus we have defined a linear order on {b” : uy <
p < s} contrary to the induction hypothesis.

Now by the assumption that there exist s < u < v < ¢ such that ¢(b° ™ ¢¥,
b’ ¢?), and by the last two lemmas (and the analogs of the last), we have (*)
and thus Lemma 8.1.3.

We can now immediately conclude:

8.1.6 Theorem If T is unstable then (Th(<), Mon) < (T, Mon).
This yields, via Corollary 2.2.7 which asserts (7, 2nd) < (Th(<), 1-1),
8.1.7 Corollary If T is unstable then (T, 2nd) < (7T, 1-1).

We now turn to theories with the independence property.

8.1.8 Theorem If T has the independence property then there is a first-order
Sormula ¢(x, y) with monadic parameters which has the independence property
(for appropriate interpretation of the monadic parameters).

Proof: If T has the independence property then there is a formula ¢(x; ) and
a sequence (d; : i < w) such that for each ¢ € 2¢ there is a b, satisfying
o(b,, a;) if and only if o(i/) = 0. We prove by induction on k£ = /g(y) that this
implies the existence of a first-order formula ¢ (x; y) with additional unary
predicates which has the independence property.

If k = 1, the result is evident.

By compactness and Ramsey’s theorem we can find b and (G, : n < w)
such that

(1) ¢(b;d2n) A —'¢(b; 52n+1)
(i) (b~ @y, " @ypy1 - n < w) is a sequence of order indiscernibles.
(iii) ¢a, : n < w) is a sequence of order indiscernibles.

We write @, as ¢, ~d, and y(x; ¥) as ¢(x; Z, w) where IgZ = Ig(C,) =
k — 1. To reduce the number of cases in the following argument let

{w(x; zZ,w), (x;Z, W)}
¥ = .
v(x; y), =Y (x; y)

(Proving a statement for some ¥ € ¥ and m < n is the same as proving it for
yifm<nand -~y if m=n.)

Our intention is to translate the independence property on the @, to the
independence property on the ¢,. In fact, we proceed through a number of
cases, most of which contradict the induction hypothesis that the (&, : n < w)
do not witness the independence property for any formula x(X; Z) with
monadic parameters. The conclusion of these arguments is that

(*): ¥(b; G, d;) holds for all /.
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The same argument applied to the set (G, : n < w) yields:
**):  —Y(b; Capsr, d)) holds for all /.

We now set out to prove (*). This also breaks into two parts, each of which has
two cases.

(even) y(b; &,,, d>)y) all m.
(odd)  ¥(b; Cans damyy) all m.

In each of the next four cases we define a function o from {c,, : n < w}
into the d’s (with even or odd subscript depending on the case) such that for an
appropriate choice of a monadic predicate U and a first-order formula y *:

(***)  «(¢,,) is the unique member x of U satisfying ¢ *(b; Gy, X).

Clearly, whenever we achieve such a situation, the formula 3wy *(b, Z, w) A
¥(x, Z, w) A U(w) has the independence property.

Case (even),: EY(b; Cy,, day) if and only if m = n. To satisfy (***), let ¢* =
¥, a(Cyp) = dyp and U = {d;, : 1 < w}.

Case (even)y: For some x(x; Z, w) € ¥, kx(b; Gy, d2n) if and only if m < n.
This case (as case (odd), below) has two subcases. To distinguish them, note
that by construction, {d,, : 2 < n < w} is a sequence of order indiscernibles
over b~ d,” a,. It may or may not be a set of indiscernibles.

Subcase (even)p(i): {da, : 2 < n < w} is a set of indiscernibles over
b~ a, " a,. Taking d,, as e, and c,, as f, in the following lemma shows that
this case contradicts the induction hypothesis.

8.1.9 Lemma If {e, : n < w} is a set of indiscernibles over b and for
each n there is an f, such that ¢(b; f,, e,) holds, if and only if m < n then
¢(b, Z, w) has the independence property.

Proof: This is a slight variant on [11], 11.4.13.

Subcase (even)ygp: The sequence {d5; : i < w} is order indiscernible but not
a set of indiscernibles. By an argument of Morley, [15], 11.2.13(7) — (5), there
is a first-order formula with parameters \(x, y) which linearly orders an infinite
subset of {d,; : i < w}. (By reindexing, if necessary, we may assume A(x, y)
linearly orders {d,, : n < w}.)

Now let *(x, Z, w) be ~x(x, Z, w) A Yw; [(U(w1) A N(w, w;)) = x(x,
Z, W), U= {dy, : n < 0} and a(cy,) = dap. (¥*(x, Z, w) says w is the least
member of U not satisfying x(x, Z, w).) This satisfies (***).

We now have proved the (even) case: Fy(b; ¢a2,; dayy) for all m.

Case (0dd),: Ey(b, Cap, drnyy) if and only if m = n. To satisfy (***), let
¢* =1y, a(Cyy,) =dype and U = {d2n+1 1< w}.

Case (odd),: For some x(x; Z, w) € ¥, Ex(b, ¢2,, danyr) if and only if m < n.
As in case (even),, there are two subcases.

Subcase (odd)p): {dom+1 : 2 < m < w} is a set of indiscernibles over
b~ a, " a,. This case is identical with subcase (even)y, (using Lemma 8.1.9).
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Subcase (odd)pgi: {dom+1 1 2 < m < w} is a sequence of order indis-
cernibles but is not a set of indiscernibles over @, ™ @; ~ b. Choose y* exactly
as in case (even)yg;) but let U = {ds,,,41 : m < w} and a(Cy,) = dapyy.

This concludes the odd case and we have ky/(b, C,,, damy) for all m.
Thus we have proved (*).

The same argument applied to —/(x, Z, w) and {c;n4 : 1 < w} yields (**).
It remains to derive the theorem from (*) and (**). But this is immediate for the
formula ¢ *(x, 2):

vw(U(w) = ¢*(x, Z, w)) if we interpret U as {d; : i < w} .
We deduce immediately from 8.1.8:

8.1.10 Theorem If T has the independence property (T, 2nd) < (T,
Mon).

Proof: 1t suffices to show 7T admits coding. Since 7 has the independence
property on singletons for any « we can find sets X and Y of power « such that
for every subset A of X there is an element ¢ € Y such that for all b € X,
¢ (b, a) if and only if b € A. Now let U, and U, partition X into two sets of
power k. Let U, be the subset of Y containing these points of Y which code sets
Ac Xwith |[ANU)| =1fori=0,1. Now ¢(x, z) A d(», z) defines a coding
of Uy, U, by U, so T admits coding.

8.2 Hanf and Lowenheim numbers of (Th(<), Mon) One of the major
goals of this paper is to justify the study of monadic theory of order. This justifi-
cation rests on three claims: (i) any monadic theory “simpler” than (Th(<),
Mon) is “almost trivial”; (i) (Th(<), Mon) is simpler than second-order logic
(i.e., (T, 2nd)); (iii) any theory “simpler” than second-order logic is “at least
as simple” as (Th(<), Mon). In the case of claims (i) and (ii) we make our
notion of simple precise by 7 is “simpler” than T if (T,, Mon) % (T, Mon).
Sections 4 through 7 show that if (Th(<), Mon) £ (T, Mon) and (T,
2nd) £ (7T, Mon) then (T, Mon) is at least extremely manageable even if

“almost trivial” overstates the case. In this section we show hZZ’if,Lon) <

hi,, ,(2na) @nd thus that (7w, 2nd) % (Th(<), Mon), thereby verifying claim
(ii). We adduce one argument in favor of claim (iii) by showing that if T is

Th(<)

T -
unstable then A7 aony = by Further arguments for claim (iii) are

rehearsed in Shelah’s paper [15]. Our rather complicated notations for Hanf and
Lowenheim numbers are explained in Section 1.2.

In this section we somewhat extend the notion of logic by considering
various “applied logics”. Thus if one regards a logic as a function which attaches
to each similarity type a set of sentences and a semantics for sentences, then
(Th(<), Mon) is apparently not a logic. But we can regard (Th(<), Mon) as
a logic in the same general spirit by assuming that part of the semantics is to
make one binary relation a linear order and the others trivial.

The task of this section is to establish claim (ii). This task is complicated
because showing the Hanf number of the finitary theory of order less than the
Hanf number of second-order logic does not immediately yield: There is no

wp,w"®
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interpretation of second-order logic into the monadic theory of order. Here there
are two difficulties. First, one must be clear on the definition of interpretation,
as Gurevich et al. [6] have shown, that (under extremely weak set theoretic
hypotheses) there is a syntactic interpretation of second-order logic into the
monadic theory of order. Second, even fixing on the strong notion of interpre-
tation used here (3.1.3), this kind of interpretation need not preserve Hanf
number. Thus our argument that (7, 2nd) % (Th(<), Mon) follows a rather
convoluted path. We first show (via a series of lemmas culminating in 8.2.16)
that not only is the Hanf number of the monadic theory of order less than that
of a second-order logic in finitary logic, but that it is less in infinitary logic with
additional predicates ((Lo, ,(Mon)). Then we show that if (7w, 2nd) <
(Th(<), Mon) then (Tw, L%, ,(Mon)) < (Th(<), L5, .(Mon)) and this
interpretation preserves Hanf number. The contradiction between these two
assertions yields the required results.

Although claim (ii) is the theme of this section, we will establish along the
way a number of results that are important in their own right. The following
table summarizes one family of such results.

As in Section 1.3 o ~ 3 means o < 1,(8) and 8 < 3 ,(«). If a(7T) and
B(T) are cardinal-valued functions of theories, we write o ~ 3* (abbreviating
NTa(T) ~ *NTB(T)) if for each Ty, a(Ty) ~ B(Ty).

Finitary Logic
(Well order, Mon) (Th(<), Mon) (Ts, 2nd)

Lowenheim number Qg Bo Yo
Hanf number o 81 Y1
8.2.1 Theorem ag<PBo=7yos 1 =B =<7vy;;00=0;~ B3y <7y1. Itis

consistent with ZFC that ag = 89 = vo.

(Here is a more precise formulation of the last sentence of 8.2.1.) Gurevich
et al. [S] have shown under the weak set theoretic hypothesis “there is a proper
class of N\ such that A<* = \” that 8, = v,.

The proof of Theorem 8.2.1 constitutes most of this section. At the same
time we will prove the infinitary version of the result. All of the results except
one (8.2.16 and 8.2.17) hold in L (i.e., in the given similarity type). For 8.2.16
and 8.2.17 we must pass to L, the extension of L by countably many unary
predicates. For uniformity, and indeed so as to establish claim (ii), we will prove
all the results for L. We have a similar table on the following page for the infini-
tary case; here T is a countable first-order theory which is unstable but (7,
2nd) % (T, Mon). (Strictly speaking, each o/, 8/, etc. should be o, 3/, etc. to
indicate the reliance on L%, . Since we treat all o uniformly, we write primes
to enhance readability.)

8.2.2 Theorem g == of <61 =i v6<vi; =i ~ Bi, 8 = 6o,
61 ~ Bi.
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The Infinitary Case

Loéwenheim Number Hanf Number
(T, L3, ,(Mon)) 86 61
(Well order, L, ,(Mon)) o of
(Order, Lm,w(Mon)) B9 Bi
L3, ,(2nd) Y6 v

We begin by outlining the proofs of Theorems 8.2.1 and 8.2.2. Note first
that ag < B9 < 7o and «; < B, < 7, since “well order” is definable in the
monadic theory of order and monadic logic is a sublogic of second-order logic.
(The analogous results in the infinitary case hold for the same reason.) We will
now show, in a series of separate arguments, that oy = «a;, oy ~* 8;, and
Yo < 71-

To make the arguments in this section more intelligible we write HL for
h?fj}lon) = f3; (the Hanf number of the finitary monadic theory of order),
LW for o (the Lowenheim number of the finitary monadic theory of well
order), and HW for «; (the Hanf number of the finitary monadic theory of
well order).

The following three lemmas will establish the technical tools to prove
LW = HW (i.e., ag = ), HW is a limit cardinal, and there is no sentence 0,
which has only well-ordered models with min(spec 0) = LW.

8.2.3 Lemma If the ordinal u = min(spec 0) then

(i) There is a 6, with only well-ordered models which characterizes n (as an
ordinal) and therefore characterizes |u| as a cardinal.

(ii) There is a 0, with only well-ordered models which characterizes |p|*.

Proof: (i) Let 8, = 0 Avx(—0{y : y < x}).

(ii) Let 0, be true of an ordering («, <) just if « is a well-ordering with
no last element and uncountable cofinality such that every closed unbounded
subset of o contains a bounded subset (D, <) such that (D, <) k 6,.

It is immediate from 8.2.3(i) that LW < HW. It is easy to see that thIS argu-
ment applies to any logic £ which admits relativization to show hy ° °>1s E/ °
We will give a semi-abstract formulation of the argument showing HW < LW
to highlight the properties of the monadic theory of order used in the proof.

8.2.4 Lemma Let £ be a logic such that for some notion @ of sum of
models:

(a) For each formula ¢ and structure Ny there is a ¢* with Ny k ¢* such that
Sor any N§ which satisfies ¢*, Ny @ N, k ¢ if and only if N;@ N k ¢.

(b) For every k and every \ < k if |[M| = « and |N| = \ then for some N’,
M=N®N'".

Then if every £-sentence has a model M with |M| < p, p = hg.
Proof: Let M k ¢, |M| = p. Choose any « > u and let |Ny| = k. Choose N
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such that Nj kE ¢* and |Ng| < |M|. By (b), M = Ny @ N, for some N;. But
then by (a), No ® N, k ¢ so ¢ does not characterize u and thus u = hg.

8.2.5 Proposition If £ is (well order, L, ,(Mon)) or (well order,
Ly ,(Mon)) or (well order, L_o,,,w(Mon)) then £ satisfies the hypothesis
of 8.2.4.

Proof: For (a) let ¢ have quantifier rank « and let ¢* be mT5 (Np) in the
infinitary case (cf. 3.1.1) and the appropriate analogous finite theory in the
finitary case (cf. 22). Taking @ as ordinal sum, (b) is obvious.

8.2.6 Theorem
(i) There is no 0 so that min(spec §) = LW.
(ll) LW =HW (i.e., oy = al)
(iii) HW is a limit cardinal of cofinality R,.
(iv) If 0 has arbitrarily large models less than HW, 0 has arbitrarily large models.

Proof: (i) If for some 6, min(spec §) = LW, then by 8.2.3(ii) there is a 6,
characterizing (LW)* so (LW)* < HW. But by 8.2.4, (LW)* = HW.

(i) We have LW < HW. By (i), we can apply 8.2.4 to LW, yielding
LW =HW.

(iii) If xk < LW = HW then by (i) thereis a A, k = A < HW and a 0 with
min(spec §) = \. By 8.2.3 (ii) A\* < HW so HW is a limit cardinal. There are
only countably many cardinals characterized by L, ,(Mon) sentences and HW
is their limit.

(iv) Let I E 6 if and only if every proper initial segment of I contains a
subsequence which satisfies 6. If 6§ does not have arbitrarily large models, &
characterizes HW which is impossible.

Thus we have ap = «;; we now show oy ~* 3, i.e., HL is bounded in
terms of HW. The idea behind the theorem is easy. Suppose M is the cardinal
sum of (N, : i < N\). Then for any fixed n, the theory of M for monadic sen-
tences with fewer than »n alternations of quantifiers is determined by the simi-
lar theory of the structure (\, Q,> where for each n-quantifier theory ¢, Q, picks
out {i : N; k t}. Thus, we can build large models of M by considering large
models of (A, Q;). With a few minor complications, this argument goes
through. We base our formalism on that in [22], since we are working in the fini-
tary case. Note that the analogous theorem showing «f < 31 will follow by an
identical argument using the formalism in Section 3.1.

8.2.7 Lemma For every monadic sentence 0(<) there is a sentence 6*(<)
such that for any ordinal o there is a linearly ordered model M with a subset
of order type o or o™ if and only if a E 0*.

Proof: Suppose 6 has n alternations of monadic quantifiers and that X indexes
the number of quantifiers in each block. Then there is a function G mapping
S = {Thg(I) : I a linear order} into {7, F} such that G(Thz(I)) = T if and
only if I F 0. Choose F (by [7], 2.4) so that for any linear order J, if J =

Y I, for some k and P, = {r € K: Th{(I) = t} then there is a function F
rek
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mapping S’ = {Th/ (K, P;) : (K, P,y a linear order with |T| predicates} which
computes Thg(J) from Th; (K, P;). Let S§ be the set of s; € S’ such that for
some sy, sy € S’ if (J, P,y =Ly, P,y ® Iy, Py @ (L, Py and s; = Thy'(I;, P,)
then G(F(J, P,)) = T. Now let 6, (inc for increasing) hold of (I, <) if for
some subsets (P, : t € S) of I, Th;(I, P,) € S§. Now « F 0, if and only if
every linear order which imbeds « satisfies 6. Construct 6., (dcr for decreas-
ing) by replacing <I;, P;) by <I{, P,y in the construction of 6. Let §* =
eitw v 0;cr~

8.2.8 Theorem Y (%" =HL. Thus HL ~* HW.
k<HW

Proof: We first show that x < HW and 6 characterizes « implies there is a 6*
which has a model of power 2* but does not have arbitrarily large models. By
8.2.6 there is a N\, k < A < HW and a 6, which characterizes \. Now choose §*
so that if (X, <) kF 6* and (Y, <) is a well-ordered subset of (X, <) then
(Y, <) E —6,. Now 2 with the lexiocographic ordering satisfies 6* (since there
is no embedding of «* into 2%) but §* does not have arbitrarily large models.

Thus 2*< HL and Y, (2¥)* =< HL.
k<HW

Now to show HL =< E (2)* note that if some 6 characterizes \ >
k<HW

Y> (2%)* then by the Erdos-Rado theorem for each « < HW there is a model
a<HW

of § imbedding either « or «*. Thus * has arbitrarily large models <HW. By
8.2.6 (iv) this is a contradiction.
Since Y, (29* = (2#%")* this shows HL < (2f")* and we have
k<HW
HW < HL so HW ~* HL (i.e., oy ~* 8;).

Some infinitary logics have their Hanf and Lowenheim numbers equal
(e.g., L, (2nd) where « is <« compact). However, this is relatively rare. Recall
that in order to prove the Hanf number exists we must restrict to logics which
have a set (not a proper class) of sentences. For infinitary logics, this may require
that we fix the similarity type. Thus we will consider the relation between Isg
and hg (for some arbitrary similarity type 7).

If a logic £(7) has u sentences it has only 2# theories. Thus, a sentence v
such that if M E ¢ then M is not £-equivalent to any substructure of smaller
cardinality is a bounded sentence. For, if M, k ¢ with |M,| = x and T, is the
£-theory of M,, then for any N\ > « and any model M, of y with |M,| = A,
M, k T,. Thus there can be models of y in at most 2# cardinalities. In order to
formulate the sentence ¥, we relied on £ satisfying the following condition.

8.2.9 Definition The logic £ is powerful if there is an £-formula ¢(U, V)
with U and V unary relation symbols such that if M k ¢(U, V) then UM) =,
V(M).

We will describe some powerful logics in a moment. First, we continue to
explore the effect of this property on Hanf and Léwenheim numbers.

We show that if £ is powerful there is a sentence ¥ * which has a model
of power Is¢ but is bounded. If Is¢ is attained by a model of a sentence ¢, let
v* = ¢ ay. If not, let N\ = Isg. For arbitrarily large « < \ there exists a sen-
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tence ¢, such that ¢, has a model M, of cardinality x but none of smaller
cardinality. Form a 7-structure M, by taking the disjoint union of the M, and
defining the relation symbols of 7 only within the M,. Now |M,] is a limit
cardinal and for arbitrarily large u < A thereis a u’, p < p’ < A such that there
is a substructure of M, which has cardinality x’ and is £-elementarily equiva-
lent to no smaller substructure of M. Since £ is powerful this property of M,
can be expressed by an £-sentence y *. By extending the argument for ¢, we see
that ¢ * is a bounded sentence. We have proved:

8.2.10 Theorem If £ is a powerful logic then for any similarity type 7,
Isg < hg.

To apply this result we must show the relevant logics are powerful. For this
we require one further definition.

8.2.11 Definition The cardinal « is £-definable if there is an £-sentence ¢
whose only relation symbol is = such that all models of ¢ have cardinality «.

8.2.12 Lemma The logic L., ., (2nd) is powerful; so is the logic LY, (2nd)
if u and « are definable in L%, ,(2nd).

Proof: Note that U =,# (2nd) V can be defined by “back and forths” of
sequences of elements and relations with length p taken <« at a time (cf. [10])
and such systems are naturally described in second-order logic and thus in £ if
the cardinals u and « are definable in £.

8.2.13 Theorem The Lowenheim number of second-order logic is strictly
less than the Hanf number of second-order logic. More precisely

@ Isp,, ,2nd) < hr, ,(2nd)-

For infinitary languages, we can say

(i) If u and « are definable in L%, (2nd) then for every 7, Isyu and) <

Isfs, (2na).
Proof: Both claims are immediate from Theorem 8.2.10 and Lemma 8.2.12.

Finally, to complete the proof of Theorem 8.2.1 we remark that it is con-
sistent for ag = By = . In fact, the consistency proofs use very weak additional
axioms. For 8, = v, only the existence of a proper class of A with A<* = \ is
necessary and V = L suffices for ag = A\g [7].

8.2.14 Theorem It is consistent with ZFC that the Lowenheim numbers of
second-order logic, the monadic theory of well order and the monadic theory
of order are the same.

Proof: By [7] it is consistent that there is a cardinal preserving interpretation of
second-order logic into each of the other two theories. By Lemma 1.4.3, this
establishes one inequality and the other is easy.

We include the previous result for completeness but we do not need it for
Corollary 8.2.16, which is crucial to establishing claim (ii). To prove the corol-
lary we need one more lemma.
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8.2.15 Lemma If £isL,,(2nd), Ly, ,(20d) or L, ,(2nd) then for any T
both hg and Isg are strong limit cardinals.

Proof: Note first that for any sentence y € £ there is a sentence ¢ * such that
Spec(¢*) = {2 : k € Spec(¢)}. (N € Spec ¢™* just if there is an N € M with
|M| =\, N E ¢, and M “is” the power set of N.) Now if N\ = inf(spec(¢)),
inf(spec(¢*)) = 2> and if N = sup(spec ¢), 2* = sup(spec(¢*)). Thus both Ag
and Isg are strong limit cardinals.

8.2.16 Corollary Let the similarity type T contain only the equality symbol.
. 1 Th(<) T
@) by, ivtony < ML, (Mom -

oy Th(<) 7

(1]) thl’w(Mon) < thl,w(Mon)‘
v 3 TH(<) 7
(i) Az, vony < PL, (Mon)-

Proof: Consider first the case, L, ,(Mon). We want to show 3; < ;. By 8.2.8,
B, < (2*)7; but a; = ap by 8.2.6 and oy < 7y, s0 3;(27°)*. Since vy < v,
(8.2.8) and v, is a strong limit (8.2.15), this yields B; = (27°)* < ;.

All of the coding in Lemmas 8.2.3 through 8.2.8 readily extends to the
infinitary case and the Feferman-Vaught Theorem (3.1.13) was proved for infini-
tary logic. Thus a similar argument can be carried out in the infinitary case.

Suppose that a monadic theory T, can be interpreted into a monadic
theory T, via sentences in a logic £ (for various reasonable logics) possibly
containing additional unary predicates but with no monadic quantification. We
show that in an infinitary logic with infinitely many unary parameters we can
guarantee that the interpretation preserves Hanf number. We state and prove
the most interesting case of the theorem. Afterwards, we note the extension to
uncountably infinitary logics.

8.2.17 Theorem If (Ty, L, (Mon)) =g, (Ts, L, ) then via L,, . thereis
an almost decreasing interpretation of (Ty, L, ,(Mon)) into (T, L,,,,.(Mon)).

Proof_: By Definition 3.1.3 we have formulas 7, 6, and x; such that if M,
7_I'((_1', Sos - - +» Sp—1) then (0(My), x;(M>, a, §09 BRI gn—l)s Xm—1(Ma(a, SO’ S
S,—1)) is a model of 7| and for each M, k T, there exists an M} k T such that
(M, R)_z 6(M;, X). Our task is to extend 7 to a =* so that if M} k =*(a,
Sos- -5 Sp_1) then |M{| <= 3,(|M,|). We do this by altering the choice of M}
and noting that the new choice can be specified in L, ,(Mon).

Let the additional unary predicates be (P; : i < w). Let =’ be an infinitary

sentence which asserts that Py(x) < 0(x, ¥, so,...,S,—;) and that each first-
order type in the original language union {S,,..., S,_;} over U P, is realized
n<w
exactly once in P,,;. Then for any M}, Q = |JP:(M*) < M} and |Q| <
i<w

3,(Py). Thus, if 7* is 7 A w’, we have required interpretation.

The preceding argument extends to infinitary logic to show that if
(T1, Lyo(Mon)) =z, (T2, Ly,(Mon)) then (T, L, (Mon)) <+, (T,
L,.(Mon)).

We need to add the additional unary predicates and describe the process
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in infinitary logic because we are claiming not merely that each M F T, can be
interpreted in a model of 7, which is not much larger than M, but that any
model into which it is interpreted is not much bigger. The sentence 7’ guaran-
tees this fact, which is crucial as we now establish claim (ii) in a precise way.

8.2.18 Theorem (T, 2nd) % (Th(<), Mon).

Proof: If (T, 2nd) < (Th(<), Mon) then by 8.2.15 and 2.3.6 h.,eml »(2nd)

is bounded in terms of Az, (mony. But in 8.2.16 we showed hy " (1/0n) <
hr, wop,w(2nd) and since the power set function is definable in second- order logic
this implies 3 (th] w(MO")) < th] o(Mon) -

A. H. Lachlan has given the following direct argument for 8.2.18 which
avoids the appeal to Lwl »(Mon). He argues first via 3.1.13 that hTh(f},,o,,) =

hTh(Xﬁm). Then he points out that (T, 2nd) < (Th(<), Mon) implies that

for every N\ < «, there is a sentence ¢, in the language of order with an addi-
tional predicate U; such that for some M, |U;(M)| < \ but ¢, is a bounded

sentence. Clearly any such A < hTh(RIO”) = h{:’:},{on) = (3,. But by 8.2.16,

B1 < v; so we have 3, < 8, yielding the result.
This method by which we proved Theorem 8.2.16 provides some evidence
for claim (iii).

8°12;;(1<9) Corollary Let T be a countable unstable theory. Then h opo(Mon) =
Loy, 0(Mon) *

Proof: By 8.1.6 we have (T, Mon) < (Th(<), Mon). Now applying 8.2.17 and
2.3.6 (ii) we have the result.

9 Further problems

There are several directions for further research connected with this area.
The first direction is to refine or amplify the specific results discussed here.

1. Can this analysis be extended to unstable theories? The simple class
should be those which do not have the independence property even allowing
expansion by unary predicates. A test problem for this situation is to compute
the Hanf number of such a theory but it is more important to find a structure
theory.

Conjecture: If no expansion of T by a finite number of unary predicates admits
the independence property then each model with power A can be decomposed
into a tree of models, each with cardinality <2!7! indexed by the structure
(A=A, <, <) where < denotes the initial segment order on sequences and < the
lexiocographic order.

A less important problem here is to compute the exact Hanf number of
(T, Mon). There is some information relevant to a possible structure theory in
[19]. Shelah shows the Hanf number of (7, Mon) is between w.o., the Hanf
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number of the monadic theory of well-orderings, and, 3 (w.0.). This bound on
the Hanf number shows the property provides a significant cutting point.

2. We remarked in Section 8.2 that for deep superstable theories the “nice”
concept does not suffice to finding a cutting point between theories with high
and low Lowenheim numbers. Problem: Find such a cutting point.

We found in Section 7 exact conditions for computing the Hanf number
of (T, L,,;,(Mon)). Can this be improved to (7, L, ,(Mon))?

3. Suppose T is shallow but not nice. Then one can define a depth of T
by counting only those decompositions which are not nice. Call this the cruel
depth of T. Problem: Suppose T is a shallow superstable theory. Show the cruel
depth of T is « if and only if the Lowenheim number of (7, L, ,(Mon)) is
approximately 3,. For o = 0 or 1 this follows from the treatment in Section 7.

A second direction for research is more set theoretic in nature. The prob-
lem is to investigate the Hanf and Lowenheim numbers of our prototype classes.

4. What can be said about the Hanf number of the monadic theory of well
orderings? Gurevich, Magider and Shelah [6] show it is consistent for it to be
large. Is it consistent for it to be small?

5. Consider the class, «, of structures {\=“ : N € Card}. In [20], Shelah
shows it is consistent for the Lowenheim number of (X, L, ,(Mon)) to be
large. Is it consistently small?

6. Consider the class, Ko, of structures {\<“ : N\ € Card}. Let Q,, denote
quantification over functions which press down on A<, It is easy to see that
Qpq is definable in L, ,(Mon) if we add unary predicates for the levels. (It is
possible to make this definition with only one additional unary predicate.) But
even ((w, <), Qpg) is stronger than L, ,(Mon).

In [20], Shelah shows that if V' = L, the Lowenheim number of (K, Opp)
is large (i.e., same as Qy;). Is it consistently small?

A third direction of research is to try to derive a similar theory for larger
classes of quantifiers. The most obvious possibility is to expand the notion of
quantifier by permitting some algebraic information about the object one quan-
tifies over. Thus one might quantify over automorphisms, endomorphisms,
subalgebras, etc. For example, in [20] Shelah shows that quantification over the
endomorphisms of a free algebra is complicated by interpreting set theory into
the resulting logic.

Can this result be strengthened to an interpretation of second-order logic?

A fourth and vaguer query is to find a more general rubric which encom-
passes not only the theory here, but the other avatars of classification theory.

NOTES

1. This paper grew out of a series of lectures presented by Shelah in the Fall of 1980.
The authors would like to thank Yuri Gurevich, Victor Harnik, Leo Harrington,
A. H. Lachlan, M. Magidor, Michael Makkai, and Charles Steinhorn for valuable
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conversations. The authors thank the referee most heartily for labors far beyond the
call of duty. In addition to those at Hebrew University who typed the first draft, we
thank Ms. Shirley Roper, Head Technical Typist at the University of Illinois at
Chicago, who labored through several layers of unusually complicated corrections.

2. Preparation of this paper began during the “Model Theory Year” of the Institute of
Advanced Studies, Jerusalem, Israel (1980-1981).
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